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Abstract

Let @ :{03" —{0,13". The asynchronous flows are (discrete time and real time) functions that result

by iterating the coordinates ®@; i €{l,...,n} independently on each other. The purpose of the paper is

that of showing that the asynchronous flows fulfill the properties of consistency, composition and
causality that define the dynamical systems. The origin of the problem consists in modelling the
asynchronous circuits from the digital electrical engineering.
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1. Introduction

The Boolean autonomous deterministic regular asynchronous systems have been defined by the author in 2007 and
a study of such systems can be found in [12]. The concept has its origin in switching theory, the theory of modelling
the asynchronous (or switching) circuits from the digital electrical engineering. The attribute Boolean vaguely refers
to the Boole algebra with two elements; autonomous means that there is no input; determinism means the existence

of a unique state function; and regular indicates the existence of a function ®:{0.}" —{0.1}",
® = (Dyq,...,Dyy) that ‘generates’ the system. Time is discrete: {—1,0,1,...}, or continuous: R . The system,

which is analogue to the (real, usual) dynamical systems, iterates (asynchronously) on each coordinate i € {l,...,n}
one of
- @;: we say that D is computed, at that time instant, on that coordinate;

- {0,1}n 3 (g ,ees K yees M) > 1 €401} we use to say that @ is not computed, at that time instant, on that
coordinate.
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Figure 1: Asynchronous circuit

The flows are these that result by analogy with the dynamical systems.
The ‘nice’ discrete time and real time functions that the (Boolean) asynchronous systems work with are called

signals. The functions that show when and how the coordinates @; are computed are called computation functions.
In order to point out the source of inspiration, we give the example of the circuit from Figure 1, where

X :{—],0,],...}—){0,1}2 is the signal representing the state of the system, and the initial state is (0,0). The
function that generates the system is @ :{0,1}2 —){0,1}2 , Y 6{0,1}2,

D) = (ug U1 - K2,y g - Hp).
The evolution of the system is shown in its state diagram from Figure 2, where the arrows indicate the time increase

0.00—(1,1)

I\

(0,1) (1,0)
Figure 2: The state diagram of the circuit from Figure 1

and we have underlined the coordinates ui,i =]T2 that, by the computation of @, change their value:
D (w) :H_i- Let 0c:{0,1,2,...}—>{0,1}2 be the computation function whose values océ( show that ®@; is

computed at the time instant K if OLE( =1, respectively that it is not computed at the time instant K if OLE( =0,

where i =1,2 and k €{0,1,2,...}. The uncertainty related with the modelled circuit, depending in general on the
technology, the temperature, etc, manifests in the fact that the order and the time of computation of each coordinate
function @; are not known.

The situation ao = (0,0), when no coordinate of @ is computed at the time instant O, shows that the system
remains in (0,0) .

If the first coordinate of @ is computed at the time instant O, i.e. ao = (1,0) , then Figure 2 indicates the transfer
from (0,0) in (1,0).
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We suppose that the second coordinate is computed at the time instant 0, i.e. OLO =(0,1), and in this case the

system transfers from (0,0) to (0,1), where it remains indefinitely long for any values of ocl,az,ocg,..., since

®(0,2) =(0,2). Such a signal X is called eventually constant and it corresponds to a stable system.

The last possibility is given by ol = (1,) that indicates the transfer from (0,0) to (1,1), as resulted by the
simultaneous computation of ®4(0,0) and ®,(0,0).

If the system is in one of the points (1,0),(11) and the set {k |k € N,alé =1} is infinite, then it switches
infinitely many times between (1,0) and (L1) and this corresponds to an unstable system.

The purpose of our paper is that of showing that the flows of these systems fulfill the properties of consistency,
composition and causality that define the dynamical systems.

2. Preliminaries. Signals

Notation 1 We denote by B ={0,1} the binary Boole algebra. Its laws are the usual ones:
Table 1.

