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Abstract.

In this paper we introduce a new concept for Riesz Fuzzy ideal of almost lacunary Cesaro statistical
convergence of > sequence spaces strong P- convergent to zero with respect to an Orlicz function and
examine some properties of the resulting sequence spaces. We also introduce and study statistical convergence
of Riesz Fuzzy ideal of almost lacunary Cesaro of x> sequence spaces and also some inclusion theorems are
discussed.
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1 Introduction

Throughout w, y and A denote the classes of all, gai and analytic scalar valued single sequences,
respectively. We write w® for the set of all complex triple sequences (2,1 ), where m, n, k € N, the
set of positive integers. Then, w?® is a linear space under the coordinate wise addition and scalar
multiplication.

We can represent triple sequences by matrix. In case of double sequences we write in the form
of a square. In the case of a triple sequence it will be in the form of a box in three dimensional
case.

Some initial work on double series is found in Apostol [1] and double sequence spaces is found
in Hardy [7], Mursaleen et al. [8-10], Subramanian et al. [11], Deepmala et al. [12,13] and many
others. Later on investigated by some initial work on triple sequence spaces is found in Sahiner et
al. [14], Esi et al. [2-5], Savas et al. [6], Subramanian et al. [15], Prakash et al. [16-17] and many
others [18-22].

Let (2,,,1) be a triple sequence of real or complex numbers. Then the series Y 7 ;| &, is
called a triple series. The triple series Z::in.?\:l Tk give one space is said to be convergent if and
only if the triple sequence (S, )is convergent, where

-l ¥ .rJ\' 94 @
Lb?nﬂrl\' = E??j?;:]_ ‘T‘.‘;jq('m"r n, k= 17 2! 3! ) .
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A sequence r = (x,,,;)is said to be triple analytic if

1
SUPmn,k |mmnk| mtntk <o,

The vector space of all triple analytic sequences are usually denoted by A*. A sequence x = (2,1
is called triple entire sequence if

1
|mmnk|m+”+k — 0 asm,n, k — oc.

The vector space of all triple entire sequences are usually denoted by I'®. Let the set of sequences
with this property be denoted by A* and I'? is a metric space with the metric

1
d(:}'_‘?? y) = SUPmnk {|mmnk - ynmk|m+n+k tmymy k1,23, } 3 (11)

foralle = {z,,,,.1}andy = {Yi} in 2. Let ¢ = { finite sequences} .

)th

Consider a triple sequence = (x,,,%). The (m, n, k)" section 2™k of the sequence is defined

by almnbl = 3 ;’;.’?;’:kﬂ;rijq%éjq for all m.n.k € N,

0 0 0 0
0 0 0 0
Sijg =
00 .1 0
0 0 .0 0 .|
with 1 in the (7, j.¢)"" position and zero otherwise.
A sequence ¥ = (x,nk) is called triple gai sequence if ((m +n + k)! |;1:nm;\._|}m+i+k — 0 as

m,n, k — oo. The triple gai sequences will be denoted by y*.

2 Definitions and Preliminaries

A triple sequence = = (2,,,,;) has limit 0 (denoted by P — limz = 0)

(ie) ((m+n+k)! |;;::m.,.1;\-_|)1-“fm+"+k — 0 as m,n, k — oo. We shall write more briefly as P —
convergent to 0.

2.1 Definition

A modulus function was introduced by Nakano [18]. We recall that a modulus f is a function from
[0,00) = [0,00), such that

) f(z)=0if and only if 2 =0

Jfle+y) < flx)+ fy),forallz >0,y =0,
(3) f is increasing,
(4) f is continuous from the right at 0. Since |f (z) — f (y)| < f (| —y]|), it follows from here that
f is continuous on [0, 00) .
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2.2  Definition

A triple sequence = = (x,,,;.) of real numbers is called almost P- convergent to a limit 0 if

) tp— — — / .
P - h'mpsqsu_’oosup?'sssfzomiu E:T;Lp? ! Zfa—:f: ! Zi—:: ! ((m +n+ k)‘ |‘L‘mﬂfx‘-|}1! etk — 0.

that is, the average value of (x,,,) taken over any rectangle
{tmn,k):r<m<r+p—-1ls<n<s+qg-—1,t<k<t+wu—1} tends to 0 as both p,¢q and u
to oo, and this P- convergence is uniform in ¢, ¢ and j. Let denote the set of sequences with this

property as [;ﬂ .

