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ABSTRACT.

The main aim of this paper is to study GV-semigroups whose full subsemigroups form distributive lattices.
A sufficient and necessary condition for GV-semigroups to have distributive lattices of full subsemigroups
is given. In particular, the structure of completely regular semigroups whose full subsemigroup lattices are
distributive is characterized.

Keywords: GV-semigroups; full subsemigroup lattice; distributive lattice.

2000 Mathematics Subject Classification: Primary 20M10, Secondary 08A30.

1. Introduction

The subsemigroup lattices of semigroups have been the subject of continued investigation for many years. The main
achievements in the area, accomplished by the mid-1990s,have been comprehensively reflected in the monograph
[9]. Among the large fields of the investigation, much attention has been paid to the full regular subsemigroup
lattices of regular semigroups. Recall that a subset of a semigroup is called full if it contains the set of all
idempotents of the given semigroup.

Johnston and Jones researched regular semigroups with their full regular subsemigroup lattices in [2], which
provides some interesting results. It is well known that full regular subsemigroups of inverse semigroups are just
their full inverse subsemigroups.Thus the theory concerning full regular subsemigroup lattices has been extensively
explored in the case of inverse semigroups. A series of papers have been devoted to the theme of describing the
structure of inverse semigroups with various types of full regular subsemigroup lattices (see [3, 4, 5, 6, 7, 11]).
Moreover, Jones and Tian generalized to eventually regular semigroups the study of the full regular subsemigroup
lattices of regular semigroups and characterized the structure of eventually regular semigroups whose full eventually
regular subsemigroup lattices are distributive lattices or chains in [8]. Recently, a program of studying the
interrelationships of inverse semigroups and their full subsemigroup lattices has been presented in [10] by Tian, who
established the structure of inverse semigroups with various assumptions on their full subsemigroup lattices.

In the present paper, the main purpose is to extend the study of the full subsemigroup lattices of inverse
semigroups to that of GV-semigroups. We obtain a sufficient and necessary condition for GV-semigroups indicated
in the title of the paper. Furthermore, completely regular semigroups with distributive full subsemigroup lattices are
determined.
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2. Preliminaries

Recall that a lattice (L, A,v) is distributive, if for anya,b,ceL,an(bvc)=(aab)v(anc). A semigroup S is
called eventually regular if some power of each element of S is regular. If every regular element of an eventually
regular semigroup S is completely regular, then S is called a GV-semigroup. For a completely regular semigroup
S , as we all know, every regular element a of S exists and only exists an inverse of a which commutes with a .
We usually denote the unique inverse of abya™. Let S be a semigroup. As usual, Eg denotes the set of all

idempotents of S, and RegS denotes the set of all regular elements of S . In general, neither Eg nor RegS is a
subsemigroup of S. Ifa GV-semigroup S only has an idempotent, then it is called unipotent epigroup. Given
e € Eg, G, denotes the maximal subgroup of a semigroup S containing e and we put

Ke ={xeS:x" eG, for someneZ*},

then we define the relation k =Ueg, (K xK¢) . As we all know, the relation k is an equivalent relation on a GV-
semigroup and K, (e € Eg) is called a unipotency class of S with K, = H, for anye e E.

For any subset A of a semigroup S ,we denote by (A) the subsemigroup of S generated by A, F(A)the full
subsemigroup of S generated by A, by A" the setofall non-zero elementsof A, bySubS the lattice of all
subsemigroups (including the empty set) of S ,and by SubfS the lattice of all full subsemigroups of S .1t is easy to
show that the lattice SubfS is a complete sublattice of the lattice SubS . In particular, for an inverse semigroup S
, we shall denote by SubfiS the lattice of full inverse subsemigroups of S .

A semigroup S is called a U-semigroup, if xy e (x) u(y) forany x,yeS. If a semigroup S is a U-semigroup as
well as a nilsemigroup, then it is called a U-nilsemigroup. Let a semigroup S be an ideal extension of a semigroup
T by a U-nilsemigroup, then S iscalled a U-nilextensionof T .  AbandS is named a left(right)
zero band if ab=a(ab=b) forany abeS.A GV-semigroup S is called a FU-band of GV-semigroups S,(x €Y)

if S=U,cv S, isaband of S,and xy,yxe F(x) UF(y) forany xeS,,yeS; with a=j.
3. Main Results

We are to investigate GV-semigroups whose full subsemigroups form distributive lattices in this section. We first
formulate the main result in this section.

Theorem 3.1 LetSbhea GV-semigroup and SubfS distributive if and only if Sisa GU-band of unipotent
epigroups K, (e € Eg) which are U-nilextensions of locally cyclic groups G, for all e € Eg.

We shall prove Theorem 3.1 proceeded by a sequence of lemmas.
Lemma 3.2 LetS be a GV-semigroup. If SubfsS is distributive, then K. K; =K, or K.K; cK; for any

e, fek .

