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Abstract

In this work we discuss the solution of delay differential equations of the fractional order of Lane-Emden
type equation using Sumudu and Laplace transforms with decomposition method, definitions and some
useful theorems are stated.
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1. Introduction

The Adomian decomposition method first was introduced by George Adomian [1] the method is powerful and
effective in solving a many different equations in mathematical and engineering field. The Lane-Emden type
equations published by Janathan Homer Lane in [6] , and Emden who extended details of Lane-Emden equation

used the thermal behavior of a spherical cloud of gas acting under the mutual attraction of its molecules and subject
to the classical lows of thermodynamics. The Laplace transform of f (t)is defined as a function F (S) by the
integral:

L[f (t)]:Te“f t)dt , O<t<oo

Beside the Sumudu transform is defined over the set of a functions :

It

A={f ©)\IM 7,7, >0,[f (t)|<Me™ ,if t € (-1)’ x[0,0)

o —t

by: F(u)=S [f (t)]:uljeuf ®)dt , ue(-7,7,)

The solution of fractional Lane-Emden type equation by Sumudu decomposition method

In this section we use the technique of Sumudu decomposition method to solve Lane-Emden equation of fraction
order.
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Theorem 1

Let f €A , then the Sumudu transform integer order derivative of f " is given by :

s[f )= S“” fﬁkm) n>0

n-k
k= U

For more see[3] .

Theorem 2

The Sumudu transform of fraction function t D“y where n—1<a<n , n=1,2.
d
S[tD“y |=u—|uS(D*“ , h=l<a<n , n=12
D7y J=u[us (DY)

Proof :
S [D“yjzulie“tD“y dt
0

us [D“y]:TeJD“y dt
0

a4 us [D“y] :wd—e%D“y dt
u o du
T—eu‘t D “ydt
0
=u£wu1e3t D “ydt
0

1 «

u dd—u[uS [D‘Zyﬂzs [t D"y} .0
Definition 1

Sumudu transform of the Caputo fractional derivative is defined as follows:

s[D“f (1)]= [f (t)] S0

ko U

, h-=-1<a<n

Analysis of the method

Here we consider the Lane-Emden equation of fraction of the form:

Dy (t)+2y ')+ y t)+f (t.y)=gt) ,n=12 @
With initial condition:
y@=A ., y'(0=B

Where f is areal function, g is a known function, A and B are constant, if n =1 we obtain:
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o 2 !
D y(t)+t—y t)+f t,y)=g() (2)
Multiplying equation (2) with t and applying the Sumudu transform we get
(©)

s[tDy)+2y'@) +tf (t,y)]|=S[tg()]

By using the theorem (2) we have:
0 [us (D“y)]+2PM}rS [t (t.y)]=S[t g (®)]
4)

a-1

u“ u

uaa{(Y@)>“@ y(mﬂ 2?(@;V®q+sﬁf6dﬂzsﬁgﬂﬂ

Simplifying equation (4) we obtain:
Y (U)—Y(O)} 2y W) 2y 1
— S|tf(t ——S tgl(t 5
SNOYOLEL DO s ¢ y)l-sfao] ®
By integrating equation (5) with respectto U we get:

S )
! —— du !us[tf(t,y)]du

YW-y@© =ju15 [tg(®)]du +12ﬁ§%u

a-1

u 0

we arrange the above equation, we have

Y (u):y(0)+u“‘1j S[tg(t)]du+u“?

0

2Y (u) du
: (6)

]' 2 i SO) du —u “‘1]-
0 0

“jls tf (t,y)]d
o U

Where f (t,y ) is defined as follow:
fty)=K{yO)+M(y 1)) (7)

We define the solution of Yy (t) and non-linear function f (t,y ) by infinite series as

FEY)=2A,0) ®)

ym=iym) ,

Respectively, where A is defined by the following formula:

1
A /1” , n=012,..

Equation (9) is given by:

(9)

A, =M [u,] : A, =u,M "[u,]
(10)

! 1 "
A, =u,M [uo]+aufM [u,]

’ 14 l "
A, =U,M "[u,]+uu,M [u0]+aufM [u,]
1539
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Substituting equation (8) in to equation (6) yield to :

S {iyn(t)}z y (0)+u” 1]%8 [tg(t)]du +u“‘luI2y§0)du

u

u n=0

1]32 {Zy (t)}du ~u 1[& (S[tky,®)+tA,©)])du

S [yo®]-y @ +u™* [ =S [tgO)]d

By taking inverse of Sumudu transform of (6) we have :

Yolt) = s-{ y(0)+u“-1juls [t g(t)]du}

u

ynﬂ(t):S{u“jzy du —u® jizs[y t)]- Ij(s[tkyn(t)+tAn(t)])du

u

0 0

We assume the inverse Sumudu transform exist for each terms in the right hand side of equation (14).

