Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

0 @) SCITECH Volume 10, Issue 2
dO RESEARCH ORGANISATION' Published online: December 28, 2016 |
O

Journal of Progressive Research in Mathematics
www.scitecresearch.com/journals

Indexed Absolute Riesz Summability Factor Using Delta Quasi
Monotone Sequence

P.Palo’, B.P.Padhy?, P.Samanta®, M.Misra* and U.K.Misra®

'Department of Mathematics, Khetramohan College, Narendrapur, Ganjam,Odisha, INDIA.

2Department of Mathematics, School of Applied Sciences, KIIT University,Bhubaneswar, Odisha,
INDIA

3P.G.Department of Mathematics, Berhampur University, Bhanjabihar, Odisha, INDIA

*Department of Mathematics, B.A.College, Berhampur, Odisha, INDIA.

*Department of Mathematics, National Institute of Science and Technology, Pallur Hills,
Berhampur, Odisha, INDIA.

Abstract.
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1. Introduction
We ask that authors follow simple guidelines. In essence, we ask you to make your paper look exactly like this document.

A sequence(an)of positive numbers is said to be almost increasing if there exists a positive sequence (bn) and two

positive constants A and B such that
(1.1) Ab, <a, <Bb,, forall neN.

It is said to be quasi- £ -power increasing, if there exists a constant K depending upon £ with K >1 such that
(1.2) Kna,>m"a, ,

for all n>m .Particularly, if =0, then (an) is a quasi-increasing sequence. It is clear that for any non-

negative /3 every almost increasing sequence is a quasi- £ -power increasing sequence. But the converse is not true
)

in general, as (n‘ﬁ) is quasi- S -power increasing but not almost increasing.

Let f :(fn) be a positive sequence of numbers. Then the positive sequence (an) is said to be quasi- f -

power increasing, if there exists a constant K depending upon f with K >1such that
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(1.3) Kf,a, > f,a,

for n>m>1. Clearly, if (an) is a quasi- f -power increasing sequence, then the (an fn) is a quasi- increasing

sequence.

Let 5=(5n) be a positive sequence of numbers. Then the positive sequence (an) is said to be O -quasi

monotone , &, — 0, &, > Oultimately and Ad, >—0, , where Ad, =d —d_, .

Let Zan be an infinite series with sequence of partial sums {Sn}. Let (pn) be a sequence of positive

numbers such that

P :Zn:pv—mo,asn—)oo.

n
v=0

Then the sequence-to-sequence transformation

(1.4) T = Piz p,s,,P =0,

n v=0

defines the (N, pn)- mean of the sequence (sn) generated by the sequence of coefficients (pn). The series

Zan is said to be summable ‘N, pn‘k . k>1 | if

k-1
(1.5) Z(iJ T, T <.

n=1 pn

The series Zan is said to be summable ‘N pn;é“k k=1,620, if

© =) K+k-1
(1.6) Z(—”j T, Tl <.
n=1 pn
The series Zan is said to be summable ‘N’ P, &y, (5)‘k k>1,6=>0,if
k-1
o0 k[ P K
(L.7) nzl(an) (p:j Ty =Tl <.

For any real numberf{ the series zan is said to be summable by the summabilty method

‘Nl pn’an(5)uu‘k ,k21,5207, if
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1.8
(1.8) . ( Py T(k—l)
Pn

For ,u=1 the summability method ‘N1 pn'an(5)’ﬂ

k>1.5>0 reduces to the method
k H - L - !’

N, Py, ez, ()

k21,620,

2. Known Theorems

Dealing with quasi- f - power increasing sequence, Palo et al[4] prove the following theorem.
2.1. Theorem
Let f =(f,)= (nﬂ(log n)y) be a sequence and (X, )be a quasi- f -power sequence.
Let (Zn) a sequence of constants such that

(2.1.1) A, >0,as n—> o,

(2.1.2)

00
Zlan\AHAﬂn\ <o

(2.1.3) [4,|X, =0(@)
o (u-1)(k-1)-1 (u-1)(k-1)-1
(2.1.4) ku Pnj L ol(g [Pnj
n;A(an) [ P, Pnk,l (am) P, '
m Wl P (1) (k-2)-1 |t |k
219 S (] o0,
n=1 pn n
m w(p (#=2)(k-1) |t |k
H n n
(2.1.6) Zl:(an) (Fj o =O0(X,)

where (t,) is the nth (C,1)mean of the sequence (na, )

Then the series Zan/ln is summable‘N’ P, (5)‘k k>1,6>0.

