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Abstract

In this paper we give three new concepts, a concepts of 6-Small pseudo projective module, d-small quasi
projective and o-small pseudo stable module, these concepts are generalization of Pseudo Projective
modules, quasi projective module and pseudo stable module respectively we will study these concepts and
give some results.
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1. Introduction

All rings in this paper are commutative rings with identity, and all modules are unitary left R-modules. Let M be
an R-module. A submodule A of M is called essential if every nonzero submodule of M has anonzero intersection with A,
[1]. If A is a submodule of M, then the annihilator of Ais defined as Ann(4) = {r € R|rA = 0}, [1].If M is R-module,
then Z(M)={x € M : Ann(A)c. R} is called the singular submodule of M. If Z(M) = M, thenM is called the singular
module, [1].A submodule A of M is called c-singular if M /A is a singular module [2]. A submodule N of a module M is
called 6-small in M if for every c-singular submodule L of M, the equality N + L = M implies L = M, [2].A non-zero
module M is d-hollow, if every proper submodule is 3-small in M, [3].Let P and M be an R-module.Then P is called M-
projective, if for any epimorphism g: M—N and any homomorphism f: P—N, there exists a homomorphism h: P—M
such that g o h = f,[4].An R-module M is called quasi projective module if M is M-projective module, [5].An R-
module M is called pseudo projective if for any given module A and epimorphismsf: M—Aand g: M — A, there exists
an hin End (M) such that f = g o h, [6]. A submodule N of an R-module M is said to be pseudo stable if for every two
epimorphismsf,g: M - A, with N © Ker g n Ker f there exists h in End(M) such that f = g o h, then h (N) S
N, [6]. A submodule A of an R-module M is called fully invariant if f (A) < A for all f < End(M). If every submodule of
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M is fully invariant, then M is called a duo-module, [7].Let M and N bean R-modules. An epimorphism g: M— N is said
to be 6-small epimorphism, if kerg<;M, [8].
2. Preliminary Notes

Definition (2.1): An R-module M is said to be &-small quasi projective if for any given module A, any &-small
epimorphism g: M — A, any homomorphism f: M — A can be lifted to anendomorphism h of Msuch that the following
diagram is commutative;

M A > 0 |kerg<sM

ie.goh = f.

Definition (2.2): An R-module M is said &-small pseudo projective module if for any module A, with 3-small
epimorphismg : M —A and epimorphismf : M —A, there exists an hinEnd (M) such that thefollowing diagram is
commutative:

M

h f
e
g
M A 0 ,kerg<; M

y

0
ie.goh=f.

Definition (2.3): A submodule N of an R-module M is said to be &-small pseudo stable module if for any
epimorphismf: M — A and any d-small epimorphism g: M — Awith N € Ker g N Kerf, there exists h in End(M)
suchthat f = g o h,then h (N) S N.

Examples (2.4):
Z,asZ-module is 8-small quasi projective but not projective.

QasZ-module is not quasi projective.

1
2
3. ZgasZ-module is 8-small pseudo projective but not projective.
4
5
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3. Main Results

Proposition (3.1): LetM be ad-hollow module the following are equivalent:

(i) Mis 3-small pseudo projective.

(if)Mis pseudo projective.
Proof:(i) = (ii) Let M be a &-small pseudo projective module and A be any module.andf,g : M — A are epimorphisms.
Since M is 8-hollow module, then kerg is 8-small submodule of M, So gis 8-small epimorphism. Thus, by (i) there exist
ahomomorphism h in End (M) suchthat f = g o h, therefore M ispseudo projective.
(i) = (i) clear from definition.

Proposition (3.2): Let M be a 3-small pseudo projective module and g: M — N be a 8-small epimorphism then there
exists a homomorphismh in End (M) such thatKer g = Ker(g o h) isd-small pseudo stable under h.

Proof:Since g: M — N is 6-small epimorphism, then M /kerg = N. Let g *: M/kerg — N be an isomorphism, Let
m: M — M/Kergbe the natural epimorphism. Since M is 5-small pseudo projective, then there exists a homomorphism
h in End (M) such thatthe following diagram commutative:

M
R
I, /
hM /kerg
g *
54 \
M N__5 0
g
v
0

ie.g*om = g o h.
Now, letx € kerg = x € kerm = n(x) = 0

> gxonm(x) =0=>goh(x) =0=>x € kergo h = kerg< kerg o h
On the other hand ify € kerg o h= g o h(y)=0 = gx*o n(y) = 0= n(y) € kerg * and since g *
isone- one =>m(y) = 0 >y € kerm = kerg.Therefore kerg = kerg o h.
Now, let z €Ekerg 2 g(z2) =0=>go°oh(z) =0=gh(z)—z) =0 = h(z)—z€ kerg =
h(z) € kerg = h(kerg) € kerg.
Proposition (3.3): Let M be a 3-small pseudo projective module, K be a 3-smallsubmodule of M if K is stable under
End (M), then M /K is 6-small pseudo projective.