Numerical examples:

Example 1

Consider the singular fractional Lane-Emden equation:
Dy +2y'=-y , l<a<?2

With the initial:

y@©@=1, y'(0)=0
Multiplying both side of equation (15) by t we have:
tD%y +2y'=-ty
On using Sumudu transform to equation (17) :
S [t D“y]+S [2y']=S [ty ]
Applying definition 1 and theorem 2 weget:

u dd—[uS (D“y)]+2[w}:s [ty ]

”d_{ (Y )-y (0 y(@ﬂ [Y (u)—y(O)}S[_ty]
u a 1

u u u

Apply the initial condition:

g st
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d [(Y u)-1 Y @-1]_1
(T K

PO sy 220, ae)
du[ u“ u u u

Integrating both side of equation (18) with respect to u we get :

T2 sy a2 O g
0 0

0

Caaf 2 aafl a1 2Y ()
Y U)-1=u .([u—szJrU !u—s ty du -u“ ! %
L4 2 41 L42Y )
Y W=1+u""|=du+u“*|=S [ty |du—-u*t du, 19
@) I Josylu-u =0 19)

by taking inverse of Sumudu transform of (19) we have:

y(t)= S‘1[1]+S‘{ ‘1j—2du }du +S‘1[ “ 1]%8 ty]du}—S‘{u“*]‘u%Y (u)du }

0 0

yo=S"[1]=1

_ -1 a—lu 2 -1 alu
Y..u)=S {u J'u—zd }du+8 [ !

0

C |-

S[- ]du}—s 1{ I%S(y )du} (20)

0
By substituting N =0 in equation (20) we have:

y,t)= S‘{u“‘luj.u%du }du +S‘{ “ 1]%8 tyo]du}—s { J'%S(y )du}

0 0

y. ()= S{ ]‘u—(—u)dU}—S [—u ]_

0

r (a +1)
By substituting N =1 in equation (20) we have:

u

yz(t):Sl[u"‘ljuis[—ty1 du}— {‘“T%S l)du}

5 u

_g1f e[ U “(a+2) g 0272 t2“T' (o + 2) . 2t 22
Vo= (a+)(a +1) (@-1) | (@+)T(a+)TFRa+1) (a-)T(2a-1)

Again substituting n =2 in equation (20) we have:

y,u)=5" { “1juis[ ty, du}—s { I%S(y )du}

0
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ys(U)=S‘1|:ua—l]'£S |:—t[ tZaF(a+2) N o 2472 J:|du:|
U (+D)I'(a+)I'Q2a+1) (a-)I'Qa-1)

-S u“jis “T(a+2) + 2™ du
U2 ((@+)T(a+)YIr2a+l) (a-)r(2a-1)

B ~+4¥T(a+2)I'(2a + 2) N —2%7T (2ax)
Vo™ (@ +D)T(a+DrRa+D)Ra+DrBa+1) (e-DI'(Ra-1)(2a -1 (3x—-1)
263 T (a + 2) ~ 4¢3

(@+D)T(@+)Q2a-DrBa-1) (a-1)(2a—3)(3a—-3)

The series solution is given by:

y®) =y ®)+y,@)+y,)+..

