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Abstract. In this paper, closed forms of the sum formulas 3", _, kz* Wy, S 7_, kz*W_, for generalized
Tribonacel numbers are presented. As special cases, we give summation formulas of Tribonacei, Tribonacci-
Lucas, Padovan, Perrin, Narayana and some other third order linear recurrance sequences.
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1. Introduction

In this paper, we consider linear summation formulas of generalized Tribonacel numbers. Summing
formulas of the Pell and Pell-Lucas numbers are well known and given in [8, 9], see also [6]. For linear
sums of Fibonacci, Tribonacci, Tetranaceil, Pentanaccei and Hexanacel numbers, see [7.16], [5,11], [19, 43],
[21], and [23] respectively. First, in this section, we present some background about generalized Tribonacei
numbers. The generalized Tribonacci sequence {W,,(Wo, W1, Wa:r, 5,t)}n=0 (or shortly {W, },.=0) is defined

as follows:
W, =rW,_1 +sW,_ _5+tW,__35, Wo=a Wi=bWy=¢ n=3 (1.1)
where Wy, Wy, W5 are arbitrary complex numbers and r, s, ¢ are real numbers. The generalized Tribonacci

sequence has been studied by many authors, see for example [1,2,3,4,10,12.13,14,15.38 39 40 41 42].

The sequence {H',n}-nzu can bhe extended to negative subsecripts by defining
) 5 o 1.
Wen = =Wy = s Wy 7 s Weog

for n =1,2,3, ... when t # 0. Therefore, recurrence (1.1) holds for all integers n.
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Ifweset r=s=t=1and Wy =0,W; =1,W5 =1 then {W,} is the well-known Tribonacci sequence
and if we set r = s =1t =1and Wy = 3,W; = 1, W, = 3 then {W,,} is the well-known Tribonacci-Lucas
sequence.

In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like Tri-
bonacci, Tribonacci-Lucas, Padovan (Cordonnier), Perrin, Padovan-Perrin, Narayana, third order Jacobsthal
and third order Jacobsthal-Lucas. In literature, for example, the following names and notations (see Table

1) are used for the special case of r, s, t and initial values.

Table 1 A few special case of generalized Tribonacci sequences

No Sequences (Numbers) Notation OEIS [37] References
1 Tribonacci {Tn} = {W,.(0,1,1;1,1,1)}  A000073, A057597 [26]
2 Tribonacci-Lucas {K,}={Wxn(3,1,3;1,1,1)}  A001644, A073145 [26]
3 Tribonacci-Perrin {M,} ={W,(3,0,2;1,1,1)} [26]
4 modified Tribonacci {U,} ={W,(1,1,1;1,1,1)} [26]
5 modified Tribonacci-Lucas {Gn} ={W,(4,4,10;1,1,1)} [26]
6 adjusted Tribonacci-Lucas {H,} ={W,(4,2,0;1,1,1)} [26]
7 third order Pell {P®} = {W,(0,1,2;2,1,1)}  A077939, A0T7978 [27]
8 third order Pell-Lucas {QP} = {W,(3,2,6;2,1,1)}  A276225, A276228 [27]
9 third order modified Pell {E®} = {W,(0,1,1;2,1,1)} A077997, A078049 [27]
10 third order Pell-Perrin {RsLS)} ={W,(3,0,2;2,1,1)}
11 Padovan (Cordonnier) {P,} ={W,(1,1,1;0,1,1)} A000931 [28]
12 Perrin (Padovan-Lucas) {E,} ={W,(3,0,2;0,1,1)}  A001608, A078712 (28]
13 Padovan-Perrin {Sn} ={W,(0,0,1;0,1,1)}  A000931, A176971 [28]
14 modified Padovan {A,} ={W,(3,1,3;0,1,1)} [28]
15 Pell-Padovan {Rn} = {Wa(1,1,1;0,2,1)}  A066983, A128587 [20]
16 Pell-Perrin {Cn} = {Wn(3,0,2;0,2,1)} [29]
17 third order Fibonacci-Pell {Gn} ={W,(1,0,2;0,2,1)} [29]
18 third order Lucas-Pell {Br}={Wx(3,0,4;0,2,1)} [29]
19 Jacobsthal-Padovan {Qn} ={W,(1,1,1;0,1,2)} A159284 [31]
20 Jacobsthal-Perrin (-Lucas) {L,} ={W,(3,0,2;0,1,2)} A072328 [31]
21 adjusted Jacobsthal-Padovan {K,} ={W,(0,1,0;0,1,2)} [31]
22 modified Jacobsthal-Padovan {M,} ={W,(3,1,3;0,1,2)} [31]
23 Narayana {N,} ={W,(0,1,1;1,0,1)} A078012 [30]
24 Narayana-Lucas {U,} ={W,(3,1,1;1,0,1)} A001609 [30]
25 Narayana-Perrin {H,} ={W,(3,0,2;1,0,1)} [30]
26 third order Jacobsthal {Jff)} ={W,(0,1,1;1,1,2)} AQ77947 [32]
27 third order Jacobsthal-Lucas {j’r(‘l,g)} ={W,(2,1,5;1,1,2)} A226308 [32]
28  modified third order Jacobsthal-Lucas {Ky(f)} ={W,(3,1,3;1,1,2)} [32]
29 third order Jacobsthal-Perrin {Q®} = {W,(3,0,2;1,1,2)} [32]
30 3-primes {Gn} ={W,(0,1,2;2,3,5)} [33]
31 Lucas 3-primes {H,} ={W,.(3,2,10;2,3,5)} [33]
32 modified 3-primes {E,} ={W,(0,1,1;2,3,5)} [33]
33 reverse 3-primes {N,} ={W,(0,1,5;5,3,2)} [34]
34 reverse Lucas 3-primes {Sn} ={Wh(3,5,31;5,3,2)} [34]
35 reverse modified 3-primes {Un} ={W,(0,1,4;5,3,2)} [34]

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples are
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S im0 K= T = 5 (=1)" (0 +2) Toys — (2n + 3) Tnga + (0 — 1) Tns1)
and
het BT = 5 (1) (0T + Topa + (0 + 1) Ty 3).
In this work, we derive expressions for sums of generalized Tribonacci numbers. We present some works

on sum formulas of the numbers in the following Table 2.

Table 2. A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [6],]8,9]

Generalized Fibonacci [7,16,17,24,25]

Generalized Tribonacci [5,11,18,35,36]

Generalized Tetranacci [19,20,43]

Generalized Pentanacci [21,22]

Generalized Hexanacci [23]

The following theorem presents some summing formulas of generalized Tribonacci numbers with positive

subscripts.

THEOREM 1.1. Let x be a complex number. For n > 0, we have the following formulas:

(a): If ta® + s2®> + rox — 1 # 0 then

" 0
kaw’“: 3 21
P ted +sx?+rex—1

where

0 = 2"PWais— (re—1)2" W0 — (s2® +rz — Da" W,

—2*Wo + 2 (re — 1) Wy + (s2? +ro — 1)W.

(b): If rPx — 522 + t223 + 2sx + 2rtz® — 1 # 0 then

2 kT 20 — o222 + 4223 + 25z + 2rta? — 1

where

Qy = - (S:L' - ].) $”+1W2n+2 + (t + 7"8) xn+2W2n+1 +t (7” + tl‘) xn+2W2n

+x (sz— 1) Wy — (t +rs) 2®Wy + (r’z — s°2® + 2sx + rta® — 1) Wo.

(c): If rixw — sx? + t223 + 2sw + 2rtz? — 1 # 0 then

n
0
kY. 3
€T =
;;; L T s202 1 243 + 2sx 4 2rtx? — 1
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Q3 = (r+tx) x”HWQ,H_g + (s —Pr+ 222 + rtz) l‘n+1W2n+1

—t (sz — 1) 2" Wy, — x (r + to) Wy + (7“23: + sz + rtz? — 1) Wi+t (sz — 1) Wy.

Proof. Tt is given in [35]. O
The following theorem presents some summing formulas (identities) of generalized Tribonacci numbers

with negative subscripts.

THEOREM 1.2. Let x be a complex number. For n > 1, we have the following formulas:

(a): Ift +rx? + sz — 2% #0, then

i Q
SYCU—
t+rx? 4+ sx— a3
k=1
where
O = - (t +ra? + sw) "W, — (4 sz) "W,y — ta" W, 5

+axWy —z (r —z) Wy + a (—s — rz + 2°) Wy,

(b): If 2s2? — s%x + 1?2 + 2 — 23 + 2rtx # 0 then

- Q
0% 5
€T _ =
; 2k T 9s? — 523  r2x2 4 £2 — 23 1 2tz

Qs = —(t+rz)a" W g, + (r2x + 7t + sz — :172) "W o, +t(s — ) "W g, 4
—z(s—z)Waot+a(t+rs) Wi+ (—r’z —rt — 252 + s* + 2°) Wy
(c): If 2s2® — s®x + r?x? + 1% — a3 4 2rtx £ 0 then

n
Q
2% 6
:I: _ . =
; 21T 0cn? — 22 + 1222 + 12 — 23 + 21t

where

Qs = (s—2)2" W g,1 — (t+78) 2" W g, —t(t +rz) a7 W _ 9, 4

ta (t+rz) Wo +z (—r?z — rt — sz + ) Wy — ta (s — ) Wy.

Proof. 1t is given in [35]. O
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2. Sum Formulas of Generalized Tribonacci Numbers with Positive Subscripts
The following Theorem presents some sum formulas of generalized Tribonacci numbers with positive

subscripts.

THEOREM 2.1. Let x be a complex number. For n > 0, we have the following formulas:

(a): If (sz® +tx3 +rx — 1) # 0 then

n Al
ka* Wi, =
kz:;) Tk (sz? +tx3 +rex —1)2

(b): If (r*z — s®a? + 22> + 2sx + 2rta? — 1) # 0 then

n
Ay
kx* Wy, =
];) T2k (r2z — s222 + 223 4 2sx + 2rta? — 1)2

(c): If (r’z — s?2% + t?23 + 2sx + 2rta® — 1) # 0 then

n AB
k kW — -
l; TR T (02 50?1 208 + 25w + 2rta® — 1)?
where
6 6 6
Ay = Zrk, Ay = Z@kv Az = Z‘Dk’
k=1 k=1 k=1
with

Iy = 2" (n(sa® + tad +ra — 1) + s2? + 2rz — 3)W,,4 3,

Iy = —2"2(n(re — 1)(sz? + tad + ro — 1) + rsa® + ta® + 2r22% — dra + 2)W, 4o,

I3 = —a" T (n(sz?+re—1)(sz?+tad+ro—1)—2s2? +2ta3 +r22? + 5224 4 2rsa® —rta —2rz+1)
Wi,

Ty = +22(tz® —rx + 2)Who,

I = +a(—rtx* + 2t2® + s2? + 222 — 2rz + 1) W,

g = —ta?(sa® + 2rz — 3)Wy,

01 = —a" M (n(sz — 1)(r?z — s22? + 1223 + 252 + 2rtz? — 1) + 5222 + 2223 + r2s2? — st?2? +
2rtz? — 25z + 1)Wap 10,

Oy = +a"T2(t + rs)(n(riz — s?2? + 223 + 2sx + 2rtx? — 1) + 12z — 223 + 2520 — 2)Wap i1,

O3 = +tz" 2 (n(r + tx)(r?z — s?2% + 223 + 25z + 2rta? — 1) + 3z + 2r2ta? + rt?2® — 3tz —
s%tad + dstaz? + 2rsx — 2r)Way,

04 = +a(s20? + 26223 — 257 + 2rta? + r2sz? — st2xt + 1)Ws,

O5 = —z%(t + rs)(r’z — 223 + 2sx — 2)W7,

Op = +tx2(2r — r3z + 3ta — 4dsta® — 2r’ta® — rt?ad + s*ta® — 2rsx) W,

O = 2" (n(r + tz)(r?z — s22® + 223 + 25z + 2rtw? — 1) + rs?a? — r?ta? — 2?3 + 2sta?® —

2tx — 1 — t32*)Woy 1o,
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Oy = +2" M (n(s — s2x + 1222 + rtx) (r?w — 22?4+ 223 + 252 + 2t — 1) + r3ta? + 2t +
2st2a3 — 2rtx — r2s22? + 2r2t2a3 — s + 2522 — s32% — 3t22)Way i1,

O3 = —ta" T (n(sx — 1)(r?z — s?2? + 1223 + 25z + 2rta? — 1) + s22? + 2rta? + 26223 + r?s2? —
st?xt — 252 + 1) W,

by =+a(r+ 3zt + otx — 2sta? — rsz? + r2tz? + 2Tt2.’173)W2,

O5 = +a(s — 252z + 8322 + 3222 + 125222 — 224223 — r3ta? — rtdat — 2st223 + 2rta) W,

O = +tx(s?x? + 2t22% — 252 + 2rtx? + r2sz? — st?zxt + 1)W,.

Proof.

