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Abstract

In this paper, we present approximate analytical solution of the time-fractional biological population equation
using the fractional power series method (FPSM). The fractional derivatives are described in the Caputo sense.
Some examples are given and the results are compared with the exact solutions.The results reveal that FPSM is
very effective simple and efficient technique to handle fractional differential equations.
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1 Introduction

Fractional differential equations (FDEs) have gained importance and popularity during the past three decades or
so, mainly due to its demonstrated applications in numerous seemingly diverse fields of science and
engineering. FDEs are also used in modeling of many chemical processes, mathematical biology and many
other problems in physics and engineering [8]. Unfortunately, most of FDEs do not have exact analytical
solutions;therefore considerable heed has been focused on the approximate and numerical solutions of these
equations. In recent years, many methods have been developed for constructing approximate analytical
solutions such as, Adomian decomposition method [10] homotopy analysis method, homotopy perturbation
method and others ([10]-[12]). Recently, published a very interesting work whereby the approximate analytical
solution of some FDEs was given using a new method called fractional power series method([5],[13]). It was
shown that this new method is very efficient, Fractional power series method is an important method to solve
mathematical problems.

In this paper, we consider the nonlinear fractional biological population model in the form [9]

a 2 2
gtli:aiz(uzﬂaiz(uz)# U).0<a<lt>0,x,y eR )

with the initial condition u(x,y,0)= g(x,y), where u(x,Yy,t) denotes the population density and f

represents the population supply due to birth and death, ¢ is a parameter describing the order of the fractional
derivative. Eq.(1) describes the nonlinear of biologic equation ([2], [4], [5])-

The paper is organized as follows: In section 2, we provide the Basic definitions fractional calculus In addition
property. which will be used throughout the paper. Section 3, Application models of fractional biological
equation. Sections 4,Conclusion.
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2 Basic definitions
2.1 Definition ([13])

The fractional derivative of f (x) in caputo sense is defined as

a = 1 " o \Mm-a-1lg (m)
D“f (x) —F(m pey (x —s) f "™ (s)ds,
2.2 Definition ([5])

A power series representation of the form

D e (t—t)™ =y +C (t—ty)* +C,y(t—t)* +..., )

n=0

where0 <m-1<a<m,me N"and t>t, iscalleda fractional power series (FPS) aboutt, ,wheretisa

varible and C | are the coeffients of the series.
In addtion, we also need the following property:

2.3 Theorem 1([13])

Suppose that the FPS cht”“ has radius of convergence R >0.f (t) is a function defined by f (t) =
n=0

ZCnt”"‘ on0 <t <R,thenfor m-1<a<m, and 0 <t <R, we have:
n=0

a - ~ r(na+1) (n-Da
D f (t) lec —F((n—l)a+1)t €))

3 Application models of fractional biological equation
In this section, the applicability of FPSM shall be demonstrated by test examples
3.1 Example :[9]

We consider the time- fractional biological equation in the form

a, 2,2 2,2
Ztli:aau2+2;12+ku 0<a<l (4)
X

subject to the initial condition u(x,y,0) = Q/xy.

If we put o =1, we obtain the exact solution u(x,y,t)=e" «/xy.

To apply FPSM , we suppose that the solution of (4) takes the form
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u(x,y,t)=>u, (x,yx (5)
n=0
=u, (X, Y )+U, (X, Y +U, (X, Y2 +...
by theorem

I'ha+1) { (e

T((n —1)a +1) ©

Dtau = Zun(x 1y)
n=0
2 =2 a 2\ 20
U =Ug +2uut” +(2uu, +us )t +...
( uz)x = ZUOUOX +2(uOXul+uOulx )ta +2(u0u2X +UOXU2+2U1U1X )tza +...

(uz)xx = 2(uOqux +(qu )2)+2(u0ulxx +2uOxulx +u0xxu1)ta (7)
F2U,,, +2ug U, +Ug U, + 20U, + Uy, )2+

2XX
2 — 2
(U%), =2, +2(Ug Uy +udy St +2U,, +Ug Uy +20U JE7 +..

u,)t“a8 (8)

Uy + 20Uy, + Uy, )22 +..

U?),, =2(uyu

+2(uyu

+(Ug, )?) +2(Ugy, +2up Uy, +U

Oyy lyy Oyy

+2U,,U,, +U

2yy Oyy

substituting (5), (6) ,(7), (8) into (4) and comparing the cofficients of t*
S, (6,y) et g
n=1 1—‘((n —1)6( +1)

[2ugu
+2(ugu

Oxxul)t “
+(Uy, )% +..]