- 01 U0l @0 1
01, 0‘0 0, o‘o 1 o‘o 1

110 1,01 1|11 1|1 O

and they induce laws that are denoted with the same symbols on B" ,n=>1.

Definition 2 Both sets B and B" are organized as topological spaces by the discrete topology.
Notation 3 N_ ={-1,0,1,...} is the notation of the discrete time set.
Notation 4 We denote
Séq :{(kj) | kj eN_,jeN_and k3 <kp <k <..},
Seq ={(tx) |ty eR,keNand ty <t; <ty <...unbounded from above}.
Notation 5 5 : R — B is the notation of the characteristic function of theset Ac R: Vte R,
Lif te A
t) = L
%Al {0, otherwise

Definition 6 The discrete time signals are by definition the functions X:N_ — B". Their set is denoted with
s,
The continuous time signals are the functions X : R — B" of the form Vt e R,

X() = 1 % (—0,19) (1) © X(t0) - X[tg, 1) (©) D . B X(t) - Aty g 41) O D . ®)

where n e B" and (ty) € Seq. Their set is denoted by s

Remark 7 The signals model the electrical signals of the circuits from the digital electrical engineering.
Remark 8 At Notation 4 and Definition 6 a convention of notation has occurred, namely a hat * is used to show
that we have discrete time. The hat will make the difference between, for example, the notation of the discrete time

signals X, ¥,... and the notation of the real time signals X, Y,...

Lemma 9 Forany X € S(n) andany te R, x(t—0) B" exists with the property
Je>0,VE e (t —¢,1),x(§) = x(t —0). ()
Proof. We presume that X,T are arbitrary and fixed and that X is of the form (1), with p € B" and (tk) € Seq .

If t <tg, thenany & >0 makes (2) be true with X(t —0) =p; and if kK >0 exists with t € (), t1], then any
€ € (0,1 — 1t ) makes (2) be true with X(t —0) = X(ty) .

Definition 10 The function R 3t > X(t —0) € B" is called the left limit function of X.
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Definition 11 The discrete time forgetful function 6k' : §(n) - §(n) is defined for any k'e N by

VR e $M vk e N_, 65 (R)(K) = R(k + k') @)
and the real time forgetful function Gt' : S(n) —> S(n) is defined for t'e R in the following manner
- X(t),t >t
vxeSM vteR, st (X)(t) = ® @)
x(t'-0),t <t".

3. Computation functions

Definition 12 The discrete time computation functions are by definition the sequences o.: N — B". Their set is

denoted by f[n . In general, we write oX instead of a(k),k e N.
The real time computation functions p: R — B" are by definition the functions of the form

p1) =0 gy @t 2O .. Dy 3O @ (5)
where (ty) € Seq . Their set is denoted by H'n :

Remark 13 The meaning of the computation functions o € f[n,p eIl},, subject to the additional property of
progressiveness that will be stated later, is that of showing when —in discrete time and in real time- and how the
Boolean functions @ : B" — B" are computed.

Lemma 14 Forany p € H'n andany t € R, we have

Je>0,VE e (t —e,t),p(§) =(0,...,0). (6)
Proof. Analogue with the proof of Lemma 9.

Definition 15 The discrete time &< fIn —>ﬁn k'eN and the continuous time o' :Hln —>Hln forgetful
function, t'e R, are defined by: Vo € flln,‘v’k e N,
(6 (@) =a ¥ )
and Vp e Hln,Vt eR,
S (P)®) =P - 1gr.00) (1) ®)

Remark 16 Definition 15, equation (8) was given by analogy with Definition 11, equation (4), taking into account
(6): VteR,

p(t),t >t {p(t),tZt" = p(1) - Xty )

y ~ _
o (p)(t) = {p(t'—O),t <t |(0,..,0),t<t

indeed.

4. Progressiveness

Definition 17 The discrete time computation function o ﬁn is called progressive if
Viedl..,n}theset{k |k e N,a{‘ =1} is infinite . )

The set of the discrete time progressive computation functions is denoted by ﬁn .