2.3 Definition

Let (o) s (Grst) s lﬁ) be sequences of positive numbers and

g1 qi2 .. qis 0.
@21 Q22 ... G2 O...
Qr = . :(I11+‘I12+---+Q7-s#0,
dr1 4r2 ... Grs 0...
(0 0 .0 0 0.
[G11 Gi2 - s 0..]
Qo1 Qo . Goy 0.
@.9: . :@11+612+”_+§m?£0!
q? 1 QTZ 61'5 0
[ 0 0 0 0
(T11 T2 G, 0.
o1 922 Gy, 0O
515 = - =T+ T2 + ..+ qrs # 0. Then the transformation is given by
E’rl E’FQ E?'S 0...
0 0 .0 0 0.
TTS“’ - Q 61 5 Z:a:l Zf}.:l Zi:l qmqnﬁk ((m +n+ k)f |'Tmnk| )lfﬂl—'—ﬂ—i—k is called the Riesz mean of
Taswt

triple sequence x = (Tynk) . If P — limysi Tyt (2) = 0,0 € R, then the sequence & = (zynp) is said
to be Riesz convergent to 0. If z = (x,,,1) is Riesz convergent to 0, then we write Pp — lima = 0.

2.4 Definition

The triple sequence 6, p; = {(m;,ne. k;)} is called triple lacunary if there exist three increasing
sequences of integers such that

mg = 0,h; = m; — m,—1 — o0 as i — o0 and
ng=0,hy=ny—ny_y — oo as { — oo.
kgzO,hj:kj—kj_lﬁooasj—)oo.

Let m; ¢ ; = m;ngk;, h; g ; = hihgh;, and 8;; ; is determine by
Lo ={lm.n.k) :m_y <m<mzandng_y <n <ngandk;_y <k <k;}.q. =

mp
mp—1

ng =
ng—q’ q.?

2 4r =

f\‘-j_l .
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Using the notations of lacunary Fuzzy sequence and Riesz mean for triple sequences.

Oi0; = {(mi,ne,k;)} be a triple lacunary sequence and ¢,,7,g; be sequences of positive real
numbers such that Qm, = 3 ,.0mPmo@ne = 2ne(me) Pres@ny = Zkeor,) Py and Hi =
ZmE{O,?T‘»i] pmz-sH = ENE(U,?!{] pﬂsz = Zke(ﬂ,kj]pkj' Clearly, H; = Qmi - (-‘qu;_lsH:f = Qn,g -
an_l,ﬁj = U, — Qp,_,- If the Riesz transformation of triple sequences is RH-regular, and
H;=Qpn, — Qm,_, -+ 0 asi— oo, H = Zneorw]pm —ocoasl — oo, H = Zkefok Pk — 00
as 7 — oo, then 92-5 = {(mi,np k;)} = {(szQnJQM)} is a triple lacunary sequence. If the
assumptions @, — oo as r — 00, , — 00 as s — oo and @, — 00 as t — oo may be not enough to

obtain the conditions H; — 0o as i — 0o, Hy — 00 as £ — oo and HJ — 00 as j — 0o respectively.
For any lacunary sequences (m;), (n¢) and (k;) are integers.
Throughout the paper, we assume that Q, = qi; + g2+ ...+ ¢s = 0 (r = ), Q, =G + 5 +

 H TG =00 (8 = 00),Qy =Gy +Gy2+. .- +G.s — 00 (t — 00), such that H; = Qpn, —Qm,_, — o
asi%oo,ﬁgz@m le—>ooas€—>ooandHJ—Qk ij_lﬁooasj—)oo.
Let Qg k; = QméQkaj, wj = H;H/Hj,
Ly = {(m.n E): Qu_y <m < Qs Q,,, <1 < Qy and@kj_l <k< @kj},

A Qm 17 Qn % . Q’\ rl_ :
Vi P O 1F—J—Q£_ andIJ—ij_ and Vip; = ViV, V',
If we take ¢,, = 1., = 1landq, = 1 for all m,n and k then H,p;, Q. Vie; and I;E"j reduce to
h:f'J qilg, Vitj and Iaf_;i

Let n € N and X be a real vector spa,ce of dimension m, where n < m. A real valued function

dp(z1,...,2,) = ||(di(z1), ... ,dp(2))||p on X satisfying the following four conditions:
II( dl Tl) ..... ,dy ()|, = 0 if and and only if dy(x),...,d,(z,) are linearly dependent,
i) [(di(z1), ... dn(z,))||p is invariant under permutation,

(i)
(
(iii) [|(ced ( -1'1) oy adn (@) |lp = lal [[(di(z1), .y dnl@n))|lpy o € R
/

(iv) dp ((21,21), (xz,yz) o (TnaYa)) = (dx(2raa. o 20)” 4+ dy (Y1 vz, ya)P)VP forl < p < ooy
(o)
(v) d((z1,91); (X2, y2),+++ (Tny Yn)) == sup {dx (1,72, @), dy (y1,¥2, - yn) }
for oy, 29, -, € X, 41,42, -y, € Y is called the p product metric of the Cartesian produect of n
metric spaces is the p norm of the n-vector of the norms of the n subspaces.