[24
+2u0yu1y +Ug,, Uyt

Oxx +(u0x )2)+2(u0u1xx +2u0xulx +u

+2U,,U,, +Ug, U, +2(Uu

0xx 1xx

+(Ug, )*) +2@ugu

2XX

+[2 (U ou lyy oyy

ut? +..]

Oyy

+2(UgY,,, +2U U, +U

lyy Oyy
+k[u, +ut” +ut® +.]

using initial condition u(x,y,0) = «/xy
we have U, (X,Yy) = /Xy

Next we determine the u,(n =1,2,...).

U l'(a+1) = 2Ugug,, + U, )2) + 2(u0u0yy + (UOy )2) +ku, 9)

and

I'a+1) _
u, F(a+1) - 2(uOulxx +2u0xulx +u0xxul)+2(u0u1yy +2U0yu1y +U0yyul)+kul (10)
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therefore we obtain the approximate solution of equation (4)
u(X,y,t) =u, (X, y)+u, (X, Yt +u, (X, y )t? +..

For example , if Uy (X,y)= ny then form (9) and (10) we get

kJxy

1Y) = R Ty
Ky
Uz(X'Y)—m
kn
then un(x,y):r(T\/)z)
u(x,y t):iu (x y)tan:than:\/ﬁiﬂ:\/ﬁE (kt*)
e =" ’ o (na+1) o (na+1) ¢ ’

where E_(kt”) is Mittag-Leffler function, which is an exact solution to the standard form biological
population equation and which is in full agreement with the results obtained by ([1],[4].[5].[9]) .

Figure 1. The behavior of the approximate solutionat k =1,t =1.5, o =1.
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Figure 2. The behavior of the approximate solution at k =2.5,t =1.5, a = 0.85.

0

20
Figure 3. The behavior of the approximate solution at k =3.5,t =0.5, « =0.5.

where in Figure 1-3, we presented the behavior of the approximate solution with different values of o (
a =1,0.85 and 0.5, respectively) and different values of I . from these fpgures we can see that the obtained
solutions are in full agreement with the results obtained by ([1],[4],[5].[9])-
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3.2 Example :[9]

we consider the time- fractional biological equation in the form

Q, 2.2 2,2
Ztlizzuz+z;2+kua(1—rub) a=b=k =1 O<a<l (11)
X

. L - \ﬁ(my)
subject to the initial condition u(x,y,0)=e'®

To apply FPSM, we suppose that the solution of (11) takes the form
u(x,y,t)=>u, (x,y X (12)
n=0

=u, (X, Y )+U (X, Y +u, (X, Y 2 +...
by theorem

) = S 1—‘(nC¥+1) (n-a
Du ;““(X’y)—r((n_nml)t (13)

u? =uZ+20ut” +(2uu, +u)t* +... (14)
( uz)x = ZUOUOX +2(uOXul+uOulx )ta +2(u0u2X +u0Xu2 +2U1U1X )t 2a +...

(uz)xx = 2(uOqux +(qu )2)+2(u0ulxx +2uOxulx +u0xxu1)ta (15)

22U, +2Ug U, +Ug U, +2Uu,, + Uy, )2+

2XX

( UZ)y = U, +2(Ug, Uy Uy T +2(UgUy, +Ug U, + 20U ) .

U?)yy, = 2Uglgy, +Ugy)?)+2(UgUy, +2U4 Uy, +Ug, Ut (16)

+2(UgU 5y, + 2, Uy, +Ug Uy + 20Uy, + Uy, ) +...

substituting (12), (13), (14) and (15), (16) into (11) and comparing the cofficients of t“

I'(ne+1) {00 = [

iun(X’Y)m oxe +(Ugy )?)+2(Uu

a
1xx + 2quulx +u0xxul)t

+2(u0u2xx + 2quuZx +u0xxu2 +2(u1ulxx +(u1x )z)t 2 +]

+[2(U 0u Oyy + (UOy )2)

a 2a
+2(UgUy, +205, Uy, +Ug U +2(UgUy, +2U, Uy +UG U JE™ . ]

+Hu, +ut” +ut® +..]
—rUs+2uut” + (U, +Ut* +...)

L -, \ﬁ(xw)
using initial condition u(x,y,0) =e '8 :
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T (x+y)
we have U, (X,Yy) =e\/8_
Next we determine the u,  (n =1,2,...).

U, l(ar+1) = 2UgU gy +Ugy )?) +2(UgUgyy, +Uo, )*) +U, — U (17)

and

I'2a+1) - 2y
0

u2 1-‘(a_'_l) 1xx +2u0xu1x +U

OXXu1)+2(u0u1yy +2u0yuly +u0yyu1)+u1—r2u0u1 (18)

therefore we obtain the approximate solution of equation (11)
U(X,y,t)=u, (X, y)+u, (X, y )t +u,(x, y )t? +..