The real time computation function p € H'n is called progressive if
Vie{l,..,n} theset{t|teR,p;(t) =1}

. (10)
is unbounded from above

is true. The set of the real time progressive computation functions is denoted by I1j,.
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Theorem 18 a) Let the computation function o € f[n . The following equivalence holds:
aell, <:>61(0L) ell,,.
b) The computation function p H'n and t'e R are given. The following equivalence holds:
pell, <:>c5t‘(p) ell,.

Proof. a) For any i e{l,...,n}, the sets {k |k > O,oc!‘ =1}, {k|k Zl,oc%‘ =1} are simultaneously finite or
infinite.
b) We suppose that p is of the form
p(t) = p(to) - xgto3 () ® p(ty) - A3 (1) @ ... © p(t) - 241, 3O D ... (11)

with (i) € Seq . We denote with K'> 0 the rank of the sequence (ty) that is defined by

" (P)() = pti) - Xt 3O © plticsn) - Ay, 3O S
For any i e{L...,n}, the sets {ty | K > 0,pj(tx) =L {tx | k = k', pj(ty) =1} are simultaneously bounded or
unbounded from above.

Remark 19 From Theorem 18 a) we get the following conclusion. For o € f[n , we have the equivalence
acll, < Vke N,ék(oc) ell,.
5. Flows

Definition 20 For the function @ :B" — B" and A € B", we define ®* :B" — B" by VueB",

M) = (g 1y ®Ag - Dy (W) Ay -y D Ay - Dy (1)

0 _k_k+1
Definition 21 Let OLO,..., ock, ock+1e B", k>0. We define the functions @ ~* ¢ :B" —»B"

iteratively by YV e B",

0

k+1 0 k
(W) =%  (@* % (u).
Definition 22 a) The function B"xN_ xﬁn 5 (w,k,a) —> Ci)a(u, k) e B" defined by Vk e N_,

) wif k=1,
q)a(“’k): 0 k .
DL (1), if k =0

is called (discrete time) evolution function, or (state) transition function, or next state function. B" is called state
space (or phase space), W is called the initial (value of the) state and o is the computation function. The value

%(k) = ®%(u,k)
is the state X(K) resulted at the time instant K from the initial (value of the) state p under the (action of the)
computation function .

b) We define the function B" xR xTI, > (it,p) > ®P(u,t) €B" in the following way. Let
VteR,

p(1) = gy @t O @ D f g 3D @ (12)
where o, € fln and (ty ) € Seq . Then

O (1,) = D (1,-1) o 1) O B D (1.0) Xt 1) O B DD 1K) gy 1y, O D
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is called (real time) evolution function, or (state) transition function, or next state function. B" is the state space,
p is the initial (value of the) state and p is the computation function. The value

X(t) = OP (,t)
is the state resulted at the time instant t from the initial (value of the) state . under the (action of the) computation
function p.

Definition 23 a) We fix p e B" and a € fIn in the argument of the discrete time evolution function. The signal
o (TRRS é(n) is called (discrete time) flow (through i, under o) and, more general, if previously o e ﬁn
then ®* () is called semi-flow.

b) We fix pe B" and p ell,, in the argument of the real time evolution function. The signal
CDp(u,-) S S(n) is called (real time) flow (through p, under p). More general, if previously p eH'n, then

®P (u,”) is called semi-flow.
Remark 24 The function @ applied to the argument w is computed on all its coordinates:

d(n) = (D1(w),..., P (1)) . The function o’ applied to L computes those coordinates ®; of @ for which
Aj =1 and it does not compute those coordinates @ for which A; =0: Vi e{l,...,n},

0i - P 42
i, it 4, =0.

