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Abstract:

In 1995, A, Wiles announced, using cyclic groups, a proof of Fermat’s Last Theorem, which is stated
as follows: If 7 isanodd primeand X,Y,z are relatively prime positive integers, then z” # X" +y”. Inthis
note, a proof of this theorem is offered, using elementary Algebra. It is proved that if 7 is an odd prime and
X, Y,z are positive inyegera satisfying z” = x" +y”, then X,y, and z are each divisible by 7.
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The special case z* = x*+y* is impossible for rekatively prime integers X, y,z [1]; it is only necessary to

show that if X,y,z, are relatively prime positive integers, 7 is an odd prime, z" #x"+y”.If X and 7
are positive integers, the notation x=0 (mod z) will mean X isdivisibleby 7. Let C(z.K) representthe

k™ coefficient of the binomial expansion of (x+Y)”; if 7z is prime, then C(z,k)=0(mod ) for every
1<k<m.

Theorem 1. If x,y,z are positive integers, 7 an odd prime and X* +y” =z", then x=0(mod 7),
y=0(mod 7),z=0 (mod 7).

Theorem 1 is arrived at as a result of two Lemmas.

Lemma 1. If x,y,z are positive integers, z an odd prime, and z” = x" +y”, then
(1) (x+y)"—z" =0(mod 7);
2 (z-x)" -y =0(mod 7);
@) (z—y)"—x"=0(mod 7);
(4) x+y-z=0(mod r);
(5) (x+y)"—2z"=0(mod 7°);
(6) (z=x)"-y”=0(mod z°);
(7) (z-y)"=x"=0(mod 7°);
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8) x+y-z#0.

Proof. Using the equation z” = X" +y”, statemente (1), (2), and (3) are obvious; (4), (5), (6), and (7) come
from the equations

(1) (x+Y)" ~2" —(x+y—2)" = S ClzK)(x+ y—2)"* 2
(€02) (2—y)" —X"—(2-X—y)* = 3 ClmK)(Z—x—y)"*x"

(€0.3) (2-X)" —y" —(z—x-y)* = 3 Cm K)z—x- Yy y*;

and the fundamental theorem of Arithmetic; (8) is obvious. leadingto xy = 0.

Lemma 2. If 7 isanodd prime and X, Y,z are positive integers such that z* = x* +y”*, then
(1) xy=0(mod 7);
(2) yz=0(mod 7);
(3) xz=0(mod 7).

Proof.
(X+y) —z" = ZC(;; k)x"*y* =0 (mod 7?);
there is a k with C(z,k)x"*y* =0 (mod 7?); order C(x,k)x* ™ y* by inclusion and there exists k
such that C(7,k)x™ *y* =0 (mod 7?);
(F1) x"*y* =0 (mod 7);
multiplying by x*y*™ gives (xy)” =0 (mod 7) which implies
(FI) xy=0(mod 7).

(z—y)"—x" —ZC(ﬂ K)(=D*y**z* =0 (mod 7?);

there is a k with C(x,k)y”*z*=0(mod z°); order C(x,k)y**z* by inclusion and there exists k
such that C(7,k)y**z* =0 (mod 7?);

(F2) y**z* =0 (mod 7);
multiplying by y*z™™* gives (yz)* =0 (mod 7) which implies
(F2") yz=0(mod 7).

(z—X)" —X" = ”iC(;r, K)(-1)*x"*z* =0 (mod 7°);

there is a k with C(z,K)x"*z*=0(mod 7%); order C(r,k)x"*z* by inclusion and there exists k
such that C(7z,k)x"*z* =0 (mod 7°);
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(F3) x"*z* =0 (mod 7);
multiplying by x*z™™ gives (xz)* =0 (mod 7) which implies

(F3) xz=0(mod 7).
The last three equivalences (F1°),(F2"),(F3"), alongwith x+y—z=0(mod ) complete the proof.
Fermat’s Last Theorem. If 7 is an odd prime and x,y,z are relatively prime positive integers, then
2" #X"+y".
Proof. If 7z isan odd prime. then z=0(mod 7);y =0 (mod 7)x =0 (mod 7).
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(x+y)" =27 = ﬁf,c(ﬁ, K)(x+y-2)""z";

(x+y)" =27 = ”Z_lc(ﬂ, K)(x+y-2)""z";

(X+y—2)" +7m(x+y—-2)z"" =0 (mod 7°);
(x+y-2)"?+z""=0(mod 7);
2" =0(mod 7);

z=0(mod x).
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(- y)" —x* = S C(z k) (z-x—y)"*x*;

(%) —y" = SClm )z —x—y) ™ x;

(z—x—-y)" +7(z—x-y)x"* =0 (mod 7°);
(z—x-y)"?+x"*=0(mod 7);
x* =0 (mod 7r);

x =0 (mod 7).
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