Proof. First, we put A=F(ef), B=F(e)={e},C=F(f)={f} forany e, f eEg with e=f. If assume
ANB=ANC=¢, then An(BvC)=Fef)nF(e, f)=AnB=¢ by distributivity of SubfS. Obviously, it
leads to a contradiction. Thus AmMB = ¢ or AnC =g.
Let AMB=¢.ie ecF(ef).And there exists geEg suchthat ef e K, since S isa GV-semigroup. We first
assume g =e. Itis clear that
F(ef)gKg,eeF<ef>gKg andee K.,

hence ee Kg m Kg ,and so it contradicts the fact Kg m Kg = @ .Whence e=g,(ef ) c F(ef ) c K, thus ef e Kq
Similarly, let AnC = ¢,we have ef e K; by the similar method.
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Suppose there exist a < K,,b e K; such that ab ¢ K, UK; withe, f e Eg,e = f . Then there exists
g € Eg \{e, f} such that ab € K .Hence (ab)" € Ky ,(@b)" ¢ K, UK, foranyneZ™, and so
F(aby "F({a) = F(aby "F(b) =¢.
Thus F(aby "F(a,b) = ¢ by distributivity of SubfS . Obviously, it is a contradiction and so K.K; < K, UK; .
Symmetrically, we can prove K;K, c K, UK; foranye, f € Eg.

Let ef e K, forany e, f € Eg withe= f and assume there exist a e K,,be K; such that ab e K; . Hence

af = (ab)b" ™" ™) e K K, =Ky, af =(af ) f eG;
and since there exists ne Z* such that a" € G, , whence
a"f =aa---f"=(af)",a" =a"eanda"ef =a"f =(af )" e K; .
Therefore K, "K; # ¢ by a"ef =a"(ef ) e K, .Thus K.K; = K,.Dually, we have K K; c K; if ef e K; for

any e, f e Egwith e= f .
Suppose e= f , then the assertion of the lemma now follows without difficulty since any unipotency of a GV-

semigroup S is a subsemigroup of S .
From the proof of this lemma, we have the following corollary easily.

Corollary 3.3 Let S be a GV-semigroup. If SubfS is distributive, then
@) k= UeeES (K¢ xK,) isacongruence on S, that is, a band of unipotent epigroups K, (e € Eg);

(2) {K¢,K;} isaleft(right) zero band or chain for any e, f € Eg.

Lemma 3.4 Let S be a GV-semigroup. If SubfS is distributive, then xy, yx € F(x) U F(y) UG, for any
X,yekK,,eekg.

Proof. Let S be a GV-semigroup. Then K, is a subsemigroup of S , hence xy e K, forany x,y e K,. Thus we
can prove the lemma from two cases.
If xyeK,\G,. Then x,ybothliein K ,\G, since G, isanideal of K,. Nextwe denote by ‘o

" the operation in K,/G,, denote by "." the operationin K,. Hence we have x-y=xecy sincein K, /G,

the product of two elements in K, \G, is the same as their product in K, if the product is in K, \G, . Whence
Xoy =X-y=(())UY)

where ((x))or {(y)) refers to the subsemigroup generated by x or y under the operation" o " . Obviously, xoy =0

, hence

xey e ((0)\{0}) W (((y)» \{0}) where ((x)) ={x,x°X,---,0}

the order of {({x)) is r(x) which denotes the nilindex of x, and so all elements of ((x)) except 0 can be found in
(x) which is the subsemigroup generated by x under the operation ".". Thus

X-y=xoy e ())\{0}) Uy \{0}) = () uyy = FOURCY) .
Ifxy € G, then xy e F{X) UF(y) UG, clearly. That yx € F(x) UF(y) UG, can be proved dually.
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Therefore, we have xy, yx € F(xX) UF(y) UG, forany x,y e K, with ee Eg.

In view of Lemmas 3.2 and 3.4, we are to prove the following lemma, which takes an important role in proving
the necessity of Theorem 3.1.

Lemma 3.5 Let S be a GV-semigroup. If SubfS is distributive, then S is a FU-band of unipotent epigroups
K.(e € Eg) and every K, isa U-nilextension of a locally cyclic group G, forany e e Eg.

Proof. First by corollary 3.3, we have S is a band of unipotent epigroups K,(e e Eg) every of which is a U-
nilextensions of a locally cyclic group G, for any e € Eg . Next we only need to prove xy, yx € F(x) UF(y) for any
xeK,,yeK; with e, f eEg and e= f . Put A=F(xy,x) , B=F(x) and C=F(y).Hence
FOy, %) NEX Yy = FOY, ) = F(X) v (ANC)
since SubfS is distributive.
If {K.,K;} isaleft zero band, then xy e K. K; < K., thus AnC =¢.Hence F(xy,x)=F(x),and so

xyeF(X) ,ie. xye FOX)OUFR(Y).