A trivial example of p product metric of n metric space is the p norm space is X = R equipped

with the following Euclidean metric in the product space is the p norm:

dip(z11) dig(z12) ... din (T10)
do1 (x21) doo(ma2) ... don (1n)

I(di(@1)s . du(@a))llE = sup (|det(dymn (2n))]) = sup

L dﬂl (mnl) dn? (‘TTIQ) dnn (?rﬂn) |

where x; = (z;1,- - x5,) € R? for each i =1,2,---n
If every Cauchy sequence in X converges to some L € X, then X is said to be complete with respect
to the p- metric. Any complete p- metric space is said to be p- Banach metric space.

2.5 Definition

A family 7 < 2YY*Y of quhsets of a non empty set Y is said to be an ideal in V" if
(Hoeel
(2) A,Belimply A|JB el
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(3) Ael,BC Aimply BeI.

while an admissible ideal I of Y further satisfies {z} € I for each 2 € Y. Given I < 2M<MxN e
a non trivial ideal in N x N x N. A sequence (.-rmﬂ)m_n.kewaxN in X is said to be I- convergent
to 0 € X, if for each € > 0 the set A(¢) = {m,n e Nx NxN: |[(dy(z1),....dn(2,)) — 0|, > €}
belongs to I.

2.6 Definition

A non-empty family of sets F' < 2X*¥*X i5 a filter on X if and only if
(1) peF

(2) for each A, B € F, we have imply A( B € F

(3) each A € F' and each A C B, we have B € F.

2.7 Definition

An ideal I is called non-trivial ideal if I # ¢ and X & I. Clearly I < 2> is a non-trivial ideal
if and only if F = F(I) ={X — A: Ael}isafilter on X.

2.8 Definition

A non-trivial ideal I < 2¥*YX js called (i) admissible if and only if {{z}:2x € X} c I. (ii)
maximal if there cannot exists any non-trivial ideal J # I' containing I as a subset.

If wetake I = Iy = {ACNxNxN:Aisa finite subset }. Then I is a non-trivial admissible
ideal of N and the corresponding convergence coincides with the usual convergence. If we take
I=I;={ACNxNxN:J§A) =0} where 6 (A) denote the asyptotic density of the set A. Then
I is a non-trivial admissible ideal of N x NN x I and the corresponding convergence coincides with
the statistical convergence.

Let D denote the set of all closed and bounded intervals X = [x1, 22, 23] on the real line RxNx N,
For X.Y,Z € D, wedefine X <Y <Zifand only if 21 <y <21, 22 < o < 29 and z3 < y3 < 23,
d(X,Y) = max{|zy — 1 — 21|, |x2 — y2 — 22|}, where X = [z, 2, 23] and Y = [y1, y2, y3].

Then it can be easily seen that d defines a metric on D and (D, d) is a complete metric space.
Also the relation < is a partial order on D. A fuzzy number X is a fuzzy subset of the real line
R xR x R ie. a mapping X : R — J(=[0,1]) associating each real number ¢ with its grade of
membership X ().

2.9 Definition

A fuzzy number X is said to be (i) convex if X (t) > X (s) A X (r) = min{X (s),X (r)}, where
s <t < r. (ii) normal if there exists tp € RxRx R such that X (t5) = 1. (iii) upper semi-continuous
if for each € > 0, X1 ([0, a +€]) for all a € [0,1] is open in the usual topology of R x R x R.

Let R (J) denote the set of all fuzzy numbers which are upper semicontinuous and have compact
support, ie. if X € R(J) x R(J) x R(J) the for any o € [0,1],[X]” is compact, where [X]|* =
{teRxRxR: X (t)>a,if aec0,1]}, [X]"=closure of ({t e Rx R x R : X (t) > a,ifa = 0}).