;
—(x+
8( y

)
For example, if Uy(X,y) = e[ then form (17) and (18) we get

thenu (X,y)=——
(Y) I'ha+1)

i . L (x+y) & ten L (x+y) "
TRTIES R CE yzm:eﬁ )
n=0 n=0

where E_(kt”) is Mittag-Leffler function, which is an exact solution to the standard form biological
population equation and which is in full agreement with the results obtained by([1],[4].[5],[9]).
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Figure 4. The behavior of the approximate solutionat r =1,t =2, o =1.

Figure 5. The behavior of the approximate solutionat r =3,t =2, & =0.85.
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Figure 6. The behavior of the approximate solutionat r =5,t =1, o =0.5.

where in Figure 4-6, we presented the behavior of the approximate solution with different values of a (
a =1,0.85 and 0.5, respectively) and different values of I . from these fpgures we can see that the obtained
solutions are in full agreement with the results obtained by ([1].[4].[5].[9]).

3.3 Example :[14]
We consider the time- fractional biological equation in the form

o°u _ou* o’
ata - 8X2 + ayz

+U O<a<l (19)

subject to the initial condition u(x,y,0) = «/Sin xsinhy.

To apply FPSM ,we suppose that the solution of (19) takes the form

U,y t)=>u (x,yx (20)
n=0
=u, (X, Y )+U (X, Y +u, (X, y > +...
by theorem
a S 1—‘(nC¥+1) (n-1a
Du=>»u(x,y)———t 21
: Z V) DD (21)
U? =ul+2uut” +(ugu, +u)t> +... (22)
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(U?), = 22Uy, +2(Ugy Uy +Ugly It +2(UgU,, +Ug, U, + 20U, 2 +...

U?), =2(uu
+2(uqu

+(Ug )H) +2UgUy,, +2Ug Uy, +Ug U (23)

+2Ug, Uy, +Ug Uy +2(Uuy,, + Uy, )2 +...

0xx Ixx Oxx

2XX

( UZ)y = U, +2(Ug, Uy +Uly T +2(Ugly, +Ug U, + 20, )t 2k

(uz)yy - 2(uOuOyy ul)ta (24)
+2Ug, Uy, +Ug, Uy + 20Uy, +(Uy, 2 ...

+ (U, )?) +2(UgUy, +2Ug Uy, +Ug,,

+2(ugu 2y

substituting (20), (21), (22) and (23), (24) into (19) and comparing the cofficients of t“

fhn@,y)

F(na+1) . (wae _
r(n-1)a+1) -

[2(u0u0xx +(u0x )2)+2(u0ulxx +2u0xulx +u0xxul)ta

+2U,,, +2Ug U, +Ug U, +2(Uu,, + (U, )t +...]

+[2(U Ou Oyy + (UOy )2)

+2(UgUyy, + 2, Uy, +Ug U +2(Ugly, +2U0 Uy, +Ug, U E* +...]

lyy Oyy lyy

+Hu, +ut” +ut® +..]

using initial condition u(x,y,0) = «/sinx sinhy.
we have U, (X,Y) ——5/ Sirx siny

Next we determine the u, (n =1,2,...).

Ulr(Ol-l-l) = 2(uOqux +(u0x )2)+2(u0u0yy +(u0y )2)+Uo (25)
and
I'Ca+1) _
2 F(a+1) - 2(uoulxx +2u0xulx +u0xxu1)+2(u0u1yy +2u0yu1y +U0yyul)+ul (26)

therefore we obtain the approximate solution of equation(19)
u(X,y,t)=u, (X, y)+u, (X, y )t +u,(x, y )t? +..

For example , if U,(X,y) = Q/Sin x sinhy. then form (25) and (26) we get
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1/sinx sinh
Ul(X,y) = —yl

I'a+1)

w/sinx sinh
Uz(><,y)=—y

I'2a+1)

then U, (x,y) = w/smx sinhy

I'ha+1)

u(x,y,t)= Zu (X,y X" = sinx sinhy ZF(na+ 5 = Jsinx sinhy E(t*)

4  Conclusion.

In this paper, the fractional power series method has been successfully applied to study the time-fractional
biological equation.The results show that FPSM is an efficient and easy- to- use technique for finding exact and
approximate solutions for nonlinear fractional partial differential equations.The obtained approximate solutions
using the suggested method is in excellent agreement with the exact solution and show that these approaches can
be solved the problem effectively and illustrates the validity and the great potential of the proposed technique.
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