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Abstract.

In this work, we present some needed results about matrices of inversions for permutations. Then we
apply it for solving the recognition problem of Lorenz braids. Each Lorenz braid is uniquely determined by
a unique simple binary matrix. Then, we got a quick algorithm for counting the trip number (minimal braid
index) hence, crossing number and minimal braid representative of the Lorenz knots.
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1 Introduction

A knot is a simple closed curve embedded in R?, while a link is a finite collection
of knots [1]. Lorenz knots and links arise from non-linear dynamical systems. They
include all torus knots, algebraic knots and modular knots. They are closed positive
braids and fibered. See [2], [3]. [4] for details. They are prime links [5], twists links
(6], and modular links [7]. Also, Lorenz knots can not be a satellite of non-Lorenz
knots, only parallel cables with possible twists can occur [8].

A lorenz knot is a periodic orbit of a flow in R?, determined by the Lorenz system
of ordinary differential equations =z = 10(y — z),y =282 —y —xz, 7 = xy — 8 /32 [3].
A template is a branched 2—dimensional manifold in R* with boundary. Figure la
shows the Lorenz template. A Lorenz link is a finite collection of disjoint simple closed
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curves embedded in the Lorenz template. The crossings in the regular projection of
a Lorenz link to a plane is all positive, as in figure 1b.

Fig.1: a) Lorenz b) Positive ¢) Lorenz braid

Template crossing Template

A braid groups B, has a presentation of n — 1 generators o;,71 = 1,2,....n — 1
subject to the relations 0,0,4+10; = 0,410,041, = 1,2, ..n—2, 0,0; = 0;0;, |t — j| >
2. A positive braid is called a positive permutation braid if each pair of its strands
cross in a positive sense at most once. The braid where each two strands cross each

other exactly once in a positive sense is called the fundamental braid., denoted A,,.
Where,

Al = f_. AQ = J1. Ag = 0”1.0201._:'371 = An_lg,l_lgn_g,,,gzglﬁ.ﬁn = (0”10'2..,0'.n_1)

Any oriented knot or link A can be viewed as a closed braid 3 for a braid word
3 in some B,,. The braid index for a knot or link is the smallest integer n. such that
it can be represented as a closed n—hraid.

Definition 1 A lorenz braid L(l,r) is a finite set of strands that embeds on the the
Lorenz braid template, figure 1c. It is a two groups of strands, a left group of | strands
and a right group of r strands, [ +1r = n. It is a positive permutation braid with the
restrictions,

e Strands in the same group never cross one another.
e Strands in the left group always pass over those in the right group.
e Fach strand in any group should cross some strands in the other group.

e The permutation ™ at the end of strands and as a product of disjoint cycles
T = lyHg... [y, k= 2, no two cycles p, = 1, of the same length s, and w;(x) =
I (z)+t, x=1,2,..,s, for some integer s. The permutation at the ends of the
strands of a Lorenz braid is called a Lorenz permutation.

A Lorenz knot or link is a closed Lorenz braid E(E r) .
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An inversion of a permutation 7 = (mm,...7,) in S, is a pair (4,j) with ¢ <
and 7; > ;. The matrix of inversions for a permutation 7 = (m;my...7m,) in S, is a
matrix M, = (m;)nxn, Where m;; = 1if ¢ < j and m; > 7;, otherwise m;; = 0. The
set M, (F) ={M,:7m €S, my € F=4{0,1}} of all possible matrices of inversions
for permutations over S, is a group with a specific binary operation. The set M, (F)
is isomorphic to S,. Each permutation 7 in .S,; induces a unique positive permutation
braid with a canonical form, in such a way. Every element of S,, associates a unique
canonical word in the Hecke algebra H,,_;(z). That provides an effective and simple
algorithm for counting a linear basis of Hecke algebra H,,, as binary matrices. Also.
provides an algorithm for recognizing such these matrices from all binary strictly
upper triangle matrices. See [9], [10] for more details about the properties of such
these matrices.

In the next section we give an algorithm to recover Lorenz braids hence Lorenz
knots and links from a specific matrices of inversions for permutations. Then find the
trip number of a Lorenz knot or link and extract a minimal braid representative.

2 Recognition of Lorenz braids

Definition 2 Let L(I,7) be a Lorenz braid with associated Lorenz permutation L(tr)-
The corresponding matriz of inversions ﬂ-frw:r} for Tpur) 18 called a Lorenz matriz.

The recognition problem in mathematics is to decide whether an element belongs
to a specific category. Here our recognition problem is to decide whether a matrix
of inversion for a permutation is a Lorenz matrix. In another words, can we re-
cover Lorenz braids hence Lorenz knots and links from their matrices of inversion for
permutations.