The set R of real numbers can be embedded R (J) if we define 7 e R(J) x R (J) x R (J) by

_ 1, ift=r:
r(t) = :
{0, ift#£r
The absolute value, | X | of X € R(J) is defined by

mar{X (t), X (—t)}, if :
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Define a mapping d : R(J) x R (J) x R(J) — Rt U {0}by

d(X,Y) = supocacid ([X]*, [V]*.[2]").

It is known that (R (J), (f) is a complete metric space.

2.10 Definition

A metric on R (.J) is said to be translation invariant if 4(X +Y.Y +Z) =d(X,Z), for X,Y.,Z €
R(J).

2.11 Definition

A sequence X = (X,,,.,;) of fuzzy numbers is said to be convergent to a fuzzy number X if for
every € > 0, there exists a positive integer ng such that d (X ., Xo) < € for all m,n, k > ng.

2.12 Definition

A sequence X = (X,,.x) of fuzzy numbers is said to be (i) I-convergent to a fuzzy number Xy if
for each € = 0 such that

A={mnkeN:d(X, ... Xo) > €} el

The fuzzy number Xy is called I-limit of the sequence (X,,,%) of fuzzy numbers and we write
I —1limX,,. = Xo. (ii) I-bounded if there exists M > 0 such that

{'m._.ﬂ-._.k eN: d{Xmﬂk!G) > ‘1"{} el.

2.13 Definition

Let d be a mapping from R (I) x R (1) x R(I) into R* (I) x R* (I) x R* (I) and let the mappings
L,f :[0,1] x [0,1] x [0,1] — [0,1] x [0,1] x [0,1] be symmetric, non-decreasing Musielak Or-
licz in both arguments and satisfy L x L x L(0,0,0) = 0 and f x f x f(1,1,1) = 1. Denote
d(X,Y,Z)], = (XY, Z2), (XY, Z)]. for X,)Y e R(J) x R(I) x R(I) and 0 < o < 1.

The (R(I) x R(I) x R(I),d,L x L x L, f x f x f) is called a fuzzy p- metric space and d a fuzzy
translation metric, if

(1) d(X,Y)=0ifandonly if X =Y =Z,

(2)d(X,)Y)=d(Y,Z)d(Z,X) forall XY, Z € X,

(3)forall X, Y, Z € R(I) x R(I) x R(I),

() d(X, Y, Z)(s+t+u) > LxLxL(d(X,Y)(s),d(Y,Z)(t),d(Z, X)(u)) whenever s < \; (X,Y), ¢t <
MY, Z),u< M (Z,X)and (s+t+u) < M (XY, Z),

(i) d(X,Y)(s+t4+u) < fxfxf(d(X,Y)(s),dY,Z)(t),d(Z,X)(u)) whenever s > \ (X, V), t >
MY, Z),u> M (Z,X)and (s+t+u) <A (X,V, 7). The following well-known inequality will

be used throughout the article. Let p = (pmnk) be any sequence of positive real numbers with

0 < prnk < SUPmpkPmnk = G, D = max {13 2G — 1} then

|amnk + bmnk |pmnk < D (|amnk |Pmnk + |bmnk|pmnk) for all e, 1, k€N and Uk bmnk e C.

Also @i '™ < max {1, |a|G} for all @ € C.
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3 Fuzzy Ideal Lacunary CeAro (111~ statistical convergence of triple

sequences
Let A = [aﬁf:;k] :?_.n_.k:ﬂ be a triple infinite matrix of real number for p,q,r = 1,2, --- forming the

S
oo 00 00

ﬂpqv Z Z Z amﬂﬂs ( (ﬂ?' +n+ k‘)!ank) 1/minth s 6) (31)

m=0n=0 k=0

Called the A means of the triple sequence X vyielded a method of summability. We say that a
sequence X is A summable to the limit 0 of the A mean exist for all p,g, 7 = 0,1, --- and converges.

w P 1/m+nt+k
hmm W— 00 Zm Zn Z mnk m +n+ k‘)!ank) ! = Mpgr

and

limpgr o0 ppgr =0

Define the means

- 1/ k
Ui;g?- =L ia:ﬂ Z?z:ﬂ ZL:O ((m+n+ k) Xk jmtn

par
and
1/ kE A
A qu Zm =0 g:l) Z-;;:D ai?;k (((m +n+ k)!ank} jmtnt 3 0) .
We say that X = (X,,,1) is statistical summable (C, 1,1, 1) to 0, if the sequence o = (agnk) is
Fuzzy statistically convergent to 0, that is, sty — lim,,, qur 0. It is denoted by (11 (st3), the

set of all triple sequence which one statistically summable (C,1,1,1).
The main aim of this article to introduce the following lacunary fuzzy sequence spaces and ex-
amine topological and algebraic properties of the resulting sequence spaces. Let f = (f,...) be

a Musielak-Orlicz function, (X, (d(z1),d(x2), -, d(xn-1)) ||p) be a fuzzy p—metric space, and