(a): Using the recurrence relation

Wn=1Wp_1+ sWy_o +tWy,_3

ie.
tWhp—z =W, —rW,_1 — sW,_o
we obtain
tnx"W, = nx"Wyis—rnz"Wyio — sna Wy
ttn—1)z" "W,y = (n— 12" ' Woio —r(n— 12" "W,y —s(n— Da"'W,
tn —2)z" W, o = (n—2)2" W1 —r(n —2)a"2W,, — s(n — 2)z" " *W,,_1
tn—3) 2" 2W,_3 = (n—3)2" W, —r(n—3)z"3W,_1 — s(n — 3)z" W, _»
tx3x3Wy = 3xaWs—7x3x23Ws —sx3xa>Wy
tX2X22We = 2X2?Ws—1r x2x22Wy — s x 2 X 2°Ws
tx1xz' W, = 1Ixaz'Wyi—rx1xz'Ws;—sx1xaz'W,
tx0xz'Wy = 0xa®Ws—7rx0xz"Wy —sx0x 2w

If we add the equations side by side, we get

£y kafWi = (na"Wais+ (n— 12" "Wy + (n - 2)a" Wi (2.1)
k=0

+2 7 Wy + 2272W + 3273, + Z(k — 3)xk_3Wk)
k=0

—r(nz"Wyio 4+ (n — D)z W1 + 27 Wy + 227 2W, + Z(k — 2)zF2W,)
k=0

—s(nx" Wy +2 ' Wo + Z(k — 1)xk_1Wk)
k=0

Then, using Theorem 1.1 (a) and solving (2.1), the required result of (a) follows.
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(b) and (c): Using the recurrence relation

Wy =1rWh1+ sWy_o +tW;,_3

ie.
W1 =W, — sW,,_o —tW,,_3
we obtain
rnz"Woni1 = na"Wapio — sna"Wa, —tna"Wa, 1

rin—1)z" " Wo,y = (n— 1):5"71W2n —s(n— 1)In71W2n_2 —t(n — 1)z"71W2n_3

TX2X Wy = 2x W —sx2xa?Wy —t x2x 22 W3

rx1xz'Wy = 1xa'Wy—sx1xa'Wy—tx1xaz'W

rx0xz'W, = 0xaWy—sx0xz2"Wy—tx0xa"W_,

Now, if we add the above equations side by side, we get

Py kafWorn = (na"Wangs — (=D "Wo + Y (k= Db War) — s> kWi
k=0 k=0 k=0

—t(—(n + 1){En+1W2n+1 +0 x :COW,l + Z(k + 1)$k+1W2k+1).

k=0
Similarly, using the recurrence relation
Wop=7Wh_1+sWy_o+tW,_3
ie.
T Who1 =Wy, — sWy_o —tW,,_3
we write the following obvious equations;
r(n+ 1)m”+1W2"+2 = (n+ 1)3:”+1W2n+3 —s(n+ 1)w"+1W2n+1 —t(n+ 1)x”+1W2n
e Wa, = nz"Wapi1 —sna"Wap_1 — tnz"Way,_o
r(n— l)xnflwgn,g = (n-— 1)x”*1W2n,1 —s(n— 1)x"*1W2n,3 —t(n — 1)m"*1W2n,4
rx3x W = 3xaWr—sx3xa®Ws —tx3xz3Wy
rX2X W, = 2xa*Ws—sx2xXz2Ws —t x 2x 2Ws
rx1xz' Wy = 1xa'Wy—sx1xz'W,—tx1xaz'W,

rxOxa'Wy, = O0xW;—sx0xz’W_q —tx0xz"W_y

(2.2)
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Now, if we add the above equations side by side, we obtain

P kW = ) kaFWargr — s(—(n+ 02" Wappr + Y (k+ 12" T Wap ) (2.3)
k=0 k=0 k=0

—t(=(n+1)z" ' Way, + Z(k + 1) Way).
k=0
Then, using Theorem 1.1 (b) and (c) and solving the system (2.2)-(2.3), the required result of (b)
and (c) follow. O

2.1. Special Cases. In this section, we present the closed form solutions (identities) of the sums

S o kWi, Sop_o kaFWay, and Y kxFWak 1 for the specific case of sequence {W,,}.

2.2. The Case x = 1. We now consider the case x = 1 in Theorem 2.1. In this subsection, we only
consider the case x = 1, r = 0,s = 2,¢t = 1 (this special case was not given in [36] because we can not use
Theorem 2.1 directly). Observe that setting x =1, r =0,s = 2,¢t = 1 (i.e. for the generalized Pell-Padovan
case) in Theorem 2.1, (b) and (c) make the right hand side of the sum formulas to be an indeterminate form.
Application of L’Hospital rule (using twice) however provides the evaluation of the sum formulas. If z = 1,
r=0,s =2,t =1 then we have the following theorem (in fact taking r = 0,s = 2,¢ = 1 in Theorem 2.1 and

then using L’Hospital rule twice for = 1 we obtain the following theorem).

THEOREM 2.2. Ifr =0,s =2,t =1 then for n > 0, we have the following formulas:

(@): i o kWi = 1((2n — 1) Wiis + (20 — 3) Wi — (204 3) Wypy + 3Wa + 5W, + Wo).
(b): ZZ:O kWQk = %(TL (n + 3) W2n+2 —n (TL + 1) W2n+1 — (TL + 2) (n + ].) Wgn + ZW())
(€): Yp_okWars1 = 2(—n(n+ 1) Wapia + (n? + 3n — 2)Wauiq + 1 (n+ 3) Wa, + 2W7).

Proof

(a): Taking x = 1,7 =0,s =2,t =1 in Theorem 2.1 (a), we obtain (a).
(b): We use Theorem 2.1 (b). If we set » =0,s =2,¢ =1 in Theorem 2.1 (b) then we have

- 91(x)
k" Way =
kz:;) vk (—x3 + 422 — 4o + 1)2
where
g1(z) = —a"M(4a? —dx + 223 — 22 —n (22 — 1) (=2 + 422 — 4z + 1) + 1) Wa, 4o — 2"H2
(n(—23 4422 —dox+1) — 4o+ 23+ 2)Wap 1 — 2" 2 (30 — 822 + 423 + na(—23 + 422 — 4w+ 1)) W, +
o(—2x* + 223 + 42? — 4o + D)Wo + 2%(2® — 42 + 2)W; + 2% (42® — 822 4 32)W,.
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For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L'Hospital rule (twice). Then we get

S = L)
P 2" A ((—a3 + 422 — 42+ 1)?) _
_ £ (g1(2)
L ((—a3 + 422 — 4z + 1)2) ot

1
= i(n (n + 3) W2n+2 —nNn (Tl + 1) W2n+1 - (TL + 2) (’Il + 1) W2n + QWO)

(c): We use Theorem 2.1 (c). If we set r = 0,s = 2,t =1 in Theorem 2.1 (c) then we have

>

g92(x)
(—23 + 422 — 4o 4+ 1)2

kmkWQkJ,_l =
=0
where
ga(x) = —2"1 2z —d2? + 2t + na(—2® + 422 — 4z + 1)) Way o — 2" (1122 — 8z — 423 + n(2? —
4z +2)(—23 +42% —4x + 1) +2)Wap 11 — 2" 1 (42? — 4o+ 223 — 22* —n (22 — 1) (—23 + 422 — 4z +
1)+ 1)Wa, + z(z* — 422 + 22) Wy — (423 — 1122 + 82 — 2)Wq + o(—22* + 223 + 42 — 42 + 1) W,
For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L’Hospital rule. Then we get

g2())
EWakyr = -~
kZ:O A ((—23 + 422 — 4z +1)?) -
2
) £ (g2(2)
(a3 + 422 —dz+1)?)|

1
= 5(—71 (n 4 1) Wanio + (0% + 3n — 2)Wap i1 +n (n + 3) W, + 2W71).

O

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers

(take W,, = R, with Ry =1, Ry =1, Ry = 1).

COROLLARY 2.3. For n > 0, Pell-Padovan numbers have the following properties:
(@): Y p_okRr = 2((2n—1) Ryy3 + (20— 3) Rpio — (2n+ 3) Rygr +9).
(b): >f o kRok = %(n (n+3)Rapyo —n(n+1)Ropy1 — (n+2) (n+ 1) Royp +2).
(C): ZZ:O kR2k+1 = %(—n (n + 1) R2n+2 + (n2 + 3n — 2)R2n+1 +n (n + 3) Rzn + 2)

Taking W,, = C}, with Cy = 3,C; = 0,5 = 2 in the last theorem, we have the following corollary which

presents sum formulas of Pell-Perrin numbers.

COROLLARY 2.4. For n > 0, Pell-Perrin numbers have the following properties:
(@): Y4 okCr=3((2n—1)Cris+ (2n —3) Cpyz — (2n+3) Cry1 +9).
(b): >p_okCok = 3(n(n+3) Copngo —n(n+1) Contr — (n+2) (n+ 1) Cap +6).
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(€): Yr_okCory1 = 2(—n(n+1)Capga + (n® + 3n — 2)Coni1 + n(n+ 3) Cay).

From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-

Pell numbers (take W,, = G,, with Go = 1,G; = 0,G5 = 2).

COROLLARY 2.5. For n > 0, third order Fibonacci-Pell numbers have the following properties:
(@): Y p_okGr=2((2n—1)Gpys+ (2n —3) Gpya — (2n+ 3) Gpyr + 7).
(b): ZZ:O kGQk = %(n (n + 3) G2n+2 —n (7’L + 1) G2n+1 — (n + 2) (n + 1) G2n + 2)
(C): ZZ:O kG2k+1 = %(—n (n + 1) G2n+2 + (77,2 +3n — 2)G2n+1 +n (TL + 3) ng)

Taking W,, = B,, with By = 3, By = 0, Bo = 4 in the last theorem, we have the following corollary which

presents sum formulas of third order Lucas-Pell numbers.

COROLLARY 2.6. For n > 0, third order Lucas-Pell numbers have the following properties:
(a): Yp_okBr =1((2n—1)Byys + (2n— 3) Buyo — (2n + 3) Byyy + 15).
(b): ZZ:O kBoyj, = %(n (n+3)Bapi2 —n(n+1)Bapi1 — (n+2) (n+ 1) By, + 6).
(€): Yo kBakt1 = 3(—n(n+1) Bapyo + (n? +3n — 2)Baypq + 1 (n+ 3) Bay).

2.3. The Case z = —1. We now consider the case x = —1 in Theorem 2.1.

The following proposition presents some summing formulas of generalized Fibonacci numbers with pos-

itive subscripts.

Taking x = —1,r = s =t =1 in Theorem 2.1, we obtain the following proposition.

ProPOSITION 2.7. Ifr =s=1t =1 then for n > 0 we have the following formulas:
(@): Y o k(=)W = L((=1)" (n+ 2) Wiy3 — (2n + 3) Wpo 4+ (n — 1) Wypq) + Wa — Wy — 2Wy).
(b): ZZ:O k(_l)kWQk = i((—l)n ((QTL + 1) Wanto — 2 (’Il + 1) Won+1 + Wgn) — Ws +2W; — Wo)
(C): ZZ:O k(—l)kW2k+1 = %((—l)n (—W27L+2 + 2 (n + 1) W2n+1 + (2n + 1) WQn) + Wy —2W41 — Wo)

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take W,, = T, with Top = 0,77 = 1,75 = 1).
COROLLARY 2.8. For n > 0, Tribonacci numbers have the following properties:
(a): p_o k(=1 Tk = & (=1)" (0 +2) Tuss — (2n+3) Tura + (0 — 1) Ti):
(b): ZZ:O k(—l)kTgk = %((—1)7] ((27’L —I— 1) T2n+2 — 2 (n —|— 1) T2n+1 —|— Tgn) —|— 1)
(C): ZZ:O k(—l)kT2k+1 = %((—1)’” (_T2n+2 —+ 2 (n + 1) T2n+1 + (277, —+ 1) Tgn) — 1)
Taking W,, = K,, with Ky = 3, K; = 1, K5 = 3 in the last proposition, we have the following corollary

which presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 2.9. Forn > 0, Tribonacci-Lucas numbers have the following properties:

(@): Y p o k(—1)FKp = 3((-1)" (n+2) Knys — (2n+3) Kpio + (n — 1) K y1) — 4).
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(b): Yo k(—1)F Ko, = ((=1)" ((2n 4+ 1) Kany2 — 2 (n + 1) Kony1 + Ka,) — 4).
(€): Yo k(—1)FKopqr = 3((—1)" (—Kang2 + 2 (n+ 1) Kopy1 + (2n+ 1) Ka,) — 2).

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin

numbers (take W,, = M,, with My = 3, M; =0, My = 2).

COROLLARY 2.10. For n > 0, Tribonacci-Perrin numbers have the following properties:
(=1D)" ((n+2) Myy3— (2n+3) Myyo+ (n—1) Myyq1) —4).
(b): Z o k(=1)*May, = 3((=1)" ((2n + 1) Mapi2 — 2 (n+ 1) Map i1 + May) = 5).
(c): Zk:o (=1 Magyr = ((=1)" (=Mant2 + 2 (n + 1) Mapy1 + (20 + 1) Ma,) — 1).

Taking W,, = U, with Uy = 1,U; = 1,U; = 1 in the last proposition, we have the following corollary

which presents sum formulas of modified Tribonacci numbers.

COROLLARY 2.11. For n > 0, modified Tribonacci numbers have the following properties:
(@) S0 b(—1) U = 2((=1)" (n+2) Unys — (204 3) Unyz + (0 — 1) Uny) — 2)
(b): Yoho k(=1)FU2 = 5 (=1)" (20 + 1) Uzpy2 = 2 (n + 1) Uzpy1 + Uzp).

(©): Y po k(=D Usis1 = 3((=1)" (~Uzng2 + 2(n + 1) Uzng1 + (2n + 1) Uzp) — 2).

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacci-

Lucas numbers (take W,, = G,, with Gy = 4, G, = 4, G2 = 10).

COROLLARY 2.12. For n > 0, modified Tribonacci-Lucas numbers have the following properties:
(@): Yo M(—1)* Gl = L(=1)" (0 +2) Guys — 20+ 3) Gnya + (0 — 1) Gui1) — 2).
(b): Yok F(=1)*Gar = 1((—=1)" ((2n + 1) Gant2 — 2(n + 1) Gans1 + Gan) — 6).
(€): Yoo k(=1 Gars1 = 1((=1)" (~Gant2 + 2 (n+ 1) Ganyr + (20 + 1) Gan) — 2).

Taking W,, = H,, with Hy = 4, H; = 2, H> = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.
COROLLARY 2.13. For n > 0, adjusted Tribonacci-Lucas numbers have the following properties:
(@) Y p o k(1) Hr =2((—1)" (n+2) Hpys — (2n+3) Hypo + (n — 1) Hpy) — 10).
(b): o k(=1)FHap = 3 (=1)" (20 + 1) Hapz — 2 (n+ 1) Hapg1 + Hon).
(©): Yo k(=1 Hoppr = 2((-1)" (—Han42 + 2 (n + 1) Hang1 + (2n 4+ 1) Hay) — 8).

Taking r = 2,s = 1,¢ = 1 in Theorem 2.1, we obtain the following proposition.

ProrosITION 2.14. Ifr =2, =1,t =1 then for n > 0 we have the following formulas:
(a): ZZ:O k‘(—l)ka = %((_1)n ((n + 2) Wn+3 - (3n + 5) Wn+2 + 2an+1) + W2 - 2W1 - 2WO)

(b): Yo k(1) War = 3=((—=1)" (100 + 9) Wapys — 3 (5n+7) Wapy1 — (5n+2) Way,) — 9Wa +
21W7 + 2Wp).
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(C): EZ:O k(—l)kW2k+1 = 2*15((—1)71 ((57’L - 3) W2n+2 + (5’]1 + 7) W2n+1 + (10n + 9) Wgn) + 3W2 —
Wy — 9Wp).