Proof: Let f : M/K — A be an epimorphism, g: M/K — A be a 3-small epimorphismand v : M — M /K be the natural
epimorphism where 4 is any R- module. Since M isd-small pseudo projective Then there exist hin End (M) such thatthe
following diagramcommutatives:
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M
v
e y
h M/K .- )
Wf L
L’/ L:/ \
M_— s M/K s A 0
vg
y
0

iegovoh = f ovDefine h": M/K - M/K byh*(x + K) = h(x) + K. Its clear that h* is well define and
homomaorphism.

Now h*ev = v oh= g o h*v = govoh= g o h¥v = fov
Butvisonto = g o h*= f, thus M /K is d-small pseudo projective.

Proposition (3.4):Let M be a &-small pseudo projective module and g: M — N be a 6-smallepimorphism, then N is 3-
small pseudo projective.

Proof:Since g: M — N is an epimorphism, then M/kerg = N, but M/kergis 6-small pseudo projective (Proposition
3.3), therefore N is d-small pseudo projective.

Proposition (3.5):If T is a 6-small pseudo stable submodule of a 5-small quasi projectivemodule Q and A is a submodule
of T, then T /A is a 3-small pseudo stable submoduleof Q /A.

Proof:Let f : Q/A — B be epimorphism, g : Q/A — B be a d-small epimorphism with T/A ckerf n kerg such that
there exists h in End(Q/A)satisfying f = g o h. Letv: Q — Q/A be the natural epimorphism, then since Q is 8-small
quasi projective, there exists a homomorphism h” in End(Q) such that the following diagramcommutatives:

/,,/, v
h QA .-
f ,’,/ /”/
o L
Q__ s QA B 0
vyg

ieehov=voh=fov=gohov=govoh.

Sincewe have f o v (T) = f(T/A) =0

andg o v(T) = g(T/A) = 0.

Therefore T cker f o v N ker g o v. But T is d-small pseudo stable and hence h*(T) cT. it follows that
h(T/A) = h o v(T) = v o h'(T) cv(T) = T/A.

Volume 5, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 496




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Thus T /A is 5-small pseudo stable submodule of Q /A.
Proposition (3.6): Let Q be a d-small quasi projective module and T be a 3-small pseudo stable submodule of Q. If C

containing T, is not a 6-small pseudo stable submodule ofQ, then C/T is not a 5-small pseudo stable submodule of Q/T.

Proof: Let h : Q — A be an epimorphism, g : Q@ — A be a &-small epimorphism and Let Cbe not 5-small pseudo stable

in Q, then there exists f € End(Q),C ckerg N kerh with following diagram is commutative:

/,,/, v
f QT .
FH 7
o L2’
OQ___ QT A 0
vG

ile.h = g o fsuchthat f(x) ¢ Cforsomex € C.Letv: Q — Q/T be the natural epimorphism.
Define F: Q/T - Q/Tby F(q + T) = f(q) + T.SOF o v = v o f.

Its clear that F is well define and homomorphism. And F(x + T) = f(x) + T & C/T. Now since T < kerg N
kerh, then there exists G and H in Hom (Q/T,A) such that g = G o v and h = H o v. sinceg and h are
epimorphism, so G and H are epimorphism.

Now h=gof=Hov=Govoef =GGoFov. And since wvis epimorphism therefore H = G o
F.Sowe have H(C/T) = H o v(C) = h(C) = 0, similary G(C/T) = 0. Therefore C/T ckerH n kerG.
ButF(x + T) € C/T. And hence C/T is not 6-small pseudo stable.

Proposition (3.7): Let Mbe as-small pseudo projective module, g : M — N is any §-smallepimorphism, then Kerg is a
d-small pseudo stable submodule of M.

Proof: Sinceg: M —N be a &-small epimorphism, then M/kerg = N, Let g: M/kerg— N be an isomorphism,
f: M —M/kerg be the natural epimorphism, then kerg ckerg n ker g* f. since M is 8-small pseudo projective,
there exists h in End (M) such that the following diagram commutatives:

ST
hM /kerg 2
g
z
M N 0

g

4

0
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ie.geof =g o h

Now,if h(kerg) zkerg, then there exists x € kerg such that h(x) € h(kerg)and h(x) €& kerg.
Now0 # g oh(x) = g~ f(x) = 0, wich is a contradiction, since kergcker g™ f, thus kerg is 8-small pseudo
stable.

Proposition (3.8):Let M be a 6-small pseudo projective module, A and B be invariant submodulesof M. ThenA N B is a
&-small pseudo stable submodule of M if either Aor B is 5-small in M.

Proof:Let A be 6-small in M, g: M/A — T be any 5-small epimorphism, f: M/A — T. be any epimorphism, where T is
any R-module andv: M — M /A be the natural epimorphism. Then NB S Ker g o vn Ker f o v . Since M is 8-
small pseudo projective, then there exists h in End (M) such that the following diagram commutatives:

M
v
,,’ V
h M/IA .-
f
il
M sMA___ ST 0
v g
v
0

ie. fov = gowvo hnowsince h(An B) € h(A) € Aand h(ANnB) € h(B) € B since A and B are
invariant submodules, Thus h(A N B) S A n B. Hence A n B is 3-small pseudo stable.
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