1/m+n+k =
mnk 0) << 00, be a se-

Aopgr (X) — 0 and as m,n, k — oo and Aoy, (X) = supnm;\-_ai?;k (X
quence of fuzzy numbers. Using the concept of fuzzy metric, we introduce the following class of
sequences:

Let ¢m,@, and G be sequences of positive numbers and Q, = q11 + -+ ¢rsy Q¢ = Gy - - - Gps and
(Qt:all'“qrm _

If we choose ¢, = 1,G, = 1 and G, = 1 for all m,n and k, then we obtain the following lacunary
fuzzy bequence bpa,ces.

3I(F)
[ qu || 2)“",(11(;1,‘-,1_1) || } =
Zm 12?1 IZ}\ 1@?‘?1@ ?i\- |:f (A(T};E?., ||(d (;1,‘1) ,d[:;{,‘Q) g ?d(i"n—l))”p)} =0e

P—h??h-,s,«c—;oo

QrQ .Q
I, uniforml}, in 1, ¢ and 7.
I(F)
(A N @) d (22) - d )] =
1 T s t — = .
P — S'Upr,s,tﬁsa m=1 Zn:l Ek:l Im9n 9k {f (A Tpgrs (d(rl) d(.l,z) P ,d(:l?n_l))||p):| < oo e

I, uniformly in %, ¢ and 7.

3.1 Definition

Let f be an Musielak Orlicz function and
0,0 = {(m4,ng, kj)} be a triple lacunary fuzzy sequence [ 8-:; |(d(x1).d(z2), - ,d(xp—1)) ||p} =
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P— Ii-mi,g,jthj Zmefz',f,j Z?%Ef«;,f,j Zr‘fEI«;__f,j {f (Acr;};?., I(d (1), d(22), - ’d(‘rﬂ_lj)”p)} =0el

uniformly in 4, £ and 7.

We shall denote {Xafgg (d(a1),d(x2),- _d(alr‘n—l))Hp} as
{ jfgif |(d (x9),---.,d (;;::n_l) ||p} respectively when p,,,r = 1 for all m,n and &k If X is in
{ jfgtf |(d d(zs),- ,d(x,-1)) ||p} , we shall say that X is Fuzzy almost lacunary x* strongly
p— comergent mth respect to the Musielak Orlicz function f. Also note if f (X) = X for all m,n
and k then |:X3jg.§:] I(d(z1) ,d(22), - d(z,1)) } { ;Igf I(d (w3),--- 3d(irn—l))||p:|
which are deﬁned as follows:
e N (@) yd (a2) - ,d(-vn_mnp} -

P - !Zmz‘f‘jm Z?TiEI@rf‘j ZTIEI‘LE‘___} Zr‘\‘efi__f‘j |:f (AU;}:;?, || (d ('1"1) ?d ('1"2) (I '.‘d (T71_1))||p):| =0 € I?
uniformly in 4, { and 7.
3.2 Definition

Let f be an Musielak Orlicz function, we define the following sequence space:

DG @) s () d (e =
P — h'm-r,s_.t—&oo Z;z:l Zi:l Zi‘-:l Gm |: (Aﬂ'pqr ||(d( ) d(Tl) (Tn 1 || )} =0e I._. uni-

formly in 4, £ and j. '
If we take f(x) = = for all m,n and k then {X?I(‘F),H(d(;rl) cd(x2),- - 1ci'.'(;x:ﬂ_l))||p} =

{Xafc:F), (d (1) ,d () ,-- ,d(xn—l))Hp} :

3.3 Definition

Let 6; s ; be a triple lacunary fuzzy sequence; the triple sequence X is C'1q (qu;__g__ j) — p- convergent
to 0 then
P - hmlgj T AT L

(k) € Ty s [F (A0 M (e0) d ) deaa),)] =0 €1} =

In this case we write C'11 (591;__5__3-_) —lim (f (m+n+ k) |Tptintoht; — O|)1*”m+”+"" =0.