Theorem 3 A matriz M, = (my;) of inversions for a permutation m = (T T2...T,,)
in S, 18 a Lorenz matriz if and only if there exist two integers [, 7,1 < L. r < n,l+4+r =
n, such that
m_:{ 1 V1<i<LI+1<j<Il+m —i }
+ 0 otherwise

Proof. Let m be a Lorenz permutation, then we have two groups of strands with no
crossing in each group. But m; < 7; V1 <i<j<landVI[+1<i< j<n, then
in both cases there are no inversions. which means that m;; =071 <7 < j </
(the [ x [ submatrix at the first [ rows and [ columns of the matrix ﬂ-fwwﬂ}. Also
m;; =0V I1+1<i7<j<n (ther X r submatrix at the last » rows and r columns of
the matrix J-fﬁw_r})‘ Alsom <m, Ye>1.k=1+1,1+2,...,l4+m —1, then my, =
IVE=I1+11+2,..,l+m—1l. Ingeneral m; < m, Vk > i,k =1+1.14+2,... [+7;—1,
then my, =1V k=01+11+2,.... [+ —1 =12 ..1[ The converse is obvious.
The matrix M, has the pattern as in figure 2 =
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\—LZeros

Ixl - zero matrix -
Ones

rxl-Zero matrix rxr - Zero matrix

Fig. 2: A patern of a Lorenz
matriz

Remark 4 In a Lorenz matriz My, .

e [t is remarkable that m;., = 1¥i = [. 2, ... [. Therefore the ith row has m, — 1
ones, 1 <i<l. Alsoif 1<i<i+1<Il+1, then

T < T =m<mp—1l=m—1<my —(i+1)

this means that the number of ones in ith row does not exceed the number of
ones in (i + 1) st row. But ones in all rows starts from the (I + 1) st column.
We find that the ones accumulate next to each other and do not allow for zeros
that enters them. In fact the ones form a shap looks like a stairs, as in figure 2.
FEach step is the rows of ones with the same length. The lengths of rows (steps)
imncrease from top to botton. if two successive rows i and i+ 1 have equal lengths,
thenm;, —i=m;—(i+1), somyy =m;+1. Butm,=n=Il4+r=m—1=r.
Then the bais of the stairs is the lth row, with length r. While the height of the
stairs is the number of ones in the (I + 1) st column, which equals .

e The total crossing number c; of the associated Lorenz braid L(l,7) is the sum
of all ones in the associated Lorenz matrix, in other words, it is the sum of the
lengths of rows, c;, = Zi:] (m; —1).

Corollary 5 The ordered set Sy = {(l;,h:),i = 1,2, ...k} is a complete invariant for
the associated Lorenz braid. Where [; and h; are the length and the height of ith

step, respectively.

Proof. The two integers [ and r are determined by the height and the basis length
of the stairs, take n =1+ r. Fori = 1.2, ... 1 take [; = (m; — i), then m; = [; +i.
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Now we know the first [ values of the permutation m. Then complete the remaining

values from the set {1,2,....n}\{m;,;2 =1,2,....[. } in an increasing order. Then the

Lorenz braid L is determined entirely by a lorenz matrix =

The trip number of a Lorenz braid is the maximal number of strands from the

lett band that cross over the same number of strands from the right band. This

concept was first introduced in the study of Lorenz knots from the point of view of

symbolic dynamics. The braid index of a Lorenz knot or link is its trip number [3].
The comming lemma provides a quick algorithm for computing the trip number.

Lemma 6 The trip number of a Lorenz braid is the length of the widest square sub-
matriz of the associated Lorenz matriz.

Proof. For a Lorenz braid L(l,r), m; < w4 Vi = 1,2,...1. Also m; < m;.4Vi =
[+ 1.01+2 ...l +r The trip number of a Lorenz braid is a number ¢, such that
t = #{il<mie{l,2,. }} =#{j:l>m,je{l+11+2 . I+r}}. Soit
will be strands numbered | —t + 1,0 —¢t+2, . I+ 1,1+ 2 ....[+ %, at the top of
the braid. Infact m;; =1lfor 1< : <[l <mand!{+1< < 1+r=nl+1>7;.
(inie{l2 .1}} m

The following lemma provides another proof of a result due to J. Birman and R.
Williams [3].

Lemma 7 A Lorenz link L(l,r) with trip number t has a minimal t—braid represen-
tative

t i .-
(0102...001) TI'Z (0102...0,,) sz_i (crﬁ_lcrt_g.,,amj) :

n; = (m; —1) — 1 = number of ones in the ith row — 1,

m; = (j—m;)— 1= number of ones in the jth column — 1

Proof. The ones in a Lorenz matrix lies in three blocks. The widest square submatrix
of length ¢, a top block with [ — ¢t rows and a right block with r — ¢ columns, as the
matrix in example 8. Connecting opposite ends of the strands of the 1st positions at
top and bottom of the braid, we get a curl which starts at the position [ 4+ 1 at the
top and ends at the position 7, at the bottom. After removing the trivial curl, we get
an arc starts at the position /41 at the top and ending at the position m; of bottom,
crossing n; = (m; — 1) — 1 = # {ones at the first row in the matrix} — 1 strands at
the left of the braid. This contributes a braid word (¢,05...0,,,). In general, the arc
starts at the position 7 at the top and ending at the position 7; at contributes a braid
word (0,03...0,,.) .7 = 1,2,...,—t. The similar sing will hold at the right of the braid,
which completes the proof m