Dealing with quasi- & - quasi monotone sequence, Sarangi et al. [4] Proved the following theorem:

2.2. Theorem

Let f=(f)= (nﬂ(log n)y) be a sequence and (X N )be a quasi- T -power sequence. Suppose also that there

exists a sequence of numbers (An ) such that it is & — quasi — monotone with
(2.2.1) > ns, X, <o
(2.2.2) AA, <06, forall n.

Let (Zn) a sequence of constants such that
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(2.23) A, —0,as n— oo,
(2.2.4) [4,|X, =0(@),

and

(2.2.5) [AZ,| <|A,| forall n.

Then the series Zanﬂn is summable ‘N, P, 0, ,u‘k k>1,6>0.,if

m P ok-1 1 P ok-1
(2.2.6) Z(—”J P—=O( j :

n=v+1 pn n-1 pv
(ok+k-1)-k |, |k

(R Y t,]
2. o Dl —0o(X,.),
(2.2.7) ;(pnj & O(X,)

m P y(o‘k+kl —k+1 |t|
2. - = X ),
(2.2.8) ;(pj e =0(X,)

where (t, ) isthe nth (C,1)mean of the sequence (na, ).

However, extending to summability method ‘N1 Py k>1,6>0, in this paper, we prove the

following theorem.

3. Theorem

Let f=(f,)= ( Iog n 7) be a sequence and (Xn)be a quasi- f -power sequence. Suppose also that there

exists a sequence of numbers (An ) such that it is O — quasi — monotone with
(3.1) > ns, X, <o
(3.2) AA, <o, forall n.

Let (Zn) a sequence of constants such that

(3.3) A, —>0,as n—> oo,
(34) 14, X, =0(),
and
(3.5) [AZ,| <|A| forall n.
(u-1)(k-1)-1 (u-1)(k-1)1
m P 1 ku P
36 — 0| (ea,) |
( ) n=zv+1 ( pn ] Pnk—l ( ) ( pn ] '
(a)(kDL | 1k
m t
3.7) Z (E ) Lnk'_l =0(X,)
m w(p (u-1)(k-1) |t |k
H n n
o Sa (2] b0,
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where (tn) is the Nth (C,l)mean of the sequence (n an)

Then the series Zanin is summable‘N’ Pn, &, (5)‘k ’ k > 1,6 >0.

In order to prove the theorem we require the following lemma.
4. Lemma
Let f =(fn)=(nﬂ (Iogn)y),OS,B<l ,7 >0 be a sequence and(X ) be a quasi - f - power

increasing sequence. Let (An) be a sequence of numbers such that it is & — quasi — monotone satisfying (3.1) and
(3.2). then

(4.1) nX,|A|=0@)

and

(4.2) ixn|An|<oo,as m— co.
n=1

4.1. Proof Of The Lemma

As A, >0 and n” (Iog n)7 X, is non-decreasing, we have

n

nX,|A]=n"" (log n)’y(nﬂ(log n) Xn)iA| A, |

=0@Wn** (logny nivﬁ(log vY X,

v=n

AA, |

= O(l)ivl’ﬂ (logv)™ v/(logv) X,|AA, |

v=n

:O(l)iv X,|AA, |

—o®Sv X,|5,
=0()
This establishes (4.1).
Next
m m-1 n m
Sx, 1a1=3 3%, Jala 1A 3%,
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_O(l)Z[Zn:r #(logr)” r”(logr) erA|An|

+O(1)[Zr (logr)” r*(logry X,j| A, |

m-1

=0@ Y. (n*(logn)" X, A/ A, |Zr #<(logr)” r
+O@Mm” X, | A, [(log m)VZr‘ﬁ‘e (logr)” re,e<1-p.
_O(l)z< (logny (logn) Zr K

m

+O@Mm” X, | A, [(logm)” m=(logm)™ > r =

r=1

= O(l)inﬂ+€XnA| An |[jluﬂ€duj+o(1)m/3+e Xm| Am |(Tuﬂedu]

— 0@ Y X, AlA | +O@MX | A, |

=0 .
This establishes (4.2).