From the last proposition, we have the following corollary which gives sum formulas of third-order Pell

numbers (take W,, = P, with P, =0,P, =1,P, = 1).

COROLLARY 2.15. For n > 0, third-order Pell numbers have the following properties:
(@): Y p_ok(=1)"Py =% (=1)" (n+2) Poys — (3n +5) Ppja + 2nP,11).
(b): ZZ:O ki(—l)kPQk = %(( ) ((IOn + 9) P2n+2 -3 (5n + 7) P2n+1 — (5n + 2) Pgn) + 3)
(C): ZZ:O k(*l)kpgk_H %((7 )n ((5TL — 3) P2n+2 + (5TL + 7) P2"+1 + (1OTL + 9) Pgn) — 1)

Taking W,, = @,, with Q¢ = 3,Q1 = 2,2 = 6 in the last proposition, we have the following corollary

which presents sum formulas of third-order Pell-Lucas numbers.

COROLLARY 2.16. For n > 0, third-order Pell-Lucas numbers have the following properties:
(@) S h(—1)*Q = L(~1)" (0 +2) Quys — (31 + 5) Quyz + 20Quy1) — 4).
(b): Yo k(—=1)FQax = 21*5(( D" ((10n+9) Qan2 — 3 (5n 4 7) Qany1 — (51 + 2) Q2,) — 6).
(©): Yk F(=1)FQak1 = 55 ((=1)" (57 — 3) Qansa + (51 +7) Qan g1 + (100 +9) Q2,) — 23).

From the last proposition, we have the following corollary which gives sum formulas of third-order

modified Pell numbers (take W,, = E,, with Ey =0,F; =1, E = 1).

COROLLARY 2.17. For n > 0, third-order modified Pell numbers have the following properties:
(@): Y p o k(1) E, = 3((=1)" ((n+2) Epgs — (3n+5) Enyo 4 2nEn41) — 1).
(b): Yo k(—1)FEor = 5 ((=1)" ((10n 4 9) Eansz — 3 (5n + 7) Eang1 — (5n + 2) Eay,) + 12).
(€): Yoo k(=1)FEagyr = 55((=1)" ((5n = 3) Eapya + (51 + 7) Banya + (100 4 9) Eap) — 4).

Taking W,, = R,, with Ry = 3, Ry = 0, Ry = 2 in the last proposition, we have the following corollary

which presents sum formulas of third-order Pell-Perrin numbers.

COROLLARY 2.18. For n > 0, third-order Pell-Perrin numbers have the following properties:
(@) X0 h(—1)F R = L(=1)" ((n+2) Ruys — (30 +5) Rusa + 2nRus1) — 4).
(b): Yop_o k(=1)*Ra = 52 ((=1)" (101 + 9) Ropyo — 3 (504 7) Rapi1 — (5n + 2) Ryy) — 12).
(©): Yo k(=1)*Ropi1 = 5= ((—1)" ((5n — 3) Rapio + (50 + 7) Rapgr + (100 + 9) Ryy,) — 21).

Taking »r =0,s = 1,¢ = 1 in Theorem 2.1, we obtain the following proposition.
ProrosiTIiON 2.19. Ifr=0,s = 1,t =1 then for n > 0 we have the following formulas:
(@) Yp o k(=1)*Wi = (=1)" (n+2) Wiy — (n+ 1) Wipo — 2Wpp1) + Wo — 2W,.

(b): Yo k(1) Wap = 5=((—1)" (100 + 1) Wapqa — (5n + 3) Wapg1 4 (5n + 8) Way, ) — Wa + 3W5 —
8SWo).
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(€): Y o k(=1 Wapi1 = %= ((—=1)" (= (5n + 3) Wapy2 + (15n + 9) Wapq1 + (10n + 1) Way,,) + 3Ws —
W, — Wo).

From the last proposition, we have the following corollary which gives sum formulas of Padovan numbers

(take Wn :Pn with P() = 1,P1 = 1,P2 = 1)

COROLLARY 2.20. For n > 0, Padovan numbers have the following properties:
(a): ZZ:O k(—l)kpk ( 1)n ((n + 2) P7L+3 — (’I’L + 1) P,LJ’_Q — 2Pn+1) — 1.
(b): Yo k(=1)* Py = 55 ((=1)" (100 4 1) Papya — (504 3) Papy1 + (504 8) Pyy) — 6).
(©): Y po k(=1)*Popy1 = 5= ((—1)" (= (5n + 3) Panga + (150 +9) Pagr + (10n + 1) Pay,) — 7).

Taking W,, = E,, with Ey = 3, F1 = 0, Fs = 2 in the last proposition, we have the following corollary

which presents sum formulas of Perrin numbers.

COROLLARY 2.21. For n > 0, Perrin numbers have the following properties:
(@) hoo k(=1 Ey = (=1)" (0 +2) Enys — (n+ 1) Engo — 2E,41) — 4.
(b): Y p_o k(1) Bay = 55 ((—=1)" (100 + 1) Eapio — (50 + 3) Eap i1 + (51 + 8) Eay) — 26).

(C): ZZ:O ( 1) E2k+1 %((7 )n (* (5n + 3) E2n+2 + (15TL + 9) E27,+1 + (107L + 1) Egn) + 3)

From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin

numbers (take W,, = S, with Sy = 0,51 =0,5;, =1).

COROLLARY 2.22. For n > 0, Padovan-Perrin numbers have the following properties:
(a): Yor_o k(=1)5Sk = (=1)" (n 4+ 2) Snys — (n+ 1) Spya — 28n41) + 1.
(b): >p_ok(—1)FSar = 5= ((—1)" ((10n + 1) Sany2 — (5n + 3) Sopi1 + (5n + 8) Say) — 1).
(C): ZZ:O k’(—l) 52k+1 %(( )n (— (5n + 3) 52n+2 + (15n + 9) SQnJ,_] + (10n + 1) Sgn) +3

Taking W,, = A,, with Ay = 3, 4; = 1, A; = 3 in the last proposition, we have the following corollary

which presents sum formulas of modified Padovan numbers.

COROLLARY 2.23. For n > 0, modified Padovan numbers have the following properties:
(@) o k(1A = (—1)" (14 2) Aurs — (14 1) Auyz — 24,11) — 3
(b): > o k(—1)F Ay, = %(( D" ((10n + 1) Agpyo — (5n + 3) Agni1 + (5n + 8) Ag,) — 24).
(C): ZZ:O ( ].) A2k+1 %((— )n (— (5n + 3) A2n+2 + (15TL + 9) A2n+1 + (10n + ].) Azn) — 3)

Observe that setting x = 1, r = 0,s = 2,¢t = 1 (i.e. for the generalized Pell-Padovan case) in Theorem
2.1, (a) makes the right hand side of the sum formulas to be an indeterminate form. Application of L'Hospital
rule (using twice) however provides the evaluation of the sum formulas. If x = —1, r = 0, s = 2,¢ = 1 then we
have the following theorem (in fact taking » = 0,s = 2,¢ = 1 in Theorem 2.1 (a) and then using L’Hospital

rule twice for x = 1 we obtain the following theorem).
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THEOREM 2.24. If r =0,s =2,t =1 then for n > 0 we have the following formulas:
(@): Y p o k(=)W = L((-1)" (=(n®* + Tn+22)W,i5 4+ (n® +5n4 16) W2 + (n® + 11n+ 32) W44
) — 16Ws + 12W7 + 22W)).
(b): Yo k(1) Wap = 56 ((—=1)" ((6n + 1) Wapqa — (2n + 1) Wapgr + (2n+ 3) Way,) — W + Wi —

3IWp).
(C): ZZ:O k(—l)kW2k+1 = %((_1)n (— (QTL + 1) W2n+2 + (67’L + 1) Wo, + (147’L + 5) W2n+1) + Wy —

5W1 — Wo).
Proof
(a): We use Theorem 2.1 (a). If we set r = 0,5 =2,¢t =1 in Theorem 2.1 (a) then we have
- ha(z)
k(-1)*zbWw, = ————1
Z (=)W, (a3 + 222 —1)?
k=0
where

hi(x) = 2" 3 (n(23+222 = 1) +222 = 3) W13 — 2" 2 (2% —n(23 + 222 — 1)+ 2) W, 10 — 2" T1(223
4z + 4zt 4+n(22% - 1) (23 +222 = 1) + 1) Wyp1 + 22 (23 +2)Wa + (223 + 222 + 1) Wy — 23 (222 — 3) W

For © = —1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L’Hospital rule (twice). Then we get

- & (h(2))
E(-1)*W, = du
kZ:o (=1)"Wk L (23 + 227 — 1)) L
_ &5 (h(2))
iz (2% 4202 = 1)2)| _
= %((—1)” (=(n® 4+ Tn +22)Wyy3 + (n? 450 + 16) W0

+(n? 4+ 11n + 32)W,y 1) — 16Wo + 12W; + 22TW)).
(b): Taking z = —1,7 =0,s = 2,t = 1 in Theorem 2.1 (b) we obtain (b).
(c): Taking z = —1,r =0,s = 2,t =1 in Theorem 2.1 (c) we obtain (c). O
From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers
(take W,, = R,, with Ry =1, Ry =1, Ry = 1).

COROLLARY 2.25. For n > 0, Pell-Padovan numbers have the following properties:

(@): Y ok(=1)"Re = 3((=1)" (—=(n* + T+ 22)Rpy3+ (n® +5n + 16) Ryp2 + (n® + 11n+ 32) Ry g

)+ 18).
(b): ZZ:O k(*l)kRQk = %((*l)n ((671 -+ 1) Rgn_;,_g - (2n + 1) R2n+1 + (2n =+ 3) Rgn) - 3)
(©): Y heok(=1)*Rops1 = 55((—1)" (= (2n + 1) Rapya + (6n + 1) Ray + (1404 5) Rony1) — 5).
Taking W,, = C}, with Cy = 3,C; = 0,5 = 2 in the last theorem, we have the following corollary which

presents sum formulas of Pell-Perrin numbers.
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COROLLARY 2.26. For n > 0, Pell-Perrin numbers have the following properties:
(@): Y p o k(=1)*Cr = L((-1)" (=(n® + Tn 4 22)Cpy5 + (n® + 51+ 16)Chry2 + (n® + 11n + 32)Cpriq

)+ 34).

(b): > o k(—=1)FCor = 55((—1)" ((6n 4+ 1) Capta — (2n+ 1) Cany1 + (2n + 3) Cap) — 11).

L ((—1)" (— (2n + 1) CQ7L+2 + (6n + 1) Co, + (14n + 5) C2n+1) - 1)

(c): ZZ:O k(—l)kCZk-H =35
From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-

Pell numbers (take W,, = G,, with G = 1,G; = 0,G5 = 2).
COROLLARY 2.27. Forn > 0, third order Fibonacci-Pell numbers have the following properties:

(@): Y o k(=1)"Gr = 3((-1)" (—=(n® + Tn+22)Gry3+ (n? + 51+ 16)Grp2 + (n® + 110+ 32)Gpyq

(D)™ ((6n + 1) Gapia — (2n 4+ 1) Gapy1 + (2n + 3) Ga,) — 5).

)~ 10).
_ 1
((—l)n (— (27’L + 1) G2n+2 + (61’L + 1) Gop + (14n + 5) G2n+1) + 1).

(b): ZZ:O k(*l)kGQk = 20
1

() Yk k(=1) Garr1 = 55
Taking W,, = B,, with By = 3, By = 0, Bo = 4 in the last theorem, we have the following corollary which

presents sum formulas of third order Lucas-Pell numbers.

COROLLARY 2.28. Forn > 0, third order Lucas-Pell numbers have the following properties:
(=)™ (=(n®>+Tn+22)Byyi3 + (n? 4+ 51+ 16) B, 1o + (n? + 11n + 32) B, 11

(a): Yh_ok(—1)"Br = 3
) +2).
(b): 325 k(=1)*Bop = 55((—1)" ((6n + 1) Banso — (20 + 1) Bapsr + (21 + 3) Bay) — 13).
L ((=1)" (= (2n 4+ 1) Bapga + (6n + 1) By, + (14n 4 5) By, 1) + 1).

() S h(—1)*Bopyr = &
Taking r = 0,s = 1,£ = 2 in Theorem 2.1, we obtain the following proposition.

ProroSITION 2.29. Ifr =0,s = 1,t = 2 then for n > 1 we have the following formulas:

(b): > kg k(=1)

(c): k=0 k(=1)
From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-

Padovan numbers (take W, = Q,, with Qp =1,Q1 =1,Q2 = 1).
COROLLARY 2.30. For n > 0, Jacobsthal-Padovan numbers have the following properties:

(@) Yoo B(-1) Q= 3((=1)" (0 +1) Quis — nQuy2 — 2Qn41) — 1)

(b): Yoo k(=1)FQak = §((=1)" (27— 1) Qanya — 20Qan 41 +4(n + 1) Q2) — 3).
= 3((=1)" (—2nQ2n12 + 3 (2n+ 1) Qani1 + 2 (2n — 1) Q2,) — 1).

(©): Yk F(=1)"Qar 11
= 3,L1 = 0,Ls = 2 in the last proposition, we have the following corollary

Taking W,, = L, with Lg
which presents sum formulas of Jacobsthal-Perrin numbers.
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COROLLARY 2.31. Forn > 0, Jacobsthal-Perrin numbers have the following properties:
(a): Xp_o k(=1 Lk = 5((—=1)" ((n +1) Lyt3 — nLntz — 2Lnt1) — 6).
(b): 0, k(—l) Lok = ((=1)" ((2n — 1) Laps2 — 2nLapy1 + 4 (n + 1) Lay,) — 10).
(€): Zpok(=1)* Lokt = 5((—1)" (=2nLant2 + 3 (2n + 1) Lopt1 +2(2n — 1) Lay) +6).

From the last proposition, we have the following corollary which gives sum formulas of adjusted Jacobsthal-

Padovan numbers (take W,, = K, with Ky =0, K; = 1, K = 0).