4 Main Results

4,1 Theorem

Let f be an Musielak Orlicz function and

0,05 = {(mi,ng kj)} be a triple lacunary sequence [ 3{95’ (d(z1),d(x2),- d(:rn_l))Hp} is
linear space

Proof: The proof is easy. Theorefore omit the proof.

4.2 Theorem

For any Musielak Orlicz function f, we have

DGe M () sd () - d @))€ [Nl (A (1) o d @2) o+ d (@),
Proof: Let z € [XM ED N @)y d (22), - o d (@ny) )Hp}
D @ @) d @), d e, =
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‘. l -

P - hmi F-qu?' hig; Z£1=D,meh__5__j Z‘E=D,n€fz‘,g‘3 Z}\-.:D,kEfz__f_J
KAGPQT 1(d (1), d (22) , - - ,d(:rn_l))Hp” — 0 eI, uniformly in i,/ and j.
Since f is continuous at zero, for ¢ > 0 and choose ¢ with 0 < § < 1 such that f (f) < € for every ¢
with 0 <t < 4. We obtain the following,

1 o 1 o q T
hies (hl'{"JE) + parhig; Zm:ﬂ,mEL;__g_J— Zn:l)_.nEL;‘,g‘j Ek:ﬂ,kefi__m and|.cm+1-‘ﬂ+g__k+j—0|}§
£ (A0, N @) d (@) - d o)) )}

. ) 31
7t (hiye) + FEKG () hiy [ 1(d (@) (o) - d(xn_l M

3I(F) ”

Hence i, £ and j goes to infinity, we are granted x € [ Xq.60; (z2), -+ ,d(xn-1) ||

4.3 Theorem

Let 60,0, = {my,ne, k;} be a triple lacunary fuzzy sequence with liminfiq; > 1, liminfiq >
1 and liminf;q; > 1 then for any Musielak Orlicz function f,

{XSHF), [(d(x1),d (22),- - ld('rn—l))||p:| C [Xjfg(ij I(d(z1),d(22) - d(mn—l))||p:|

Proof: Suppose liminf;q; > 1, liminf;g; > 1 and hmmquj > 1 then there exists 4 > 0 such

that ¢; > 14+4d, @7 > 1+ 0 and ¢; > 1+ 4. This implies j:: > 1+5 f:—izl‘%and:—;E%Then

for z € o (P), we can write for each r, s and u.

— 1 Y q
Bi|€sj  parhig m=0mel; p ; En*ﬂnefz-fj Ek*ﬂ RSP |:f( Tpars || d(Tl) d(‘l’z) d(m?i—l))||p):|

mEfn ozn 0 A n[f (AU pgr (d (1) ,d (x2),- d(zn-1)) ||p):| -
1 P q T -
m nq;,:lﬂ nf:a LL& |:f (Agpqv || ‘1’1) ‘d(‘TQ) ‘d(‘l’ﬂ—l ||p):| -
1 i qi— Tj—
mZﬁl—mﬁLo n=5 3\-3—5 [f( T pgrs [(d (1) ,d(22), ,d(zn-1))| )] -
P . o
pgr, hlf: Z?s kj +[}Zn =ng_ o-l—l]zn: i [ ( pq?“”(d(il)id(dﬂjr“ d(Tn 1 ”p)}
mangh;
Ty (mz*;: 0 X0 i |1 (A0 I (@) d (@) - d (@), ) |) -
mp_1ng_1k;_q
Pq?‘:"'%fj
1 Pi— q .
(mi_ln,g_ll‘j—l m=00 nf—g }'\ D |:f (Aopqr || Tl)‘d('}'Q)"" TR 1 ||p)})

kj— 1 : qe— J _ ng_ 1
pq:_.h;'j (kj 1 i:—m«; o+0 ‘n:g k.:O |:f ( pqv ||(d ‘1’1 ( 2) [ ‘1’11—1))”3;)} ) _pq::h:fj (Tlf_l if:ﬂ?k—o—i'o
_ Ph— X
pz;:-{ch;j (m{\ 1 z n=rny_g+0 ﬁf:g |:f ( Opars ||(d '1’1 ( 2) 3 3d(a’ﬂ—1))||p):|) .

Since x € [ E) ||( H (zq),d(23) - ,d (:rn_l))Hp} the last three terms tend to zero uniformly in

m,n, k in the sense, thus, for each r, s ancl u
mamgk; 1 " )
Bitj = artis (W =0 =0 20 {f (AJW I (@1),d(z2), - ’d(a’”_l))”i")D -
Tij—17f—1 ko — — )
qu:*'f‘h;jj - (?'ﬂ.z 1rg ki1 Zm =0 gf:ﬂu ?J 0 {f (Aapqv ” (d(z1),d(x2),-- Td(:rn—l))”p)})—i_o (1).