5. Proof Of The Theorem

Let (Tn) be the sequence of (N, pn) mean of the series Zanﬂn, then
n=1

Hence for N >1

PP Zp‘l

n' n-1 o=l

T n—1
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n-1
SRR T P Spy V—+1Al
n P Pn—l v=l n n—l v=l

=T,+T,,+T,,+T,,(say).

In order to prove the theorem ,using Minkowski’s inequality it is enough to show that

H{k=)

m P . .
2 (an)kﬂ(nj ‘Tnj‘ <w,]=1234
n=1 Pn

Applying H 0 Ider’s inequality, we have
st
m kee[ Pn
Y (an) ﬂ(} ‘Tnl
Pn '

n=1

B ngl(an e (En]

n

e (u-1)(k-1)}-L ‘t
(1)2( ) (nj XE_l(xn
n

n=1

-k -2)-1 | K
_ . kﬂPvJ L
g e M o
(,1—1)(k—1)—1‘ k
m k tv‘
+0(1) VE1(%) [Pz] xk-1 m|

:o(l)rr‘]‘z:llxn A0 X i

-0(1)

Next,
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m P, ﬂ(k_) Kk
> (an)kﬂ(p:j ‘Tn,Z‘

kY
P, P

Mk Pn]
nél(an) (Pn
VK — k-1
Pn (e~ k—1-1 1 n-1 k;t k 1 nh-1
D v§ pv—l‘tv‘ ‘ V‘ P VZ_ Py

—0@W % (an )"”[
n=1 Pn

m k k (‘U— B
-on £ 0,15, 8 a1
v=1 n=r+1 pn
(u-1fk-1}1
-0W 3. (e ) (ij

" 0",
=0(@)
Again,

pik-y

g (an)kﬂ(i:j Tn,3k

n=1

Pn nil . 4D
PP Pyl
n-1v=1

(—1)k—-1)1 ~ k n— k-1
Zo(l)ngl(an)kﬂ(?Jﬂ Pkl x kxtE 1A ( S My ]

n
n-1v

k
I:'n—l

(u-1)(k-1)-1
_o(1)z pv M LA, Sk (an)ku(PnJ
n=v+1 Ph

j(ﬂ_l)(k_l) ‘tv ‘ k

VX‘If_l(VAlV ]

=0() E (e, ) [PV
v=1 P

14

_ (1 —1)k ~1) | ‘k
m-1 v P t
-0 = ( El(ar)ku(pr] errlr(l (V‘AZVD

v=1r r
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1)k

(et
ro(maz, )rgl(ar o (Err]

m-1
=0() zlxv(— AL, |+ (v +D)A|AL, )+ O@Q)MX m|Adm|
V=

= 0()

Finally,
pk

m k,u Pnj k
a — T
nél( ) (pn ‘ n,4‘

k
Ph nilpt /1\/+1
PP vV
nn-1v=1

Cm gl Py Y
- £ (an) “(p:‘]j

Z V=1V

k-1
1)k—1)1 B n—1p
W) N
vZ1v vi "v

_ m ke
= O(l)nél(an) ( o

(1) k—1pH1
—om U A na ) (J .
n_

k-1

A D

—o@) %(av e (EJ (x,

k-1
v X,

— _ k
g )kum(“ MY ]
r

rXF_l ‘Aﬂv‘

(e—1)k-1) t k

k—1

O 3 (o K- (Prj
r=1 p r X r

r
m-1

=0(1) zlxv\MV\ +OM)MX m|Adm|
V=

=0(@),

This completes the proof of the theorem.
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