Unlike the usual computations from the dynamical systems theory that happen synchronously on all the coordinates:
D(W), (Do D)(), (Do Do D)(W), ... here things happen on some coordinates only, as shown in Definitions
20, 21, 22. The asynchronous flows represent a generalization of the computations from the dynamical systems

theory, since the constant sequence ak =@,...1)e B" k eN belongs to f[n and it gives for any pe B",

0 0.1 012
that @% (u) = @(w), @ % (W) = (PoD)(), P* ** (W) =(PoDoD)(),..
Remark 25 We give the meaning of progressiveness: o € f[n ,p €1, show that D% ("), DP (1) compute

each coordinate @;j = ﬁ infinitely many times as K — oo .. In electrical engineering, this corresponds to the so

called unbounded delay model of computation of the Boolean functions, stating basically that each coordinate i of

@ is computed independently on the other coordinates, in finite time.
Remark 26 In the following we shall always suppose that the progressiveness requirement on o, p is fulfilled,

thus we shall work with flows.

6. Consistency, composition and causality

Remark 27 The properties stated in Theorems 28, 29, 30 and 31 to follow are the adaptation to the present context
of the properties of consistency, composition and causality of the transition function that are contained in the
definition of a dynamical system from [9], page 11. At the same page, the authors show that the words ‘dynamical’,
‘non-anticipatory’ and ‘causal’ have approximately the same meaning, making us conclude that the property of
causality to be introduced may be also called non-anticipation. We must add here the remark that in the cited work
the systems had an input, unlike here where it is convenient to omit this aspect, and consequently there causality
referred to the input, unlike here where it refers to the computation function. The input controls the state and the
computation function shows when and how the state is computed.

We suppose in this section that a function @ : B" — B" is given, together with ne B",ae ﬁn and pellj.

The relation between o and p is given by (12), where () € Seq .
Theorem 28 (Consistency)

DD =p, (13)
P (1t —0) = 1. (14)
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Proof. a) This follows from Definition 22.
b) Definition 22 shows that we have

vt <ty, PP (ut) =p,

wherefrom (14) follows.
Theorem 29 (Composition) a) Vk'e N, VK e N_,

1 A A A l(I A
&K (D*(u)(K) = D @ (D, k'-1),k). (15)
b) Vt'e R,Vt e R,

o (@ (1) = ° ) (@ (,t-0).1). (15)

Proof. Let us notice first of all that o € I1,,,p € I1,, = 6k'(oc) € f[n,cstl(p) eIl result from Theorem 18

and Remark 19, wherefrom the right members of equations (15), (16) make sense.
a) We have the following possibilities.

Case k'=0,k € N_ arbitrary, when

n n ~ ~0 ~ 0 n
5%(D% (,))(K) = D% (u, k) = D @ (1, k) = DS (D (1,~1), k) .
Case K'>1k=-1

VA n ~ ~k' n
&' (% (1,))(-1) = D% (u, k'-1) = D @ (d*(u,k'-1),~1).
Case k'>1,k € N arbitrary, for which
VA R 0 k' k'+1 _k'+k
& (@ (k) = D k + k) = @274 T
_ (Dock'ak""l..ak'*'k (q)oco..uk'_l (“)) _ Ci)ak',ak‘+l,ockl+2,.

(W)
0 k-1

K 0 k-1 cakiy
=% @@ (1), k) =S @ (% (k-1 k).

b) Equation (12) shows that we can put d)p(p,-) under the form

0 0 k
DP (1,1) = B X (0,tg) (D) @ P (1) X[t D) - @ P " () Yty 1) D D (17)
We take an arbitrary t'e R and we have the following possibilities.
Case t'<ty
In this situation

o' (p)(®) = p(t),
OF (1, t'-0) = p,
thus
, t'
o' (D (u))(t) = DP (1) = d° P)(@P (u,t-0),t).
Case 3k e N,t'e (ty,tk 1]
In this case we infer

" (P = oy 3O @ DS
0 k
(Dp(l,l,t'—O) = cDa i (H-):