Since hj¢; = mingk; —m;_1ny_1kj—1 we are r-franted for each 7, ¢ and j the following

myngkj < :I: and Muzoni- okj—o < 1
bpgr, hzé‘j pgr, hz!‘j 0

The terms
(7 oo DI T [ (A0 I (1) d (22) -+ sd (wamn))]l, )| ) and
( 1 Pizo §t-0 75-0 [f (AJW I(d (1), d (z2) - ,d(:rn—l))Hp)D are both gai se-

mi—1ng—1kj—1 m=0 Lin=0
quences for all i,/ and j. 'Thllb Blgj is a gai sequence for each i, f and j.

Hence x € [ijg(g; (d (@) .d (@), d (@),
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4.4 Theorem

Let 6, ;; = {m.n,k} be a triple lacunary fuzzy sequence with limsup,q, < oo and limsup;G < oo
then for any Musielak Orlicz function f,

3F : )
[ M@ @) d (@), d ()] [x”ﬂﬂ, l(d @) .d (@), d @),
P100f Slnce hmsupiqg- < oo and limsup;q; < oo there exists H > 0 such that ¢; < H, 7 < H
and ¢; < H for all i,/ and j. Let = € xzjg(f; ||(d d(x2),--,d(x,-1))|,| . Also there exist

ig > 0,£y > 0 and j5 > 0 such that for every a > iy b 2 EU and ¢ > jp and 7, ¢ and 7.

’

A

1 2 q
par Rabe m=0,m&ly b Eﬂ =0,n€lg b, Ek =0kl b, |:f (AUPQ‘?"‘
Oasm,n, k — oo.

abe —

(d(‘rl)!d(xQ) PR -_-d(mn—l))HP)} —

Let @' = max {A’ be 1<a<ip, 1<b<lyand 1 << jo} and p, g and r be such that m;—1 <
p <my, np—p <g<mngand m;_; <r < m:F Thus we obtain the following:

A oS i | (Ao;:; (1) d (@2), s d(wamn))] )}

< e T L0 T [f (A%;.,H(dm, (2) s d (w1l ) |

< T Soamt St Soim

(22 cometan. Dictnerun. Shcoeto. |[f (405 I(d (@) d (@), d @), |)

1 o 'D Jo ! 1 !
T opgrimi—ing_y ki Za=1 Z ce=1 ha b, CAa b C+mk_1n,g_1kj_1 Z{io <a<i) | J(lo<b<l) (fo<c<]s) h'a.-b.-ﬁ'-Aa,b,c
!

!

[ i 1
< parmg_1ng_1kj_q a=1 b—l EC‘ 1 ha be + parmg_yng_1ki_y Z{io <a<i) | (Lo <b<f) U (Jo=<c<)) hﬂ b CAa_.b_.c
!
(e m«;oruokjoéofgjo 1 '
< parymg_yng_1kj_q + Pgram g 171 Z(‘ig(aﬂi]U(fo <b<<0) | J(jo<ec<j) h'a.-b.-f-Aa,b,c
’
G migmngg ;. iofojo '
Jo . ) ) 1 -
< pqr mi_1ng—1k;_q + (Supﬂziu Ubzlal) CEJOAa,b,c) param_yng_1kj_q E(in <a<i) | J(fo<b<l) U(jo<e<g) ha:b:f-
' g TGk, zgfgjg . ;
< PTG — 1R3 1 paromg_qng_1kj_y Z(io{agi] (Jla<b<i) | J(jo<c<s7) ta,b,c
!
G my ng k. talodo .
< 0 0%g +eH3.

pgroma—1ng_1ki—1
Since m;, ny and k; both approaches infinity as both p,q and r approaches infinity, it follows that

Y 0 Do | (A I (1), (22) -+ d (@), )| = 0, uniformlyini, cand;

Hence = € [X'M(FJ, 1(d (1), d (x2) , - - ,d(:rn_l))Hp} .