COROLLARY 2.32. Forn > 0, adjusted Jacobsthal-Padovan numbers have the following properties:
(a): ZZ:O k(_l)kKk = %((_1)n ((n +1)Kpys —nKypo —2K,41) +1).
(b): ZZ:O k}(—l)kKQk = é ( 1)71 ((2’[7, - 1) K2n+2 - 27’7,K2n+1 + 4 (n + 1) Kgn)
(c): Yop_ok(—1) " Kopyq = %((—1) (—2nKonto+302n+1) Kopr1 +2(2n — 1) Kay,) — 3).

Taking W,, = M,, with My = 3, M7 = 1, My = 3 in the last proposition, we have the following corollary

which presents sum formulas of modified Jacobsthal-Padovan numbers.

COROLLARY 2.33. For n > 0, modified Jacobsthal-Padovan numbers have the following properties:
(a): Yohoo k(=1 M, = 3((=1)" ((n + 1) Mny3 — nMpni2 — 2Mpi1) = 5).
(b): Yo k(—1)F Moy = %((71)" ((2n — 1) Mayyo — 2nMopiq + 4 (n+ 1) Ma,) — 9).
(©): Yo k(=1 Mapqr = £ ((—=1)" (—2nMapia + 3 (2n + 1) Many1 + 2 (2n — 1) May,) + 3).

Taking r =1, = 0,¢ = 1 in Theorem 2.1, we obtain the following proposition.

ProPOSITION 2.34. Ifr =1, =0,t =1 then for n > 0 we have the following formulas:
(@): Y k(=1)rwW, = %((—1)” ((6n 4+ 1) Wyhi1+(Bn +5) Wiys—(6n 4 7) Wy 40)+2Wo— W1 —5W)).
(b): ZZ:O k(*l)kWQk = (71)n ((Tl + 1) Waonto — (’Il + 2) Won+1 + WQn) — Wy +2W1 — Wy
(€): Yo k(=) Wapt1 = (=1)" (—Wapio + Wapi1 + (n+ 1) Way,) + Wa — Wy —

From the last proposition, we have the following corollary which gives sum formulas of Narayana numbers

(take Wn = Nn with N() = O,Nl = 1,N2 = ].)

COROLLARY 2.35. Forn > 0, Narayana numbers have the following properties:
(@): Dp_ok(=1)"Ni = §((=1)" ((6n + 1) Npy1 + (3n 4 5) Nyys — (614 7) Npy2) + 1).
(b): i k(=1)*Nop = (=1)" ((n +1) Nant2 — (n+2) Napy1 + Nop) + 1.
(©): Dp_ok(=1)*Nopi1 = (=1)" (=Napo + Nopsr + (1 + 1) Nay).

Taking W,, = U,, with Uy = 3,U; = 1,U; = 1 in the last proposition, we have the following corollary

which presents sum formulas of Narayana-Lucas numbers.

COROLLARY 2.36. For n > 0, Narayana-Lucas numbers have the following properties:
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(a): EZ:O k‘(—l)kUk = %((_1)n ((6’11 + 1) Un+1 + (3n + 5) Un+3 — (671 + 7) Un+2) - 14)

(b): Yo k(=1)FUsi = (=1)" ((n+ 1) Uzt — (n 4 2) Uzpgr + Uzpn) — 2.
() Yor_o k(=1)*Uspy1 = (—1)" (—Uzpy2 + Uzpi1 + (n + 1) Usy,) — 3.

From the last proposition, we have the following corollary which gives sum formulas of Narayana-Perrin

numbers (take W,, = H,, with Hy = 3, H; =0, Hy = 2).

COROLLARY 2.37. For n > 0, Narayana-Perrin numbers have the following properties:
(@): 4o h(— 1) Hy = L((=1)" (60 + 1) Hyy1 + (3 +5) Hyss — (6n+7) Hyyo) — 11).
(®): ko k(—l)ksz = (=1)" ((n+1) Hany2 — (n +2) Hans1 + Han) — 5.
(€): p_ok(=1)*Hoppr = (=1)" (= Hantz + Hongr + (n+ 1) Hay) — 1.

Taking r =1,s = 1,£ = 2 in Theorem 2.1, we obtain the following proposition.

PRrROPOSITION 2.38. Ifr=1,s =1,t =2 then for n > 0 we have the following formulas:

(@) Y p o k(=) Wi = 5((=1)" (Bn + 4) Wyi3— (6n 4 5) Wi 2+ (3n — 5) Wipr) + Wa+ W1 —8Wo).

(b): Do k(1) Wap = 5=((—1)" (100 — 3) Wappo — 3 (5n + 1) Wapgr + 2 (5n + 11) Wa,,) + 3Wa +
3W, — 22W)).

(©): Yo k(=) Warp1 = 2:((=1)" (= (5n+ 6) Wanpa + (20n + 19) Wapqr + 2(10n — 3) Wa,,) +
6Wo — 19W; + 6Wp).

From the last proposition, we have the following corollary which gives sum formulas of third order

Jacobsthal numbers (take W,, = J,, with Jy =0,J1 =1, J5 = 1).

COROLLARY 2.39. Forn > 0, third order Jacobsthal numbers have the following properties:
(@) i k(=1 T = 5((=1)" (Bn +4) Juts — (61 +5) Juya + (3n = 5) Jup1) +2).
(b): ZZ:O k(—l)kJQk = %((—l)n ((1OTL — 3) J2n+2 -3 (57’L + 1) J2n+1 +2 (5n + 11) JQ,L) + 6)
(C): ZZ:O k(*l)kak_;_l = %((*1)71 (* (5’Il + 6) J2n+2 + (20n + 19) J2n+1 +2 (1071 — 3) Jgn) — 13)

Taking W,, = j,, with jo = 2,51 = 1, j2 = 5 in the last proposition, we have the following corollary which

presents sum formulas of third order Jacobsthal-Lucas numbers.

COROLLARY 2.40. For n > 0, third order Jacobsthal-Lucas numbers have the following properties:

(@): Dr o k(=1 jk = 5((=1)" ((3n +4) jnts — (61 + 5) jny2 + (3n = 5) jnt1) — 10).
(b): Yhmo k(=1)¥j2k = 55 ((=1)" (107 = 3) jons2 — 3 (5n + 1) jant1 + 2 (57 + 11) jan) — 26).
(€): Yoo k(=D ¥jars1 = 35 ((=1)" (= (5n + 6) jant2 + (200 + 19) joni1 + 2 (101 — 3) j2,) + 23).

From the last proposition, we have the following corollary which gives sum formulas of modified third

order Jacobsthal-Lucas numbers (take W,, = K,, with Ky =3, K; =1, Ky = 3).
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COROLLARY 2.41. Forn > 0, modified third order Jacobsthal-Lucas numbers have the following proper-

ties:

(b): Yp o k(1) Ko, = & ((—1)" (100 — 3) Kop iz — 3 (51 + 1) Kapi1 + 2 (5n + 11) Ka,) — 54).
(©): Xh_o k(1) Kapp1 = = ((—1)" (= (50 + 6) Konya + (200 + 19) Kopyr + 2 (100 — 3) Ka,) + 17).

Taking W,, = @,, with Q¢ = 3,Q1 = 0,Q2 = 2 in the last proposition, we have the following corollary

which presents sum formulas of third order Jacobsthal-Perrin numbers.

COROLLARY 2.42. For n > 0, third order Jacobsthal-Perrin numbers have the following properties:
(a): Yo k(=1)FQr = 5((=1)" ((Bn+4) Quiz — (6n+5) Quiz + (3n = 5) Qui1) — 22).
(b): Yk k(=1)FQ2k = 55((—1)" (107 — 3) Qany2 — 3 (5n + 1) Q2pt1 + 2 (57 + 11) Qo) — 60).
(C): ZZ:O k’(—l)ngk_H = 715((—1)71 (— (5n + 6) Q2n+2 + (QOTL + 19) Q2n+1 + 2 (10n — 3) an) + 30)

Taking r = 2,s = 3,t = 5 in Theorem 2.1, we obtain the following proposition.

ProPOSITION 2.43. Ifr =2, = 3,t = 5 then for n > 0 we have the following formulas:
(@): Y o k(=1)"Wi = 5=((=1)" ((5n + 4) Wii3 — (150 + 7) W2 — 20Wy 1) — Wa + 8W7 — 20Wy).
(b): >op_o k(—1)*Woy, = ﬁ((—l)" ((100n — 77) Wapq2 — 11 (25n — 13) Wap 1 +5 (751 + 86) Way,) +
TTWy — 143W5 — 430Wy).
(€): Yo k(=1 Wapi1 = 2= ((=1)" (= (750 + 11) Wap 42+ (675n + 199) Way,11+5 (1000 — 77) Way, )+
11Wy — 19905 + 385W)).

From the last proposition, we have the following corollary which gives sum formulas of 3-primes numbers

(take W, = G,, with G =0,G; = 1,Go = 2).

COROLLARY 2.44. Forn > 0, 3-primes numbers have the following properties:
(a): ZZ:O k(—l)ka = 21—5((71)" ((5bn+4)Gpiz — (150 +7) Gpao — 20G,41) + 6).
(b): ZZ:O k(—l)ngk = %((—1)" ((100n — 77) Gapta — 11 (25m — 13) Gopt1 + 5 (75n + 86) Gay) +
11).
(c): ZZ:O k(—l)kG2k+1 = %((—1)" (= (751 + 11) Gy g2+ (6751 + 199) Gopr1+5 (1000 — 77) Gop ) —
177).

Taking W,, = H,, with Hy = 3, H; = 2, H5 = 10 in the last proposition, we have the following corollary

which presents sum formulas of Lucas 3-primes numbers.

COROLLARY 2.45. Forn > 0, Lucas 3-primes numbers have the following properties:
(@): Y ok(=1)"Hyp = 5= ((—1)" ((5n 4+ 4) Hpy3 — (150 +7) Hyqo — 20H,,41) — 54).
(b): ZZ:O k}(—l)ngk = 6%5 ((_1)71 ((10071 — 77) Hypio — 11 (25’11 — 13) Hopy1+5 (75n + 86) Hgn) —
806).
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(€): Y o k(=) Hopy1 = o= ((—1)" (= (750 + 11) Hap 2+ (6750 + 199) Hap1+5 (1000 — 77) Hap )+
867).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-primes

numbers (take W,, = E,, with Fg =0,F; =1, FEs = 1).

COROLLARY 2.46. For n > 0, modified 3-primes numbers have the following properties:
(a): Z::O k(-1)FE, = %((fl)n (bn+4)E,+3— (15n+7)Epy2 —20E,41) + 7).
(b): >p_ok(—1)FEar = 5= ((—=1)" ((100n — 77) Egpy2 — 11 (25n — 13) Eapqq + 5 (750 + 86) Eay,) —
66).
(c): ZZ:O k(=1)FEgyq = &((—1)” (= (751 + 11) Eapq0+ (6751 + 199) Eo,11+5 (1000 — 77) Ea,)—
188).

Taking r = 5,s = 3,¢ = 2 in Theorem 2.1, we obtain the following proposition.

PROPOSITION 2.47. If r =5, = 3,t = 2 then for n > 0, we have the following formulas:
(@): Dop o k(=1)" Wi = $((=1)" ((n + 2) Why3—(6n + 11) Wi p2+(3n — 1) Wy 1) +Wo—5W1 —4Wy).
(b): Yo k(—1) Wap = 5= ((—=1)" ((100m 4 91) Waypqz — 17 (251 + 29) Wayq1 — 2 (75n + 37) Way,) —
91Wy + 493W7 + 74Wy).
(€): Yo k(1) Waypq = %((—1)” ((75n — 38) Wap12+(150n 4 199) Wy 11+2 (1000 + 91) Wa, )+
38Wsy — 199W; — 182W)).

From the last proposition, we have the following corollary which gives sum formulas of reverse 3-primes

numbers (take W,, = N,, with Ny =0, N; =1, N, = 5).

COROLLARY 2.48. For n > 0, reverse 3-primes numbers have the following properties:
(a): Yr_o k(=1)FN, = % (=1)" (n+2) Npyz — (6n+11) Nyyo + (3n — 1) Nppiq).
(b): >, k(—1)kNgp = %((71)" ((100n + 91) Nopto — 17 (25n 4+ 29) Nopy1 — 2 (75n + 37) Nay,) +
38).
(€): Yoo k(—=1)FNajpi1 = g5 ((—=1)" ((75n — 38) Napia + (150n + 199) Noy i1 +2 (100 + 91) Nay, ) —
9).

Taking W,, = S, with Sy = 3,51 = 5,52 = 31 in the last proposition, we have the following corollary

which presents sum formulas of reverse Lucas 3-primes numbers.

COROLLARY 2.49. For n > 0, reverse Lucas 3-primes numbers have the following properties:
(@): Y o k(=1)"Se = 2((=1)" ((n +2) Spqs — (6n+11) Spy2 + (3n— 1) Spyr) — 6).
(b): >p_ok(—1)kSar = = ((—=1)" ((100n + 91) Sany2 — 17 (250 + 29) San41 — 2 (75n + 37) Sap) —
134).
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(€): Yo k(=1)FSapy1 = g3z ((—1)" ((75n — 38) Sant2 + (150n + 199) Sapi1 + 2 (100n + 91) Say,) —
363).

From the last proposition, we have the following corollary which gives sum formulas of reverse modified

3-primes numbers (take W,, = U,, with Uy =0,U; = 1,U; = 4).

COROLLARY 2.50. For n > 0, reverse modified 3-primes numbers have the following properties:
(a): ZZZO k(-1D)FU, = %((fl)n (n+2)Upys — (6n4+11)Upga+ (3n — 1) Upy1) — 1).
(b): ZZ:o k(—1)*Uy, = &((—1)” ((100m 4 91) Ugpyo — 17 (251 4 29) Uspy1 — 2(75n + 37) Uay,) +
129).
(c): ZZ:O k(=1 Uspy1 = &((—1)" ((75n — 38) Uzpt2 + (150n + 199) Usy 1 + 2 (1000 + 91) Us,, ) —
47).

2.4. The Case =z = i. We now consider the complex case z = ¢ in Theorem 2.1. Taking x =i,r = s =

t =1 in Theorem 2.1, we obtain the following proposition.