. 0 k 0 _k_k+1
St @ (NO = D% (W) Ao,y D ODPE E (W) Yy gty 0) O D

0 _k k+1 0 _k
N (1) P 7N (3 - S C A (1) Y ( -3

k+1 k+2
- Mtk +139 'X{tk+2}@"'(q)a0--ak (W),t)
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t' 0 k t'
=0 D@ (),1) = P (@P(,1-0),1).
Theorem 30 (Composition) a) For arbitrary K'e N_ we can write: VK > k',

n ~ ~k'+1 “
(k) = b @ (k) k —k-1). 18)
b) Vt'e R we have: Vt >t',

PA(t '
0P (1) = 07 HE) (@P (1), 1), (19)
Proof. a) We make the substitution K =K'+ p, where p € N and we prove (18) by inductionon p.For p=0,
(18) becomes

A ~ ak'+1 A
(Da(},l,k') — (DG ((X)(q)a(ulk-)'_l),
obvious. We suppose that

o ~ ~K'+1 A
SO (k+p) =S @ (% k), p-1) (20)
is true and we infer that

A k' 1 .

O (uk'+p+1) = 0% e (@ (u,k'+p))
20)  Kapd . K+l Ki2 K .
o Pt (D™ okt +p""(d>a(u,k'),p—1))

0Lk'+p+l 0Lk'+lotk‘+2_.mk‘+p A

= (@ (@*(u,k")))
_ q)ock'+1ak'+2..ak'+ pak'+ p+1 (ci>0‘ (M, k'))
. k'+1 _k'+2 k' k' 1 N . ~k'+1 "
= T e TR R k), p) =0T (6% k), p).

b) Indeed, we shall suppose in the following that (12) is true. In the case t'<tg, we have
p(t) - x(t00) (V) = p(D),
OP (1) =p
and (19) is true under the form Wt >t',®P (u,t) = ®P (u,t).
In the case t'e [ty tc1).k €N,
k+1 k+2
() - Xt 00) (1) = gy 3O @ T g (D) D
0 k
OP (,t') = @* (),

®P (u,t) is given by (17) and
k

+1 k+2
2 (t : ® : ®... 0 k
P X(t'0) (DP (u,t),t) = o%  Mk+¥* AMtks2} (@* % (W),1)
0 k 0 k+1
=% % (u)- X (~0,tk41) Heo* ~* (1) X[tk+1,tk+2)(t) ...
For t>t', (19) is true.
Theorem 31 (Causality) For any K € N and any o, € ﬁn with

vk'e{L... k} ok =¥, (21)
we have
D% (k) = D (k). 22)
b) Let t'e R and p,p'e I, with the property that
vt <t,p(t)=p'(t). (23)
Then
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OP (1) = P (,t'). (24)
Proof. a) We infer
A 0 _k 0 gk A
% (k) =% () =P P () = P (k). (25)
b) If t'e R is such that
vt <t p(t)=p'(t) =(0,...,0), (26)

then
P (,t') = p = OF (u,t').
Let K € N be arbitrary and fixed. We suppose that a.,3 € fIn and (t;), (tJ) € Seq exist such that
vKk'e{0,... K}t =ty,
_ .0 k k+1 k+2
p(t) =a 'X{to}(t) ®D.0a 'X{tk}(t) @ a 'X{tk+1}(t) @D a 'X{tk+2}(t) D...

' 0 k k+1 k+2
t)=a" - )®D..0a" - t)® A D A t)®
PO=0 20 @-. 0 1y OOP Ty OGPy ()
ol = (....,0) and t'e[tk,tk+l)m[tk,t|'(+1) hold. We get
0 _k '
OP (u,t') = D% (1) = P (u,t'). @7)

7. Conclusion

The flows (i)a(u,-),(l)p (w,-) fulfill properties of consistency, composition and causality, as expressed by
Theorems 28, 29, 30 and 31, allowing us to consider that they define dynamical systems.
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