Example 8 Let us take the early example of Birman and Williams [3]. Consider the
permutation m = (57 111213 14151821 221234689 10 16 17 19 20) in S,
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with Lorenz braid L(10,12). Then its associated matriz of inversions is

(1]
1]
1]
0
1]
1]
1]
1]

L1
]

|
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The matriz has a stairs of ones with five steps, with invariant set
S, =4(4,1),(5,1),(8,5),(10,1),(12,2)}

The stairs consists of three blocks, as in figure 5. The top block is the first two rows,
with 4 and 5 ones, From top to bottom. That contribute (0,0503) and (0,050304).
respectively, as in figure 3a. The widest square submatriz contributes A2, as in figure
3b. The square of length equals 8, then the trip number (braid index) is 8. The
right block is the last four columns, with 2.2.3 and 3 ones, from right to left. That
contribute oy, 07, , 070¢, 070¢ respectively, as in figure 3c. So the given Lorenz link
has the twisted minimal positive braid,

bﬂ_ = (0'10'20'3) (0'10'20—30—4).QS.UT.O_?(UTU(]‘) (UTJS)

= (010203) (01020304) ((710'203040'50'607}8 a$ (0706)2

t I 1 t L t 1 1 l l
1 1 1 1 S hi oo woand
1 1 1 1 1 1 L 1 l l l l
1 11 1 1 L1 Lnna
1 1 1 1 L L 1 1 l ]_ l l
1 1 1 1 1 1 1 A
) 2
(010903) (0,030304) A2 o2 (o70¢)
Fig. 3: a b c

Also we can recover the permutation from the invariant set, which comes directly
from the stairs. The pair (4,1) means that the 1st strand from the left group passes
over 4 strands in the right group, hence my = 1 +4 = 5. The pair (5,1) means that
the 2nd strand from the left group passes over 5 strands in the right group, hence
o = 2+5 = 7. The pair (8,5) means that the the next five strands from the left group
passes over 8 strands in the right group, hence ma = 3+8 =11, 1y =4+ 8 = 12,
5 =5+8=13, 1 =6+8 =14, 717 = 7+ 8 = 15. The pair (10,1) means that
the 8th strand from the left group passes over 10 strands in the right group, hence
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mg = 8410 = 18. Finally the 9th and 10th strand from the left group each passes over
12 strands in the right group, so mg =9+ 12 =21, w9 = 10+ 12 = 22. Therefore m =
(571112131415182122............ ) . At the end, complete the permutation
by inserting the remaining numbers from 1 to 22 in an increasing order in the empty
cells, hence m = (5711121314 15182122123468 91016 17 19 20)

12345678910 11 12 13 14 15 16 17 18 19 20 21 22

a
11 12 13 14 15 16 17 18 f & 2[ )
>~
\
Bl
o p F QL
b

Fig. 4

Example 9 Another example in [11], the Lorenz braid L(9,8) with the Lorenz per-
mutation,

T=(34568)9 13161712710 11 12 14 15) in Sy7.

Then with a direct application to our algorithm, we have
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o The associated Lorenz matrix is

00000O0O0OO0ODO0OILII1TO0OO0O0OOOOO
0O 0O000O0CO0ODO0ODO01L1O00O0OO0OO0OOU
00000O0O0OO0ODO0OI1LII1O0O0O0OOO0OO
00000O0O0OO0ODO0OI1LII1O0O0O0OOO0OO
000000O0OO0ODO0O1I11O0O0O0OO0OO0
0O00000O0O0OO0ODO0OCI1LII1ITTI1ITO0OO0OO0OO0OO
0oo0000O0OO0OO0OC1TI1TI1T1T1T1TO00
ooo0oo0oo0000O0I1T1T111111
ooo0oo0oo0000O0I1T1T111111
0O0o00O0O0OO0OOOCOOO0OO0OOOOO®
0O0000O0OO0OOOOOOOO0OOOOO
0O0000O0OO0OOOOOOO0OO0OOOOO
0O0000O0OO0OOOOOOOO0OOOOO
0O0000O0OO0OOOOOOOO0OOOOO
0O0000O0OO0OOOOOOOO0OOOOO
0O0000O0OO0OOOOOOOO0OOOOO
0 00O0O0OO0OO0OO0OO0COOOOGOOO O]

e Iis invariant set is Sy ={(2,4),(3,2),(6,1),(8,2)}
e [ts trip number is 3, with minimal braid representative

FJW = (O’]) (O’]) (O’]) (O’]) (O’]O’g) (O’]O’g) .Ag,gg.ag (JQU]) (UQU]) (0'20'1)

(01)4 (0102)2 : (0102)3 103 (0201)3

3 Conclusion

We applied matrices of inversions for permutations for solving the recognition problem
of Lorenz braids. Each Lorenz braid is uniquely determined by a specific binary
strictly upper triangle matrix. We got a simple algorithm for counting the trip number
(Minimal braid index). These binary matrices might be help for providing a good
understanding of the relation between modular knots, Lorenz knots and twisted knots.
It might help for computing polynomial invariants of such these knots, where S,
represents a basis for some Hecke algebra. Also for counting the Lorenz permutations
in each S,,.
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