ProrosiTioN 2.51. Ifr =s =1t =1 then for n > 0 we have the following formulas:
(@): Yop_o ki*Wi = 1(i" (i (2n 4 4 — 20) Wyq3+((2 — 20) n — 60) Wyyo—i (4 — 20) n+ 2 — 6i) Wyp1)—
(2 — 20) Wy + (4 — 20) Wy — (2 + 4i) Wy).
(b): Y o ki*War = L(i"(i (4in + 4 + 49) Wanyo + 2((2 = 2i) n 4 2 — 49) Wanq1 + (4n + 8) Way) +
(4 — 4i) Wy — (4 — 8i) W, — 8W).
(C)Z ZZ:O kikWQk_Arl = %(@"((4 + 4Z) W2n+1—i (4n + 4) W2n+2+(47; —4 — 4’/’L) Wgn)+4iWQ—(4 + 42) Wi+
(4 — 4i) Wo).

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci

numbers (take W,, = T, with Top = 0,71 = 1,75 = 1).

COROLLARY 2.52. Forn > 0, Tribonacci numbers have the following properties:
(@): Yy o ki*Tp = 2(i" (i 2n+4 — 20) T3+ (2= 20)n — 60) Tryo — i (4 — 20) n+ 2 — 60) Toy1) +
2).
(b): >op_ ki*Toy, = g(z”(z (din+444i) Tonta +2((2—2i)n+ 2 — 49) Topt1 + (4n + 8) Tn,,) + 49).
(©): Y po ki Tops1 = £(i"((4 4 4i) Tongr — i (4n + 4) Toppo + (4i — 4 — 4n) Tay) — 4).

Taking W,, = K,, with Ky = 3, K1 = 1, K5 = 3 in the last proposition, we have the following corollary

which presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 2.53. For n > 0, Tribonacci-Lucas numbers have the following properties:
(a): Y o ki" K = 1("(i (2n+ 4 — 20) Ky y3+((2 — 20) n — 6i) Kppo—i (4 — 20) n + 2 — 60) Kpyq1)—
8 — 8i).
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(b): > o ki" Ko, = L("(i (4in + 4 4 49) Kopia+2 (2 — 20) n+ 2 — 4i) Kopy1+(4n + 8) Koy, ) — 16—
47).
(c): Yoo ki Kopi1 = %(z”((zl +4i) Kopr1 —i(dn+4) Kopyo + (40 — 4 — 4n) Ko,) + 8 — 44).
From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin

numbers (take W,, = M,, with My = 3, M; =0, My = 2).

COROLLARY 2.54. For n > 0, Tribonacci-Perrin numbers have the following properties:
(a): Yo p_oki* My, = 1(" (i (2n + 4 — 20) My 3+((2 — 20) n — 6i) My0—i (4 — 20) n+ 2 — 6i) Myqq)—
10 — 8i).
(b): Yoy o ki* Moy = £(i"(i (4in + 4 + 4i) Moo + 2((2 — 20) n + 2 — 46) Moy g1 + (4n + 8) May,) —
16 — 8i).
(€): Yoo ki" Maogiq = £(i™((4 + 48) Mapy1 — i (4n +4) Moy 2 + (4 — 4 — 4n) May,) + 12 — 4i).

Taking W,, = U,, with Uy = 1,U; = 1,U; = 1 in the last proposition, we have the following corollary

which presents sum formulas of modified Tribonacci numbers.

COROLLARY 2.55. For n > 0, modified Tribonacci numbers have the following properties:
(a): Y p o ki*Ux = %(z”(z 2n+4—20)Upss+((2—20)n—6i)Upso—i (4 —20)n+2—60)Upy1) —
47).
(b): > o ki*Usp = £(i" (i (4in + 4 + 4i) Uzpi24+2 ((2 — 20) n 4 2 — 41) Uz 1 +(4n + 8) Usy, ) —8-+4i).

(€): Yop_oki*Uspyr = £(i"((4 4 49) Uzny1 — i (4n + 4) Uzny2 + (4i — 4 — 4n) Uzy,) — 40).

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacci-

Lucas numbers (take W,, = G,, with Go = 4,G1 = 4,G5 = 10).

COROLLARY 2.56. For n > 0, modified Tribonacci-Lucas numbers have the following properties:

(a): S0y kif Gl = 1(i" (i (2n + 4 — 2i) Gyt (2 — 20) n — 61) G pa—i (4 — 20) n+ 2 — 67) Gy 1) —

12 — 44).
(b): > ki*Gop = £(i"(i (4in + 4 + 4i) Gang2 +2 (2 — 20) n + 2 — 4i) Gony1 + (4n + 8) Gay) — 8 —
8i).

(C): ZZ:O kikGQkJrl = é(z”((4 + 41) G2n+1 —1 (4n + 4) G2n+2 + (42 —4— 47’Z) ng) + 8%)
Taking W,, = H,, with Hy = 4, H; = 2, H> = 0 in the last proposition, we have the following corollary

which presents sum formulas of adjusted Tribonacci-Lucas numbers.

COROLLARY 2.57. For n > 0, adjusted Tribonacci-Lucas numbers have the following properties:
(a): Yop_oki*Hy = 1(i"(i 2n+ 4 — 20) Hypy34+((2 — 2i) n — 60) Hyqo—i (4 — 2i)n + 2 — 60) Hyy1)—
201).
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(b): >p_o ki"Hor = £(i" (i (4in + 4 + 41) Hapy2+2 (2 — 20) n + 2 — 40) Hapiy +(4n + 8) Hay, ) —40+
161).
(€): Y poki®Hopy1 = £(i"((4 + 49) Hany1 — i (4n 4 4) Hapyo + (40 — 4 — 4n) Hay) + 8 — 244).

Corresponding sums of the other third order linear sequences can be calculated similarly when x = 3.

3. Sum Formulas of Generalized Tribonacci Numbers with Negative Subscripts

The following Theorem presents some sum formulas (identities) of generalized Tribonacci numbers with

negative subscripts.

THEOREM 3.1. Let x be a complex number. For n > 1, we have the following formulas:
(a): If (t +raz® + sz — 23) # 0 then

u Ay
kxbw_, =
; R T U ra? sz — 29)2

(b): If (2522 — 82z + r22% + 12 — 23 + 2rtz) # 0 then

n
Ay
ka*W_op =
; ’ * (2522 — s2x 4 r2x? 4+ 12 — 23 + 2rtx)?

and

(c): If (2522 — sz + 122 +¢2 — 23 + 2rtz) # 0 then

n A
ka*w_ =
; ’ 2 (2522 — s2x + r2x? 4+ 12 — x° + 2rtx)?
where
6 6 6
A = ZA’“ Ay = Zak’ As = ZMIC’
k=1 k=1 k=1
with

A1 = —2" M (n(t+ra®+sz—a3) (t+ra? +sx)+ szt +2tad +riaet+ 5222 4+ 2rsp3 + 2rta? + 2stw +12)
W_on—1,

Ay = —z"F2(n(t + sx)(t + rz? + sz — 23) + rsad + 25222 + tad + dstz + 262)W_,,_o,

A3 = —tz" 3 (n(t +ra® + sz — 23) + ra? + 250 + 3)W_,,_3,

Ay = +a(t —ra? + 223)Ws,

A5 = +a(=2rz3 + sx? + r22? — rt + 2tz + )W,

Ao = +tx(—s — 2rz + 322)W,

01 = —z" P (n(t +ra)(2s2? — s2w+ 1202 +12 — 23 + 2rtx) +rat 4 2tad + 2rt2x — rs?2? +r%ta? —
2stz? + YW 9,41,

0y =+ (n(r?x + rt + sz — 22)(2s2% — s%x + r2a? + 12 — 2% + 2rtx) — sat 4 25223 — s32% —
2rtad 4 2st?x + 2r2t2x + rita? — 3t20? — r2s%22 + rt?’)W,gn,

03 = +tx" T (n(s — z)(2s2% — s®x +r2a? + 2 — 23 + 2rtx) + st? + 2523 — 220 — 2rta? — r2sx? —

2.2 4
stx? — ) W_gp_1,
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04 = +a(—st? — 2523 + 2t%20 + 5222 + 2 + 2rta? + risa?)Ws,

05 = +x(t +rs)(—2s2? — r2a? + 12 + 223) W7,

0 = —tx(rt? — s%t — 2ra® — 3tx? + ri3a? + 2rsa? + 2r2tx + 4dstx)Wo,

py = 2" 2 (n(s — z) (2522 — %z + r2a? + 2 — 23 + 2rtx) + 2st% + 2rstx — sa® — 3z — 3t2x —
drtz? — 223 + 25%02)W_o, 11,

to = —x"F2(t +78)(n(2s2? — s2x + r22? + 2 — 23 + 2rtx) + 2rtx — s2x + 262 + 23)W_o,,

py = —tz" P (n(t +rx)(2s2? — sz +r2x? + 12 — 23 + 2rtw) + rat + 2t + 3 + 2rt?z — rs?a? +
r?ta? — 2sta®)W_o, 1,

py = +x(rat + 2tad + 3 + 2rt?x — 2sta® — rs?a? + ria?)Wa,

ps = —x(rt? — szt + 25223 — 322 — 3t22? — 125202 — 2rtad + 25tz + 2r2t3x + r3ta?)Wh,

pe = +tz(—st? — 2523 + 2622 + s22% + 2t + 2rta® + r2sz?)Wy.

Proof.

(a): Using the recurrence relation

1
Wonta =1 Wopia &8 X Wosr +8x Wop = Wop = =2Wo ooy = W) + Wy

i.e.
tW_, = W7n+3 - ernJrQ - 5W7n+1
or
W, = iw “w Sw
—-_n — n —n+3 1 —n+2 n —n+1
we obtain
tne"W_, = nx"W_,i13—rnz"W_,10—snz"W_,
ttn—1)z" 'W_pn = (n—1)2" "W,y —r(n—1Da" ' W_, 43 —s(n—1)z" " "W_, 1o
tn —2)z" *W_pyo = (n—2)2" *W_,u5 —7r(n—2)2" *W_,pa — s(n — 2)2"2W_, 43
tx3xa3W_g = 3xa®Wo—rx3xa®W_1 —sx3xz*W_y
tX2xaW_y = 2X W) —rx2x2*Wy—sx 2 x 2?W_,4

tx1xz' W, = 1xa'Wa—rx1lxz'W —sx1xz'W,
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If we add the equations side by side, we get

t(n+ D" MW, 1+ (n+2)2" W, o+ (n+3)a"BW_,_5+ Z Ex*W ) (3.1)
k=1
= (Ixa'Wy+2x2?W; +3 x 23Wy + Z(k + 3) 2" B3W ) —r((n + 3)z" W,y
k=1

+1 x Wy +2 x 2 Wy + Z(k + 2)zF 2 W)
k=1
n

—s((n+2)2"PW_p, 1+ (n+3)2"PW_, o+ 1 x 2 Wy + Z(kz + D)aF W _y).
k=1

Then, using Theorem 1.2 (a) and solving (3.1), the required result of (a) follows.

(b) and (c): Using the recurrence relation

W_ iz =mW_pio +sW_, 41 +tW_,

ie.
SW_py1 =W_pqis —rW_,i0 —tW_,
we obtain
snx"W_ony1 = nx"W_ogpis —rna"W_g,i0 —tna"W_o,
s(n—1)z" "Wz = (n—12" "W guis —r(n—Da" "W g,g —t(n — D)z ' W_ g, 40
s(n—2)x" W onys = (n—2)2" 2 W_onpr —17(n—2)2" 2W 9,16 — t(n — 2)z" > W_o,44
s(n—3)x" 3W_onyr = (n—=3)2" 3W_ongo — (0 — 32" 3W_o,18 — t(n — 3)z" >3 W_o,46
sx3xa*Wos = 3xa®W_z—rx3xaz®W_y—tx3xz*W_g
SX2X22W_og = 2x2°W_1 —rx2x2?W_g—tx2xz*W_4
sx1xz' W, = 1xa'Wy—rx1xz'Wy—tx1xz'W_,

If we add the equations side by side, we get

SZ I{Z.’L‘kW,QkJrl = (—(n + 1).’En+1W,2n+1 +1x CCIW1 + Z(k’ + 1)$k+1W,2}c+1) (32)
k=1 k=1

—r(=(n+ 12" Wogn + 1 xa'Wo + Y (k+ 12" Wogp) =ty kab Wy
k=1 k=1

Similarly, using the recurrence relation
W7n+3 = TW7n+2 + 5W7n+1 +tW_,

i.e.

SW_pni1 =W_ i3 —rW_pio —tW_,
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we obtain
snx"W_gp = nx"W_ogpio —rnx"W_ogni1 —tnz"W_og,_1
s(n — 1){1}'”71W_2n+2 = (n-— l)x”*IW_2n+4 —r(n— 1)%’”71W_2n+3 —t(n — 1)33”*1W_2n+1
s(n—2)x" W gnys = (n—2)2" *W_ o446 —7(n —2)2" 2W 9,15 — t(n — 2)a™ *W_o,43
sxAxztW_og = dnxa*W_og—rx4dxa®W_s—tx4xzW_,
sX3XTIW_g = 3xa3W_y—rx3xaW_s—tx3xaz*W_s
sX2x 2 W_y = 2x2°W_o—rx2x2?W_g—1tx2xz2W_j
sX1Ixz'Wo = Ixa'Wy—rx1lxz!W_q—tx1xz'W_g

If we add the equations side by side, we get

n

s kafW_og = (=(n+ D)a" T Wogn + 1x ' Wo + Y (k+ 1)a* T W_y,) (3.3)
k=1 k=1

—(7" Z kka,QkJrl) — t(nl’nW,anl —0x I'OW,1 + Z(k — 1)5L’k71W,2k+1).
k=1 k=1

Then, using Theorem 1.2 (b) and (c) and solving system (3.2)-(3.3) the required result of (b)
and (c) follow. O
]

3.1. Special Cases. In this section, we present the closed form solutions (identities) of the sums

Soh kW, STr_ kaPW ooy and Y ) kxFW_o,4 for the specific case of sequence {W,,}.

3.2. The Case x = 1. We now consider the case x = 1 in Theorem 3.1. In this subsection, we only
consider the case x = 1, r = 0,s = 2,t = 1 (this special case was not given in [36] because we can not use
Theorem 3.1 directly). Observe that setting x =1, r =0,s = 2,¢t = 1 (i.e. for the generalized Pell-Padovan
case) in Theorem 3.1, (b) and (c) make the right hand side of the sum formulas to be an indeterminate form.
Application of L’Hospital rule (using twice) however provides the evaluation of the sum formulas. If z = 1,
r=0,s=2,t =1 then we have the following theorem (in fact taking r = 0,s = 2,¢ = 1 in Theorem 3.1 and

then using L’Hospital rule twice for z = 1 we obtain the following theorem).