A t2“T'(a +2) . 2t 22
INa+l) (@+)I'(a+)I'2a+l) (x-D)I'(2a-1)
1T (o + 2T (2a + 2) N ~2t% 7T (2a)

(a +)T(@+DFRa+)Ra+)IBa+1) (-1 (2a—1)(2a - (B —1)
B 2t3 T (a + 2) B 4¢3

(@ +)T(a+)(2a-DIBa-1) (¢-1)(Q2a—-3)(3a-3)

y (t)=1+

In particular case & =2 then we have:

Example 2
Consider the fractional nonlinear Lane-Emden equation:
Dy +2y'=—¢’ , l<a<? (21)
With the initial:
y(©=0 ., y'(©0)=0 (22)

By using the same method in example 1 we have:

u—{ (Y u)-y(©) Y(O)H [Y u)- Y(O)} S[ te) ]
du !

u“ u

Apply the initial condition:

LA e
JESSEIE

diYW | 1er,.y7 2Y W
Lot s -2 )
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Integrating both side of equation (23) with respectto U we get:

Y (u) ! y 2Y (u)
!us[ ~te” |du j du
Y (u) =u“‘1]'u18 [—tey ]du —u“‘lff ZYU Su) du

Applying inverse of Sumudu transform of equation (24) we obtain:

y (u)=S 1{u"‘lj'uis [—tey]du} [ “ lqu Y (u)du }

0

Y,=0

PRORE '4{“1T§s - du} s*{

Substituting N =0 in equation (25) we have:

y,(u)=S" {u “‘11%8 [t Ao]du}—s 1{

0

j%S(y )du}

0

I%SWJW}

0

By using equation (10), we have :

Ay=M [y,]=Y;
A=y M'[y,]=Yy.Ys

! 1 n ’ l n
A, =Y,y ,M [yo]"'EYEM [YO]: y1y0+_y12y0

A=y M[yo]+y.y,M [yo]+3,yf|v| "[Yol= YaYotYiYaYo +3,y Yo
Apply this to equation (26) we get :
y,u)=5" j [ t(eyo)]du} { “1J‘—(O)du}
L 0 0
- L
u)=S" —u)du |=S 7 u”|=
=57 ! (-u) } [ )=t
Substituting N =1 in equation (25) we have :
y,u)=5" u‘“uj.is[—t A, ]du —Sl_u‘”u_[ES(yl)du
Ol“I L Ou2
1 | ‘2 t“
u)=S*{u“*=s ey° du [-S*Hu“t|=S du
y2( ) |: .l.u |: y :| | |: ‘!UZ [l—w(a_'_l)j :|

2a 200-2
tT(x+2) N 2t

Yo )= T
(a+)(x+)I'2a+1) (a-DI'(2a-1)
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By substituting N =2 in equation (25) we get :
u

ys(u)zs{u”’lj.uis [t A, ]du}— { “lj%S(Yz)dU}

5 u

y,u)=S"*u“t UES[ [y2+%yfjey° }dU}

0
u 2a 202
sy 1[%( 2T (a +2) L2 jdu}
L 0

u (a+D)I'QCa+)I'(x¢+1) (a-)I'(2a-1)

—t*TQa+2)T(a+2) ~ 2t% T (2a)
(a+D)I'Ra+)I'(a+)(2a+)I'Ba+1) (a-DI'(Ca-1)(2a-)I'(3a-1)
1 t*T(2a +2) 2t I (a +2)

2[M(a+D)] Ra+)rGa+1) (a+D2a-D(a+)(3a-1)
4t 34
(a-D)(2a-3)[(3a -3)
The series solution is given by :

yt)=y,®)+y,®)+y,@t)+..

Y3(u):

y()=1+ —t“ N t*T'(a+2) N 2t 22
INa+) T(e+)(a+)YI'2a+1) (a-DI'(2a-1)
—t*Ta+2)(a+2) B 2t% 7T (2a)
(a+)I'Qa+)I' (¢ +)(2a+DI'Ba+1) (a—-DI'(2a—-1)(2a—-1I'(3x—-1)
1 t*T(2a +2) 2t%7°T (o + 2)
2 2[M(@+1)] (2a +)r Ba +1) (@ +1)(2a-)I(a+)I (B -1)
4 34

(@ -1)(2a -3)[(3a —3)
In particular case & =2 then we have :
v (t)= —3t2 —5t4 . —4t° N
3>< 4! 6!
Solution Of fractional Lane-Emden type equation by Laplace decomposition method

In this section we discuss the solution of fractional Lane-Emden differential equation type by Laplace
decomposition method and compare the solution with that by Sumudu transform.

In the following theorem we discuss the Laplace transform of non-constant fractional derivative.

Theorem 3
L[tD“y]:-j—SL[D“y] . n-l<a<n , n=123..