If {K., K} isaright zero band, then xy € K.K; < K; , thus AnC = ¢ . Put ANC = E e SubfS and

F{xy)=D,then F{xy,x)=F(X)Vv E, thatis, F{X)v F{xy)=F{(X)vE=F(x)vD , hence
(BvD)AD=(BVE)AD with BAD=¢
and SubfS is distributive, and so
(BvD)AD=(BvD)vD=D=(BAD)V(EAD)=EAD,

therefore Dc E, ie. F(xy)c Ec F(y) ,thus xy e F(y).

If {K.,K;}isachain. Itis easy to prove xy € F(x) UF(y).

Lemma 3.6 LetS be a GV-semigroup and S=U,., S, aFU-band of GV-semigroups S, (a €Y), then
F(AB)=AUB forany AeSubfS,, BeSubfS, where a,feY witha = 5.

Proof. Forany ac AcS,,be B <S4, hence ab,ba e F(a) U F({b) c AUB since SisaFU band of S, (x €Y)
, and so (ABY=AUB. Letanyae(AB)nRegS=(AnRegS)U(BNRegS), then aleAUB
for A,BeSubfS. Thus F(AB)=AUB.

Lemma 3.7 Let S be a GV-semigroup and K, a U-nilextension of G, for any e € Eg, then SubfK,
is embedded into the direct product of SubfK,/G, and SubfG,.

Proof. We first make a map w : SubfK, — SubfK, / G, x SubfG, , given by w(A) = (AUG,)/G,, AnG,) .For any
A, B e SubfK,, we have AUG, € SubfK,, ANG, € SubfG,and y is injective, w(AAB)=y(A)Ay(B). Next
we only need to prove w(Av B)=w(A) v (B).
Notice
v (AvB)=((F(AB)UG,)/G,,F(ABynG,),
(A Vv (B)=(F{(AUG,)/G,,(BUG,)/G,),F{ANG,,BNG,)) .
Clearly, (F(AB)UG,)/G, =F({(AUG,)/G,,(BUG,)/G,) since K, isa U-nilextension of G,. Now we show
F(ABYNG, =F(ANG,,BNG,).Forany x e (A,BynG,, then there exist X;,X,,":+,X, € AUB(NeZ") such
that X =XX,---X,. Hence x=xe=xX,---X,eby xeG, and xe=ex; €G,(ien) by X;,X,,---, X, € Kg, and so
X = (%€)(X,€)---(x,e) . And since
xie € (AUB)NG, =(ANG,)uU(BNG,) foree AnB,
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therefore x e (ANG,,BNG,),ie. (A B)YNG, c(ANG,,BNG,) . Obviously (ANG,,BNG,) c (A BYNG,.
Hence (A BYNnG, =(ANG,,BNG,), and so GV (A B)nG,)=F(AB)YnG, =F(ANG,,BNG,). Thus we
conclude that y is a monomorphism from SubfK, to the direct product of SubfK, /G, and SubfG, .

Lemma 3.8 Let S be a GV-semigroup and S =U,., S, a FU-band of GV-semigroups. S, (a €Y), then

aeY

SubfS =TT,y SubfS,, .

Proof. First we make a mapy:SubfS —[[,. SubfS, and define w(A)=(--,ANnS,,-)
for any A,B e SubfS . Clearly, y isa injective and w(ANB) =w(A) Nw(B). Let any

(- H,,--) €llyey SUbfS, ,H, € SubfS, andput A=F(H, /aeY).

By lemma 3.6, we get A=U,.  H,, hence w(A)=(--,AnS,,--)=_(--,H,,--?), thus v is surjective. Next we
prove w(A)vw(B)=w(AvB). Notice

w(A vy (B)=(--,ANS,,-)v(--BNS,,-)=(-,F(ANS,,BNS,) 7,

w(AvB)=(--,F(ABYNS,,---) . From lemma 3.6, we get

F<Aa B> = F<UaeY (Amsa)!UaeY (Bmsa» = (1 F<Amsa’ Bmsa>1"') :UaeY F<Amsa' Bmsa) !

hence F(A,B)ynS, =F(ANS,,BNS,),ie w(AvB)=w(A)vy(B).Thus SubfS =TT,y SubfS, .

From the above lemmas, we can prove the main result in the section.
Proof. The necessity can be proved by lemma 3.5. To prove the sufficiency, suppose S isa FU-band of unipotent
epigroups K, (e e Eg) and every K, is a U-nilextension of a locally cyclic group G, for any e € Eg. By lemma 3.7,
we have SubfK,is an isomorphism to a sublattice of the direct product of SubfK,/G, and SubfG,
. And since SubgG, = SubfG, is distributive by G, isa locally cyclic group and SubK,/G, =SubfK,/G,
is distributive, hence SubfK, is distributive. Thus we have SubfS is distributive by lemma 3.8.

The following result for completely regular semigroups follows from Theorem 3.1 immediately.

Theorem 3.9 Let S be a completely regular semigroup and SubfS distributive if and only if S isa FU-band of
locally cyclic groups G, forall ee Eg.
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