THEOREM 3.2. Ifr =0,s =2,t =1 then for n > 1, we have the following formulas:
(a): Yop_ kW_p = %(— (6n+13)W_,,1 —(6n+19)W_ o — (2n+7) W_,,_3 + 3Ws + 5W; + Wy).
(b): 22:1 kW,Qk = %(—TL (n — 1) W72n+1 + (TL + 1) (’I’L — 2) W72n +n (n — 3) W72n71 + 2W0)
(C)! ZZ:I kW_2k+1 = %((n + 1) (n — 2) W_2n+1 —-n (n + 1) W_on —n (n — 1) W_on_1+ 2W1)
Proof

(a): We use Theorem 3.1 (a). If weset z = 1,7 =0,s = 2,¢ =1 in Theorem 3.1 (a) then we have (a).
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(b): We use Theorem 3.1 (b). If we set r = 0,8 = 2, = 1 in Theorem 3.1 (b) then we have

n

kz:; v 2k (—a3 4+ 422 — 4z + 1)

where

g3(z) = —a" M (n(—23 +42% —dx +1) — 422 + 223 + )W _g, 11 + 2" (4o — 1122 + 823 — 22% +
n(2x — 22)(—2® + 422 —dx + 1))W_o, — 2" (20 +42? —42® + 2* +n(x — 2) (—2° + 42® — 4o +
1) —2)W_gp_1 + x(z? — 423 + 42% + 22 — 2)Ws + 2(222 — 42% + )Wy + (322 — 8x + 4)W.

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L’Hospital rule. Then we get

E”: - i (g3(2))
— A ((—a3 + 422 — 42+ 1)?) _
2
_ 4 (g3(2))
(2 +42? — 4w+ 1)?)|

1
= 5(771 (n — 1) W_2n+1 + (n + 1) (n - 2) W_Qn +n (n - 3) W_gn_l + QWO)
(c): We use Theorem 3.1 (c). If we set r =0,s =2,¢ =1 in Theorem 3.1 (c) then we have

- 94(x)
kx*W _opy1 =
192::1 v T (o 4 —da +1)2

where

ga(z) = —2" 2 (n (2 — 2) (23 +42? — 4o+ 1) + 11z — 822 + 223 — 4)W_9, 41 — 2" 2 (n(—23 +
4% — 4z + 1) —dx + 23 + 2)W_g, — 2" (n(—23 + 42? — 4z + 1) — 42 + 223 + 1)W_9,_1 +
(223 — 42?2 + )Wy + z(22* — 823 + 1122 — 42)W; + x(2? — 423 + 422 + 22 — 2)W,,.

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L’Hospital rule. Then we get

n i(
g4(z))
EW_op41 = de
; L ((—a3 + 422 — 42+ 1)?) -
L (ga(@))

L ((—23 + 422 — 4z + 1)2) 1

1
= 5((71 +1)(n—2)W_gpy1 —n(n+1)W_g, —n(n—1)W_g,_1 + 2W7).
O

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers

(take Wn = Rn with R(] = 1,R1 = ].,RQ = 1)

COROLLARY 3.3. Forn > 1, Pell-Padovan numbers have the following properties:

(a): Y kR =%3(—(6n+13)R__ 1 — (6n+19)R_,_o — (2n+ 7) R_y_3 +9).
(b): Y p kR op=3(-n(n—1)R_gny1+(n+1)(n—2)R_9, +n(n—3)R 2,1 +2).
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(€): p kR opp1=3((n+1)(n—2)R_gp41 —n(n+1)R gy —n(n—1) R g1 +2).

Taking W,, = C,, with Cy = 3,C; = 0,y = 2 in the last theorem, we have the following corollary which

presents sum formulas of Pell-Perrin numbers.

COROLLARY 3.4. Forn > 1, Pell-Perrin numbers have the following properties:
(@): Y kCp=2(—(6n+13)C_p 1 — (6n+19)C_pp0 — (20 +7) C_;_3+9).
(B): Sy kCot = 5(=n (0= 1) Csnr + (04 1) (0 = 2) C + 1 (0 — 3) C1 +6).
(€): 25y kCospsr = 5((n+1) (n—2) Cognr —n(n+1) Cogy —n(n —1) Cogyn).

From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-

Pell numbers (take W,, = G,, with Go =1,G; = 0,G2 = 2).

COROLLARY 3.5. Forn > 1, third order Fibonacci-Pell numbers have the following properties:
(@): Y kG p=3(—=(6n+13)G_o1 — (60 +19) G2 — 2n+T7)G_p_3+ 7).
(b): >p 1 kG o =3(-n(n—1)G_gni1+ (n+1)(n—2)G_op +n(n—3)G_gp_1+2).
(€): Ypoy kGoopi1 = 5((n+1) (n = 2) Goopsr —n(n+1) Gogp —n (0 —1) G_2p1).

Taking W,, = B,, with By = 3, B; = 0, B2 = 4 in the last theorem, we have the following corollary which

presents sum formulas of third order Lucas-Pell numbers.

COROLLARY 3.6. Forn > 1, third order Lucas-Pell numbers have the following properties:
(a): Yp_ kB_p = i(— (6n+13)B_,,—1 — (6n+19)B_,,—o — (2n+7) B_,,_3 + 15).
(b): >p_kB_op =1(—n(n—1)B_syi1+ (n+1)(n—2)B_s, +n(n—3)B_g,_1 +6).
(€): Sr_1 kB ojr1=3((n+1)(n—2)B_gpy1 —n(n+1)B_gy —n(n—1)B_g,_1).

3.3. The Case z = —1. We now consider the case © = —1 in Theorem 3.1. Takingr =s=t=11in

Theorem 3.1, we obtain the following proposition.

PRrROPOSITION 3.7. Ifr =s=1t=1 then for n > 1 we have the following formulas:
(@): Y k(=1)"Wop = 2((=1)" (nW_p1 + Wepoo + (R + 1) W) + Wa — Wy — 2Wj).
(b): >p k(1) W_gr = 1((=1)" (—=W_ons142(n+ 1) W_o,—(2n — 1) W_g,—1) — Wa+2W1 —Wy).
(€): Yp k(=)W gpi1 = 2((=1)" ((2n + 1) W_onq1 — 2nW_o, — W_gy1) + Wa — 2W1 — Wy).

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci

numbers (take W,, = T,, with Top = 0,7y = 1,75 = 1).

COROLLARY 3.8. For n > 1, Tribonacci numbers have the following properties:

(@): Y k()" =3 (-1)" (nT—p1 + T2+ (n+1)T_py_3).

(b): Yooy k(=)o = 3((-1)" (~T-2n41 +2(n+ 1) Togp — (20— 1) T-9,-1) + 1).
(C): ZZ:I k(—l)kT_2k+1 = %((—l)n ((27L —+ 1) T—2n+1 — 27’LT_2n — T_Qn_l) — 1)
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Taking W,, = K,, with Ko = 3, K; = 1, K5 = 3 in the last proposition, we have the following corollary

which presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 3.9. For n > 1, Tribonacci-Lucas numbers have the following properties:

(
(b): oy k(-1)FK o = 3((-1)" (=K _2ps1 +2(n+ 1) K2 — (20— 1) K_2n1) — 4).
(C): ZZ:I k(—l)kK_2k+1 = i((—l)n ((27’L + 1) K—2n+1 — 27’LK_27L — K_Qn_l) — 2)

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin

numbers (take W,, = M,, with My = 3, M; =0, My = 2).

COROLLARY 3.10. For n > 1, Tribonacci-Perrin numbers have the following properties:
(a): Do Kl 1kMk—%(
(b): Yooy k(=1)F M oy, = 1((

(C): Z::l k(*l)kM_Qk_;'_l = %((71)71 ((2Tl =+ 1) M_2n+1 — 271M_2n — M_Qn_l) — 1)

Taking W,, = U, with Uy = 1,U; = 1,U; = 1 in the last proposition, we have the following corollary

which presents sum formulas of modified Tribonacci numbers.
COROLLARY 3.11. For n > 1, modified Tribonacci numbers have the following properties:
(@) Y k(1)U = 5((=1)" (WU_n 1+ U 24+ (n+1)U_p_3) —2).
(b): Y k(—D)FU_2k = 1 (=1)" (~U—gns1 +2(n+ 1) U_gn — (2n — 1) U_2—1).
(€): Sp k(= DFU_gpq1 = 2((=1)" (2n + 1) U—gpn1 — 2nU_95, — U—_35_1) — 2).

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacci-

Lucas numbers (take W,, = G,, with Gy = 4,G1 = 4, G2 = 10).

COROLLARY 3.12. Forn > 1, modified Tribonacci-Lucas numbers have the following properties:

Taking W,, = H,, with Hy = 4, H; = 2, H> = 0 in the last proposition, we have the following corollary

which presents sum formulas of adjusted Tribonacci-Lucas numbers.

COROLLARY 3.13. Forn > 1, adjusted Tribonacci-Lucas numbers have the following properties:
(@): S k(-V)*H_\ = %(( D" (nH_p1+H_po+(n+1)H_,_3)—10).
(b): Yok k(1P H gy = 5 (=1)" (~Ho2ps1 +2(n+ 1) Hogy — (20— 1) H_p,-1).
(C): ZZ:I k(*l)kH_Qk_;'_l = i((*l) ((2n —+ 1) H—2n+1 — QTIH_Qn — H_Qn_l) — 8)

Taking r = 2,s = 1,¢ = 1 in Theorem 3.1, we obtain the following proposition.
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PROPOSITION 3.14. Ifr =2,s =1,t =1 then for n > 1 we have the following formulas:
(@): Y k(=)W= 2((=1)" (Cn+ 1) W_p1 + Wepo + (n+ 1) W_p_3) + Wa — 2W7 — 2Wy).
(b): Yo k(=D W_op = o=((=1)" (= (5n+3) W_gpi1 + (20n+7) W_o, — (100 — 9) W_p,—1) —
OWy + 21W1 + 2Wy).
(€): Yp k(=D W_gpyr = o= ((—=1)" (100 + 1) W_gp41 — 3(5n —2) W_g, — (5n+3) W_2,—1) +
3Wy — TW1 — 9Wy).

From the last proposition, we have the following corollary which gives sum formulas of Third-order Pell

numbers (take W,, = P, with Py =0,P, =1,P, = 1).

COROLLARY 3.15. Forn > 1, third-order Pell numbers have the following properties:
(@) Sy k(1) Pog = 4 (—1)" (20 +1) Popy + Ps + (n 4+ 1) Py g).
(b): >, k(—1)FP g, = QL(( )" (= (5n+3) Pogpy1 + (20n +7) P_g,, — (100 — 9) P_gp—1) + 3).
(©): Yot k(—1)*P_gpyr = 5 ((—1)" (100 + 1) P_ogpy1 — 3 (5n — 2) P_op, — (5n + 3) P_gp_1) — 1).

Taking W,, = @,, with Q¢ = 3,Q1 = 2,2 = 6 in the last proposition, we have the following corollary

which presents sum formulas of third-order Pell-Lucas numbers.

COROLLARY 3.16. For n > 1, third-order Pell-Lucas numbers have the following properties:
(@) o B(-DFQok = 5((-1)" (20 +1) Q-1 + Qpn—a + (n +1) Q_p—3) — 4).
(b): ZZ:l k(_l)kQ_2k = 2%(( ) ( (571 + 3) Q 2n+1 + (20n + 7) Q 2n — (IOn - 9) Q_Qn_l) — 6)
(€): kot B(=1)* Q241 = g5 ((=1)" (100 + 1) Q2041 — 3 (5n — 2) Q20 — (51 + 3) Q—2—1) — 23).

From the last proposition, we have the following corollary which gives sum formulas of third-order

modified Pell numbers (take W,, = F,, with By =0, FE; =1, F5 = 1).

COROLLARY 3.17. For n > 1, third-order modified Pell numbers have the following properties:
(@): S k(-1)*E_, = %((—1)” (Cn+1)E_p 1+ E_no+(n+1)E_,,_3)—1).
(b): >p_ k(—1)FE_g; = 2= ((=1)" (= (5n + 3) E_gpq1 + (20n + 7) E_g;, — (10n — 9) E_2,—1) + 12).
(c): Yop_  k(—1)*E g1 = 2%5((—1)" ((1I0n+1)F_9,41 —3(5n—2)E_9,, — (5n 4+ 3) E_9,,—1) — 4).

Taking W,, = R,, with Ry = 3, R; = 0, Ro = 2 in the last proposition, we have the following corollary

which presents sum formulas of third-order Pell-Perrin numbers.

COROLLARY 3.18. For n > 1, third-order Pell-Perrin numbers have the following properties:
(@): Yp k(1R =3((-1)"(2n+1)R_p_1+ R+ (n+1)R__3) — 4).
(b): Y k(—1)FR_gp = 5= ((—1)" (= (5n 4+ 3) R_gp41 + (20n 4 7) R_35 — (100 — 9) R_9p,_1) — 12).
(€): Yp i k(=1 R o541 = 5 ((=1)" (10n + 1) R_gpp41 — 3 (5n — 2) R_g, — (5n + 3) R_95, 1) — 21).

Taking r =0,s = 1,¢ = 1 in Theorem 3.1, we obtain the following proposition.
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ProproSITION 3.19. Ifr=0,s =1,t =1 then for n > 1 we have the following formulas
(): Sy B Wy = (=
(b): Yooy R(=1)FW_op =

V(=W + W o+ (n+ 1) Wo_3) + Wa — 2
2= ((=1)" (51 — 3) W_gpq1+ (100 + 9) W_g,, — (100 — 1) W_s,,_1) — W+
3W1 — 8Wp).

(©): Yl B(—DFW_gpq1 = 5=((—=1)" (100 + 9) W_gpi1—(5n + 2) W_gp+(5n — 3) W_o,_1)+3Wo—
9wy — Wo).

From the last proposition, we have the following corollary which gives sum formulas of Padovan numbers
(take Wn = Pn with P() = 1,P1 = 1,P2 = 1)

COROLLARY 3.20. Forn > 1, Padovan numbers have the following properties
(2): 3y b(=D)FPy = (=1)" (=P
(b): Yooy k(=1)*P 3 (=

—2k = 325

(€): Yoy F(=1)* Poairn = 55((—

25

—n— 1+Pn 2+(’I’L+ )anfg)—l.