Proof:
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L[D“y]:ui]ge‘s‘D“y dt

0

(;js [D y]_—je‘S‘D y dt
T
_L[D y :Oge ‘D”y dt
:J'—te*“D“ydt
0
d—L[D y =—Te5‘tD”‘ydt
ds 5
=-L[tD“y |
L[tD“yJ:—g—SL[D“y].
Definition 2

The Laplace transform of Caputo fractional derivative for m—1<a <m, meN can be obtained in the form
of :

S"F(s)—s"f (0)—s™*f '(0)—...—f ™(0)

sm—a !

L[D“f (t)]=
If 1<a <2 then:

s?F(s)—sf (0)—f '(0)

SZa

L[D“f t)]=
Example 3
Consider the fractional Lane-Emden equation:

Dy +2y'=-y : n-l<a<n (27)
With the initial condition:

y(©@=1, y'(0)=0 (28)
Multiplying both side of equation (27) with t , we get :

tD%y +2y'=—y (29)
Applying Laplace transform to equation (29) we get:

L[tD“y J+L[2y']=L[ty] (30)

On using theorem 3 and definition 2 we have :
d «
—E[L(D y)|+2[sY (s)-y (0)]=L[-ty]

Y 1 d a
- {%} 2[sY (s)-1]=L[-ty] —E[L(D y)|+2[sY (5)-y(O)]=L[-ty]
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sY (s)-1 o T
s [ST} 2sY (s)-2-L[-ty] (31)

Integrating both side of equation (31) with respect to U , then we have :

% j'sY(s)ds j2ds jL [ty ]ds

0

sY (s)—1=sl‘“I25Y (s)ds —sl‘“Ist —sl‘“'fL [-ty]ds
0 0 0

sY (s) :1+sl‘“j23Y (s)ds —sl‘“J.st —sl‘“IL[—t y |ds
0 0 0

Y(s):1 1 jzsv(s)ds—l Lo jzds— st L[t (32)
S 0
By taking inverse of Laplace transform of (32) we
get:
y(s)=L" E}L L‘{s‘“stY (s)ds} L‘{s‘“J'st}— L‘{s‘“j L[t y]ds}
0 0 0

n |

e}

Vo= L{S‘Z].ZS L [yn]ds}—L{s“]‘st}—L{s“.S[L [t yn]dS} (33)

Substituting N =0 in equation (33) we get :
y, = Ll{s“IZS L [yo]ds}—L{s“Ist}—L{s“J-L [t yo]ds}
0 0 0

Al e-afa-ay|__ -1 1 _ t”
V=L J=-L L“”} T(a+1)

Substituting N =1in equation (33) we get :

Y, :L_1|:S_“J.28 L[yl]ds}—L‘{S"“IL[—t yl]ds:|
0 0
s A i T(e+2) 1
:L 1 -, L ! . d
y2 |:S '(l; Soz+1 :| |:S _!. r(a+1) S0z+2 S:|

2 t2e? N [(a+2) 2
a-1TRa-1) T(a+)(a+1) T'a+1)

Y, =

Substituting N =2 in equation (33) we get :
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v, = L‘{s‘“j;Zs L [yz]ds}—L‘{s‘“zL [ yz]ds}

_ 4 -1 1{ 1 } 2T (a +2) 1 1{ 1 }
Vs~ @) @2a=3) |5 | Ta+)(a+]) @a-1)  |s°
2T (2c) 1 L‘{ 1 }_ Ta+2)I'(2a+2) 1 L‘l[ 1 }
S S

(a-)r'Ra-1) (2a-1) 1 D(a+D(a+)T(2a+1) (2a+1) Sacrt
4 1 3 2T (o +2) 1 32
Vo= T -1 2a-3) TGz-3) T(a+l)a+1) 2a-1) [(G3a-1)
2T(22) 1t (e +2)[(2a +2) 1 £

(@-DT(2a-1) (2¢-)T@a-1) T(a+D(@+)T(2a+) (2a+1) TBa+l)

The series solution is given by :
y©)=y,®)+y, ) +y,t)+..