) ((577/ — 3) P_2n+1 + (1071 + 9) P—2n — (107’l — 1) P—2n 1)

—6).
) ((10n + 9) P—2n+1

(5TL + 2) P_Qn + (5n — 3) P_Qn_l) - 7.

Taking W,, = F,, with Fy = 3, F; = 0, E; = 2 in the last proposition, we have the following corollary
which presents sum formulas of Perrin numbers

COROLLARY 3.21. Forn > 1, Perrin numbers have the following properties

(a): ZZ:l k(_l) ( l)n( E—n 1 +E—n 2 + (n+ 1) E—n—3) —4.
(b): kot A=D1 E ok = 55((—

25

(©): Yoy k(=DFE g1 = 55((—

) ((5Tl — 3) E_2n+1 + (].OTL + 9) E_Qn — (1077, — ].) E_Qn 1) — 26)

)n ((IOn + 9) E72n+1 - (5']1 + 2) Efzn + (5n - 3) E72n71) + 3)

From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin
numbers (take W,, = S, with Sy =0,5; =0,5, =1)

COROLLARY 3.22. For n > 1, Padovan-Perrin numbers have the following properties
(2): 2oy F(=DMS ok = (- 1)"(
(b): Yooy B(=1)"S_ar = 55((—
(€): >pey E(—=1)FS_gkt1 = 5=

1+an 2+(n+1)57n 3)+1

( 5n — )S,2n+1 + (107’L + 9) S_on — (10’11 — 1) S_on 1) — 1)

25((— ) ((lOn + 9) S_Qn_l,_l (5n + 2) S_on+ (5n — 3) S_gn_1) + 3)

Taking W,, = A,, with Ay = 3,41 = 1, A; = 3 in the last proposition, we have the following corollary
which presents sum formulas of modified Padovan numbers

COROLLARY 3.23. Forn > 1, modified Padovan numbers have the following properties

(a): ZZ:l k(_l) ( 1) ( A—n 1+A—n 2+(n+1)A—n 3)_3
(b): 3ojoy k(—1)"Aar = 55 ((=
(e): Zhoi k(=1 A a1 = 55((—

) ((5n — 3) A—2n+1 + (10n + 9) A_Qn - (IOn - 1) A 2n 1) — 24)
25

D" ((10n+9)A 911 — (bn+2) A o, + (5n —3) A_2, 1) — 3).
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Observe that setting x = —1, r = 0,s = 2,¢t = 1 (i.e. for the generalized Pell-Padovan case) in Theorem
3.1, (a) makes the right hand side of the sum formulas to be an indeterminate form. Application of L’Hospital
rule (using twice) however provides the evaluation of the sum formulas. If z = —1, 7 = 0,s = 2,¢ = 1 then we
have the following theorem (in fact taking r = 0,s = 2,¢ = 1 in Theorem 3.1 (a) and then using L’Hospital

rule twice for £ = —1 we obtain the following theorem).

THEOREM 3.24. If r =0,s = 2,t =1 then for n > 1 we have the following formulas:
(@): Y p_ k(=1)*W_p = 3((=1)" (—=(n*—n=32)W_,,_1+(n®*+n—32)W_,, _o+(n+5) (n — 6) W_,,_3)+
24Wo — 28Wp — 18Wy)
(b): ZZ:I k(_l)kW_Qk = %((—1)” ((2n — 1) W_2n+1 + (671 + 5) W_Qn — (GTL — 1) W_Qn_l) — WQ —|—

Wi — 3Wp)
(€): Yop i k(=D*W_gpy1 = 55((=1)" ((6n +5) W_oni1— 2n+ 1) W_on+ (20 — 1) W_gp 1)+ Wa —
W, — Wo)
Proof

(a): We use Theorem 3.1 (a). If we set r =0,s = 2,¢ =1 in Theorem 3.1 (a) then we have

hQ(SC)
(=23 42z +1)2

E(—1)Fzkw_, =
k=1

where

ha(x) = —2" T (n (22 + 1) (=23 +22+1)+4a+42?+223 222+ D)W_,, 1 —2" T2 (n (22 + 1) (—23+
22 + 1) + 8z + 822 + a3 + 2)W_,,_o + x(32? — 2)Wy — 2" 3 (n(—a23 + 22 + 1) + 4o + 3)W_,,_3 +
(223 + 1)Wa + z(2* + 222 + 22)W;.

For = —1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L'Hospital rule (twice). Then we get

o _ 4 (ha(2))
’;k( HIW_, = %((—x3+2x+1)2)

r=—1

& (hy(x))
& (—23 + 20 +1)?)

r=—1

= ((-D)"(-(n*—n—=32)W_p_1 4+ (n* +n—32)W_,_»

N —

+(n+5)(n—6)W_,_3) + 24Ws — 28W; — 18W).

(b): Taking z = —1,7 =0,s = 2,t =1 in Theorem 3.1 (b) we obtain (b).
(c): Taking z = —1,r =0,s = 2,¢t =1 in Theorem 3.1 (c) we obtain (c).0J

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers

(take W,, = R,, with Ry = 1, Ry = 1, Ry = 1).

COROLLARY 3.25. For n > 1, Pell-Padovan numbers have the following properties:
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(a): Ypy k(=1)FR_ = 5((=1)" (=(n*—n—=32)R_,, 1 +(n*+n—32)R_,, o+(n+5) (n —6) R_p,_3)—
22).

(b): Y k(=1 R_gr = 55((=1)" ((2n — 1) R_gpq1 + (6n+ 5) R_gp, — (6n — 1) R_9,,_1) — 3).

(€): Yp k(=D R g1 = o((=1)" ((6n +5) R_gpi1 — (2n+1) R_gp + (2n — 1) R_gy—1) — 5).

Taking R, = C,, with Cy = 3,C7 = 0,C5 = 2 in the last theorem, we have the following corollary which

presents sum formulas of Pell-Perrin numbers.

COROLLARY 3.26. For n > 1, Pell-Perrin numbers have the following properties:
(a): 2poy k(=1 Ck = 3((-1)" (=(n*~n—32)Cp_1+(n*+1n-32)C_p_a+(n +5) (n — 6) C_pp3)—
6).
(b): Yoy E(=1)FCar = 55((=1)" ((2n = 1) C_apq1 + (60 +5) C_gy — (60— 1) C_gp, 1) — 11).
(€): Yp i k(—1)FC g1 = 55((—1)" ((6n 4 5) C_gpt1 — 2n+ 1) C_gp + (20 — 1) C_25—1) — 1).

From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-

Pell numbers (take C,, = G,, with Go = 1,G1 = 0,G5 = 2).

COROLLARY 3.27. For n > 1, third order Fibonacci-Pell numbers have the following properties:
(@) Sy h(—1F G = H(1)" (~(02=n—32)G 1+ (0P +n—-32)G 2+ (0 + 5) (1 — 6) G _5)+
30).
(b): Sp_  k(=1)*G g = 2—10((—1)n (2n—1)G_2pt1+ (60 +5)G_2, — (6n —1)G_2,_1) — 5).
(€): Yooy B(=1) G apy1 = 55((=1)" (60 +5) G_9np1 — 2n 4+ 1) G 9y + (20 = 1) G _9,1) + 1).

Taking G,, = B,, with By = 3, B; = 0, By = 4 in the last theorem, we have the following corollary which

presents sum formulas of third order Lucas-Pell numbers.

COROLLARY 3.28. Forn > 1, third order Lucas-Pell numbers have the following properties:
(@): Y p_ k(=1)"B_j = 2((-1)" (—=(n®?—n—32)B_,_1+(n*+n—32)B_,,_o+(n+5) (n — 6) B_,,_3)+
42).
(b): > p_ k(—1)FB_g) = 55((=1)" ((2n — 1) B_gp41 + (6n+ 5) B_a, — (6n — 1) B_g,_1) — 13).
(c): Yop_  k(—1)"B_opy1 = %((—1)" ((bn+5)B_opt1 —(2n+1)B_g, + (2n— 1) B_gp_1) + 1).

Taking »r =0,s = 1,¢ = 2 in Theorem 3.1, we obtain the following proposition.

ProrosiTiON 3.29. If r =0,s = 1,t = 2 then for n > 1 we have the following formulas:

From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-

Padovan numbers (take W, = Q,, with Qo =1,Q1 =1,Q2 = 1).
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COROLLARY 3.30. Forn > 1, Jacobsthal-Padovan numbers have the following properties:

(@): Yr_ k(—1)FQ k= 3((-D)"(n—1)Q-n-1 —1Q-n2+2(n+2)Q_n_3) — 1),
(b): Y k(—1)FQ ok = 5((=1)" 2nQ—2n41+ (2n 4+ 3) Q_2n —2(2n + 1) Q_20n—1) — 3)

= %((—1)’” ((27’L + 3) Q72n+1 -2 (Tl + 1) Q,Qn + 47’1@,271,1) — 1)

Taking @, = L, with Ly = 3,L; = 0, Lo = 2 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Perrin numbers.

COROLLARY 3.31. Forn > 1, Jacobsthal-Perrin numbers have the following properties:
(a): Sy k(—1) L
(b): Sy, k(~1)* Ly =
(e): Yp_y k(1)L

From the last proposition, we have the following corollary which gives sum formulas of adjusted Jacobsthal-
Padovan numbers (take L, = K,, with Ky =0,K; =1, Ky =0).

COROLLARY 3.32. Forn > 1, adjusted Jacobsthal-Padovan numbers have the following properties:
(a): op_ k(=1 Ky,

(=1)" (= 1)K p1 — K g +2(n+2) K_p_3)+1).
(b): 3oy b(—1)FK o

—1)" (2nK 241+ (20 +3) K_2p — 2 (20 + 1) K_2,-1).
(€): Xioy (=1 K a1 = §((=1)" (20 +3) K_zny1 = 2(n + 1) K_on +4nK _2n 1) = 3).

Taking K,, = M,, with My = 3, M; =1, My = 3 in the last proposition, we have the following corollary
which presents sum formulas of modified Jacobsthal-Padovan numbers.

COROLLARY 3.33. For n > 1, modified Jacobsthal-Padovan numbers have the following properties:

Taking »r =1, = 0,t{ = 1 in Theorem 3.1, we obtain the following proposition.

PRrROPOSITION 3.34. Ifr =1,s =0,t =1 then for n > 1 we have the following formulas:
(@): Y k(-1)*W_y = %((—1)" (bn+2)W_po1 — Bn+ 1) W_po + Bn+4) W_,,_3) + 2W, —
Wy — 5Wy).

(b): Yop k(=)W g = (=1)" (=W_gn1 + (n+ 1) W_g, — (n — 1) W_gs 1) — Wa + 2W; — W,

(c): Yo k(—=1)*W_ g1 = (=1)" (nW_gpy1 — (n — 1) W_o,, — W_o,1) + Wo — Wy — Wy

From the last proposition, we have the following corollary which gives sum formulas of Narayana numbers
(take W,, = N,, with Ny =0, N; =1, Ny = 1).

COROLLARY 3.35. Forn > 1, Narayana numbers have the following properties:
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(@): Y k(=1)"N_p=$((-1)" ((6n+2)N_p_1 — (3n+ 1) N2 + (3n+4) N_p,_3) + 1).
(b): ZZ:I ]{i(—l)kN_Qk = (_1)n (_N—2n+1 + (n + 1) N—Qn - (77, - 1) N—2n—1) + 1.
(€): Dopoi k(=1)*Nogpi1 = (=1)" (nN_2pt1 — (0 = 1) N_gp — N_pp_1).

Taking W,, = U, with Uy = 3,U; = 1,U; = 1 in the last proposition, we have the following corollary

which presents sum formulas of Narayana-Lucas numbers.

COROLLARY 3.36. For n > 1, Narayana-Lucas numbers have the following properties:

(@): Yp_  k(-1)FU_x = §((-1)" ((6n+2) U—p—1 — Bn+ 1) U_p—a + (3n+ 4) U_,_3) — 14).
(b): iy k(=) U—op = (=1)" (~U—2p41 + (n + 1) U2y — (0 = 1) U—p—1) — 2.
(€): Yp k(=D U k41 = (=1)" (nU—_gpn41 — (n = 1) U—2,, — U_2,—1) — 3.

From the last proposition, we have the following corollary which gives sum formulas of Narayana-Perrin
numbers (take W,, = H,, with Hy = 3, H; =0, Hy = 2).

COROLLARY 3.37. For n > 1, Narayana-Perrin numbers have the following properties:

(2): S k(—D)FH = 2(~1)" (614 2) Hoppy — (3n+ 1) Hopa + (30 +4) H__3) — 11).
(-1)" (=H_2n31+(n+1)H 9, —(n—1)H _5, 1) — 5.
(€): Xpoy k(—1)FH 21 = (—1)" (nH-9n41 — (n — 1) Hogp — H_9p1) — L.

Taking r = 1,s = 1,¢ = 2 in Theorem 3.1, we obtain the following proposition.

PRrROPOSITION 3.38. Ifr =1, =1,t =2 then for n > 1 we have the following formulas:

(a): Sr k(=DM = L(=1)" (6n+ D)Wy — (Bn— 1) Wy s +2(3n+5)W_,_3) + Wy +
Wi — 8TWp).
(b): i k(=1)f Wy =

2= ((=1)" ((5n — 6) W_on41 + (5n+19) W_g,, — 2(10n + 3) W_2,—1) +
3Wy 4+ 3W1 — QQWO)

(C): ZZ:l k(—l)kW72k+1 = 2%((—1)” ((10n + 13) W_opt+1—3 (5TL + 4) W_on+2 (5n — 6) sznfl) +
6Wy — 19W, + 6W0)

From the last proposition, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take W,, = J,, with Jo =0,J; =1, J5 =1).

COROLLARY 3.39. Forn > 1, third order Jacobsthal numbers have the following properties:

(@): Y k(=D T =§((-1)" ((6n+ 1) Jop—1 — Bn—1)J_pn_2+2(Bn+5) J_n_3) + 2).

(b): X k(—1)F T op = & ((=1)" (57 — 6) J_anp1 + (50 +19) T, — 2 (100 + 3) J_2,_1) + 6).

(0): Zhoy F(=D T akgn = 5

5 ((71)71 ((1071 + 13) J_2n+1 -3 (57l + 4) J_on+2 (5n — 6) J_Qn_l) — 13)

Taking J,, = j, with jo = 2,751 = 1, jo = 5 in the last proposition, we have the following corollary which

presents sum formulas of third order Jacobsthal-Lucas numbers.
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COROLLARY 3.40. Forn > 1, third order Jacobsthal-Lucas numbers have the following properties:
(a): ZZ:l k(_l)kjfk = é((_lyl ((GTL + 1).7-77171 - (Sn - 1).7-77172 +2 (Sn + 5) jfnf?)) - 10)'

((—l)n ((5n — 6) J—2on+1 + (5TL + 19) J—on —2 (107’L + 3) j—2n—1) — 26)

1
((=1)" (107 +13) j_an11 —3 (BN +4) j_on +2 (50 — 6) j_on_1) + 23).

(b): Yoy k(=) )2k = 55

(€): >h k(=1)%j ory1 = 5
From the last proposition, we have the following corollary which gives sum formulas of modified third

order Jacobsthal-Lucas numbers (take j, = K,, with Ky =3, K; =1, Ko = 3).

COROLLARY 3.41. For n > 1, modified third order Jacobsthal-Lucas numbers have the following proper-

ties:

(@): Yy k(—1)"K ) =5((-1)"((bn+1)K_—1 — 3n—1)K_,,_2+2(3n+5) K_,_3) — 20).

(b): >p_  k(—1)FK_o = %((—1)” ((5n—6) K_opy1+ (5n +19) K_9, —2(10n 4+ 3) K_9,,_1) — 54).

(c): Y k(—1)FK _opyr = %((—1)" (10n+13)K_9p,41 —3(5n+4) K o, +2(5n—6) K_o,-1) +
17).

Taking K,, = @, with Qg = 3,Q1 = 0,Q2 = 2 in the last proposition, we have the following corollary

which presents sum formulas of third order Jacobsthal-Perrin numbers.
COROLLARY 3.42. Forn > 1, third order Jacobsthal-Perrin numbers have the following properties:
(@): Sy k(—1)FQ g = (—1)" (61 +1) Q1 — (31— 1) Q2 +2(30+5)Q_n_5) — 22).
((—1)7]' ((5n - 6) Q_2n+1 + (5TL + 19) Q_on—2 (lOn + 3) Q—2n—1) — 60)

1
(=1)" (107 +13) Q—2n41 — 3(5n+4) Q2 +2(5n — 6) Q_on_1) +

(b): 3oy k(=1 Q-2 = 35

(e): Xhoa k(=1)"Q _ap11 = 55
30).
Taking r = 2,s = 3,t = 5 in Theorem 3.1, we obtain the following proposition.

PROPOSITION 3.43. Ifr = 2,5 =3,t =5 then for n > 1 we have the following formulas:

(@): D op  k(=1)"W_ = 2= ((=1)" (200 + 9) W_p_1—(10n — 3) W_,_o+5 (5n + 11) W_,,_3) —Wa+

8T, — 20W7p).
(b): S0 k(—1)FWogy = 2o ((—=1)" (750 — 11) Wegp 11— (501 — 199) W_,,—5 (1000 + 77) W_g,_1)+

TTW, — 143W; — 430Wy).
= ((=1)" (1001 4+ 177) W_gp 41 — 11(25n + 38) W_o,, + 5 (750 — 11)

(€): Yop i k(=D*W_gpy1 =
W_2n_1) + 11Wy — 199W7 + 385W())

From the last proposition, we have the following corollary which gives sum formulas of 3-primes numbers

(take Wn = Gn with Go = 0, G1 = 1, G2 = 2)
COROLLARY 3.44. Forn > 1, 3-primes numbers have the following properties:
(a): Yo k(-G = 2%((—1)" ((20n+9)G_p—1 — (10n —3)G_p—2 +5(5n+ 11) G_,,_3) + 6).
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(b): >p_ k(—1)FG ok = 5= ((=1)" ((75n — 11) G_2511—(50n — 199) G_2,—5 (100n + 77) G_2,—1)+
11).

(€): Y p_y k(—1FG a1 = = ((—1)" (1001 4 177) G911 —11 (250 + 38) G0, +5 (750 — 11) G_ap—1)—
177).

Taking W,, = H,, with Hy = 3, H; = 2, H5 = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.
COROLLARY 3.45. Forn > 1, Lucas 3-primes numbers have the following properties:

(@): >p  k(—1)"H_j = = ((-1)" ((20n 4+ 9) H_,_1 — (10n — 3) H_,_2 + 5 (5n + 11) H_,,_3) — 54).

(b): ZZ:I ( 1)kH 2k — %((—1)” ((75n — 11) H,2n+1—(50n — 199) H,Qn—f) (10077, + 77) H,anl)—
806).

(©): Yo k(=DFH o541 = 55 ((=1)" ((100n + 177) H_gp41 — 11(25n 4 38) H_3,, + 5 (751 — 11)
H,anl) + 867).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-primes
numbers (take W,, = E,, with Ey =0,F; =1, Ey = 1).
COROLLARY 3.46. For n > 1, modified 3-primes numbers have the following properties:

(@): Y k(=1)FE_ = 5= ((-1)" ((20n +9) E_,—1 — (10n = 3) E_;,_2 +5(5n+ 11) E_,,_3) + 7).

(b): Zk:l ( 1) E_gk = %((—1)” ((75n — 11) E_27L+1—(5OTL — 199) E_2n—5 (100’/1 + 77) E_Qn_l)—
66).

(€): Yp k(=D E_gpq1 = 5= ((—=1)" ((100n + 177) E_g5,41—11 (250 + 38) E_9,+5 (751 — 11) E_g,_1)—
188).

Taking r = 5,s = 3,t = 2 in Theorem 3.1, we obtain the following proposition.

ProprOSITION 3.47. If r =5,s = 3,t = 2 then for n > 1 we have the following formulas:

(@): Y k(=)W= 2((-1)" (4n+3) W1+ (n+3) W_po+2(n+ 1) W_p,_3)+Wo—5W; —
4W).

(b): S k(=)W g = c=((—=1)" (= (750 + 38) W_op41+(475n + 199) W_5,,—2 (1001 — 91) W_o,_1)—
91Wy + 493W; + T4Wp).

(€): Yop k(=1 W gpi1 = 55z ((=1)" ((100m 4 9) W_35,41—17 (25n — 4) W_2,—2 (T5n + 38) W_2,—1)+
38Wy — 199W; — 182W).

From the last proposition, we have the following corollary which gives sum formulas of reverse 3-primes
numbers (take W,, = N,, with Ny = 0, N; = 1, Ny = 5).

COROLLARY 3.48. For n > 1, reverse 3-primes numbers have the following properties:

(@): Yp k(1) N_y =1 (=1)"((4n+3)N_p_1+(n+3)Nopo+2(n+ 1) N_,_3).
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(b): >p_  k(—1)FN_sp = = ((=1)" (= (751 4 38) N_g54-14+ (4751 4+ 199) N_9,—2 (1000 — 91) N_g, 1)+
38).

(€): Yoy B(—1)FN_gpp1 = 53z ((—1)" (1001 + 9) N_95,4.1—17 (251 — 4) N_9,,—2 (75n + 38) N_2,—1)—
9).

Taking N, = S, with Sy = 3,51 = 5,55 = 31 in the last proposition, we have the following corollary

which presents sum formulas of reverse Lucas 3-primes numbers.

COROLLARY 3.49. Forn > 1, reverse Lucas 3-primes numbers have the following properties:
(@) i k(=D = 5((-1)" ((4n+3) S_po1 + (0 +3) Sen—2 +2(n+1) S_p_3) — 6).
(b): > p_ k(—=1)FS_ g = =((—=1)" (= (75n + 38) S_2511+(475n + 199) S_2,—2 (1000 — 91) S_5,—1)—
134).

(C): ZZ:l k(—l)kS_2k+1 = 6175((71)71 ((10071 + 9) S_2n+1717 (25n — 4) S_27,,*2 (75n + 38) S_Qn_l)*
363).

From the last proposition, we have the following corollary which gives sum formulas of reverse modified

3-primes numbers (take S, = U, with Uy = 0,U; = 1,Us = 4).

COROLLARY 3.50. Forn > 1, reverse modified 3-primes numbers have the following properties:
(@) Ypo KD U = 5((-1)" ((4n+3) U1 + (n+3) U—pa +2(n + 1) U—p—3) — 1).
(b): >p_ k(=1)*U_gx = %((—1)” (= (75 +38) U_apn41+(475n + 199) U_2,—2 (100n — 91) U_5, 1)+
129).

(C): ZZ:l k(*l)kU_zk-_H = %((*1)?1 ((IOOn + 9) U_2n+1717 (25TL — 4) U_2n72 (7571 + 38) U—2n—1)*
47).

3.4. The Case =z = i. We now consider the complex case = ¢ in Theorem 3.1. Taking x =i,r = s =

t =1 in Theorem 3.1, we obtain the following proposition.

ProOPOSITION 3.51. Ifr =s =1t =1 then for n > 1 we have the following formulas:

(a): Yo ki*Wop = L@"((2 = 2in)W_poq + (2—20)n—20) W_pyo + (2n 4+ 2 — 20)W_,,_3) —
(2 +20) Wa + (44 20) Wy — (2 — 4i) Wp).

(b): >op_  ki"W_ g, = £(i"(i(4n —4) W_opi1 + (46 — 4 — 8in)W_o, + (4 — 4n + 4i)W_g,_1) —
(4 + 4i) Wa + (4 + 8i) Wy + 8Wp).

(€): Dopoy k" Woopn = (" (=4 (in+ 1) Weozpir — 4((L—)n = 1) Weon + 4i(n — 1) W_gn) +
4iWy +4 (1 — i) Wy — 4 (1 41) Wh).

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci

numbers (take W,, =T, with Tp = 0,7}, = 1,75 = 1).

COROLLARY 3.52. Forn > 1, Tribonacci numbers have the following properties:
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1+ (2=20)n—20) T o+ (2n+2 — 20)T_,,_3) + 2).

(a): Yoy ki*T =1
+ (4 —4n + 4i)T_2n_1) + 42)

(b): > , ki*T oy =
(C) Zk 1 ]C’L T_2k+1
Taking W,, = K,, with Ky = 3, K1 = 1, K5 = 3 in the last proposition, we have the following corollary

i"((2 = 2in)T
("(i(4dn —4) T_9py1 + (40 — 4 — 8in)T_ay,

(
5
L (—4 (i + 1) Tognpr — 4 (1= i) n — 1) Tgp +4i (0 — 1) Tozp1) + 4).

which presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 3.53. For n > 1, Tribonacci-Lucas numbers have the following properties

(@): Yp_ ki*K = 2("((2—2in)K_pn_1+ ((2—20)n —20) K_,,_o+ (2n+2—2i)K_,,_3)
(b): Yy ki*K o) = £(i"(i (4n — 4) K_gpy1 4 (4i — 4 —8in) K _op + (4 —4An+4i) K_5,_1) + 16 — 4i).
4 ((1 — ’L) n— 1) K,gn + 43 (Tl — 1) K,anl) —8—

— 84 8i).

(€): Yopi ki"K _opg1 = (" (4 (in+ 1) K_gp41 —
47).
From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin
numbers (take W,, = M,, with My = 3, M1 =0, M5 = 2).

COROLLARY 3.54. For n > 1, Tribonacci-Perrin numbers have the following properties
(a): Yo p_ ki*M_y = i(z”((2—2m)M_n_1+((2 —2i)n—20) M_,,_o+(2n+2—2¢)M_,,_3)—10+87).
é(z”(i (4n —4) M _op41+ (4i—4—8in)M_o, +(4—4n+4i) M _o,, 1)+ 16— 83).

(b): >y kit Mgy =
(€): Yop g ki"M g1 = L™ (=4 (in+1) M_gp41 —4((1—i)n—1) M_g,, + 4i(n— 1) M_g,_1) —

12 — 44).
Taking W,, = U,, with Uy = 1,U; = 1,U; = 1 in the last proposition, we have the following corollary

which presents sum formulas of modified Tribonacci numbers.

COROLLARY 3.55. For n > 1, modified Tribonacci numbers have the following properties:
i"((2=2in)U_p—1+ ((2=20)n —20) U_p—a+ (2n 4+ 2 — 24)U_,,—3) + 44).

4 —8in)U_op + (4 —4n + 4i)U_o,—1) + 8 + 4i).
— 43).

(a): Yohoy Ki*U_ = §(
(b): Yy ki*U_gp = £(i"(i (4n — 4) U_gp41 + (4i —
(C) Zk 1 kl U_ 2k+1 = %( ( 4(7/11 + 1) U,2n+1 —4 ((1 — z)n — 1) U,Qn + 44 (n — 1) U,anl)

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacci-
Lucas numbers (take W,, = G,, with Gy = 4,G1 = 4,G5 = 10).

COROLLARY 3.56. For n > 1, modified Tribonacci-Lucas numbers have the following properties

(a): Yop_  ki*G_p = 1" ((2=2in)G 14+ ((2 = 2i) n — 20) G2+ (2n+2— 20)G_,,_3) — 12+ 4i).
(b): Y i ki*G_op = £ 4—8in)G_2p + (4 —4n + 4i)G _2n_1) + 8 — 81).
(c): Zk 1 ki*G _gpy1 = é( "(—4(in+1)G_apt1 —

s(™(i(4n —4) G _op 1+ (4i —
4((1—i)n—1)G_an+4i(n —1)G_9,_1) + 8i).

Taking W, H,, with Hy =4, H, = 2, H> = 0 in the last proposition, we have the following corollary

which presents sum formulas of adjusted Tribonacci-Lucas numbers.
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COROLLARY 3.57. Forn > 1, adjusted Tribonacci-Lucas numbers have the following properties:

(@): Yy ki"H = 1(i"((2 = 2in)H 1+ ((2—2i)n — 20) H_p_o + (2n+ 2 — 20)H_,,_3) + 20i).

(b): >op_y ki"H_ g = £(i"(i (4n — 4) H_opq1 + (4 —4—8in)H_gy, + (4 —4An+4i) H_5,,_1) + 40+ 161).

(€): Sp_ ki*H gpy1 = £(i"(—4(in+ 1) Hogp1 —4(L—d)n— 1) H o, +4i(n — 1) H_9,_1) — 8 —
24i).

Corresponding sums of the other third order linear sequences can be calculated similarly when x = 3.
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