-t t?“I'(a +2) N 2t 22
INa+l) (@+PI'(e+YI'a+1) (a-)I'(2a-1)
. ~4¥T(a+2)I'(2a +2) . 27T (2a)

(a+)I'(a+YI'R2a+)(2a+YI'Ba+1) (a-)I'Ca-1)(2a-1)I'(3x-1)
2t T (a + 2) 4t 3
- (a+)T'(a+D)(2a-)I'(3x —-1) - (- (2a-3)'(Bx—3)

In particular case & =2 then we have :

y(t)=1+

Example 4
Consider the singular fractional Lane-Emden equation :

D*y+2y'=—e’, n—-l<a<n (34)
With the initial condition :
y(©)=0, y'(0)=0 (35)
Multiplying both side of equation (34) with t , we get:
tD +2y'=-t e’ (36)
Applying Laplace transform to equation (36) :
L[tD“y |+L[2y]=L[-te" ] (37)

Using theorem 3 and definition 2 we have :

_d_[L(Day)]JrZ[sY ©)-y@]=L[-te"]
ds

_d_{sxf (5)-sy <o>—y'(o>}+2[sY ©-y©]-L[e]

ds g2®
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Y y
ds{s _(S)} 2[sY (s)]=L[-te’]

sY (s) y
ds[ } 2sY (s)-L[-te’] (38)

Integrating both side equation (38) with respect to U ,then we have :

sY (s)

jst (s)ds — jL[—t e’ |ds
sY (s):sl”’]ZsY (s)ds —s“‘j'L[—t e’ |ds
sY (s):sl”‘SIZsY (s)ds —sl‘”.S[L[—t e’ Jds

Y (s):g.s“‘TZSY (s)ds —%.s“’jfL[—t e’ |ds (39)
0 0

by taking inverse of Laplace transform of equation (39) we get:

y (s) =L‘{s‘“iZsY (s)ds}—L‘{s‘“]'L [te’ ]ds}
Yo=0

Yoa=L" {Saj.zs L[y, ]ds}— L {S ”‘]L [-tA, ]ds} (40)

Substituting N =0 in equation (40) we get :
y, = Ll{s“IZS L[yo]ds}—L{s “J'L[—tA Jds }
0 0

Al e-afa-1N]__ -1 1 _ te
yi=L[s 6 =L L“”} (e +1)

Substituting N =1in equation (40) we get:

yzzL[ ’“_[ZSL ds}— {s “:[L[—tA]d }

y,=L"|s™ B | AV s“j'—r(aJrZ) L ods
2 s (a-1) ) T(ar+1) s
2t L T@+2?) £

(a-)TQ2a-1) T(a+l)(x+1) TI'(2a+1)

Y, =

Substituting N =2 in equation (40) we get :
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y,=-L" s“st —t(y2+lyf) ds
0 2

+L‘1{s‘“]ZSL{ 2 e + Ma+2) t }ds}
5 (a-D)T(2a-1) T(a+)(a+)) TI'a+1)

y,=-L* s”‘]L IR T S xS I Sl W B S
s ] (a-)TQ2a-1) T(a+)(a+) TRa+l)) 2| (a+l)

+L7 S“iZS 2 L + [a+2) L ds
5 (-1 s* T(a+D(a+1) s***

B -2I'(2a) £ I'a+2)T(2a+2) t3
Vs ™ (a-DI'QCa-)(2a-1)T'(Ba-1) TI'(a+l)(a+DI'Qa+1)(2a+1) I'(3x +1)
1 TQa+2) t3 4 e 2T (a+2) t3e?

2[T(a+)] Qa+1) TEa+1) (@-1)(2a-3) T@a-3) (a+l)(a+1)(2a-1) T(3a-1)

The series solution is given by:

yt)=y,@)+y,®)+y,t)+..

-t t*T(a +2) 2t 22
y(t)=1+ + +
INa+l) T'(a+)(a+DI'QRa+l) (a—-DI'(Qa-1)
—t*T(Qa+2)T(a+2) B 26T (2ax)
(a+D)I'QCa+)I' (¢ +1)(2a+)I'Ba+1) (a—-DI'(2a-1)(2a—-1I'(3x-1)
1 t*T (20 + 2) B 263 T (a +2)
2[M(@+1)] Qa+)r@a+1) (2+)2a-D(a+)Ga-1)
4t 34

(@ -1D)(2a -3)[(3a —3)
In particular case & =2 then we have:

v (t)= —3t° +—5t4 N —4t° N
2 3x4! 6!

Conclusion:

In this paper we studied tow method for solving fractional of Lane-Emden type equation the two method are very
powerful and efficient for solving different kinds of linear and non-linear fractional differential equations in
different fields of science and engineering.
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