4.5 Theorem

Let ;¢ ; be a triple lacunary fuzzy sequence then

§) (@) = [0, (d (1), d (@2) -+ o d (@a-)l,] O (S, )

(ii) [( Pl (d(zy),d(zg), - ,d( ;1:11_1) | )} is a proper subset of ;14 (Sgif‘j

(i) If = € A% and (@) 5 [\TE, (d (1) 1 d (@) -+ o d (@), ] Crur (Sa, ) then @) &
(G0 1 @) d (22) -+ o d ()| }

(iv

iv) [ 3LE) \(d () ,d (@), ,d (1)) }Om (.cj;;)mﬁ:

g

{ Xg,6C; (d(z1),d(z2),- - ,d(zn1))] }r‘l A%
Proof: (i) Since for all i,/ and j
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|{(m,0,0) € Ly = [(A05 (1) d (2, d wamn))l]) |} = 0] <

X
Zil=0,??ie_{@‘f‘j Z?;.=D_.NEI@__E‘__J' Zk:ﬂsk_eh‘f‘j ﬂﬂd|-l'm+«;_.n+£,k+j|=0 |:(Ao—pqr! ”(d( ) d(TZ) ( Lp— 1 || )}
< X metys, Dtmomety, Sheoier,e, | (A0 (d(21) d(22), - d (20-1) ||p)} , for all i,
and j
P — hml P-J‘m th’l:D,ﬂ?EIi__f__j Zz=0,neh‘f‘j Z}c:D_.kEIi__f__j

(40 (@ (@) d (@), d(@am),) | = 0

This implies that for all ¢, ¢ and j
P —timig et |{ m,n, ) € Ly - [ (A0, N(d (1) d (22) - d @), )|} = 0

(ii)let # = (2,1 ) be defined as follows:

m4n+k
LR S 2]

(m+n+k)!
m

n+k
1 92 3 ___[\/pqr.he,s,g o 0

(m+n+k)!

. m+n+k
19 3 WerEeTT

(irmnk) = (m+n+k)!

Here z is an trible sequence and for all Z, ¢ and 7
P— !img__g_jm {(m,n,k) eligj: [(Aapq? (d(21),d(x2),--- ,d(xn—l))Hpﬂ = OH =

ks 1/ m4n+k
1 ((m-l—n-i—k)! [\4!}?@‘?',]1«;__18& e ) ! -0

Jie g (m4n+k)!

P limy g5
Therefore (a B [\ 3I(F) d Cii1 (Sg,, ). Als
ererore ('I'rnnfx‘-) — | X 3 ||( ) (Tz) (‘1’?1 1)) || “111 B0 50
;- 1
P — E?'mi.-g.-j parhig Eii:ﬂ,mef@_&j E?“!:O,T?,Efz‘f‘j Z;\?=D,ke.{-‘i’__§__j

(a0, d @) d (@) - d (@a),) ] =
m4n—+k m4n mn';"’?“ﬂk
P—% (I'wn o h ((ﬁl‘f'ﬂ‘f'k-:]![\4/}3?7',!'2?;,1‘,:? * H[\‘l/pqv'_.h«;,f,j * +k[\4/pqr,h«;,f,j i H)l' rr +1) _
B pardig g g

(m+n+k)! o
1
2° P
3(F)
Therefore (z,,,.1) 7 {qu)(-if (d(xy).d(zg), -+ d(xz—1))| }

(iff) If o € A® and (rmm [xsf’ffh I(d (1) d (@) -y d (ne)| Craa (S, ) then () 2

3IF
O (A ) d o) - d G

Suppose = € ;"L3 then for all ¢,¢ and j, [(Aopq? I(d (x1) ,d (z3), - ,d (1)) )} < M for all
m,n, k. Also for given € > 0 and 7. and 7 large for all i, ¢ and i we ohtam the following:
;pqv'_.lhuj an:ﬂ,meh‘gd— ZE:D,HEI@‘EJ EL:G,kEIi__g}j [(Aapqr || ) d(TZ) ('l'n 1) || )}

1 P q r
parhigg Zm:ﬂ,nzef«;‘f._j Z?‘!:D,??.Ef'z;‘f‘j Ek:ﬂ,kefi__,g__j and | Trntiontl, ket |ZD
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[( Ko l(d (@) d (@), d(@aen)ll,) | +

par, hw Zip“ melie 2on=0 n€lye ZLE!’«;.M and | €yt intt, k45| <0

(A0, (@ (@) d (@) -y d (), |

{(m nk)el;o;: [(Aopq? I(d(x1),d(x2),-- d(‘rn—l))”pﬂ } = 0‘ +e.

= pqrh i€]

Therefore x € A® then (z,,,.1) L { 31’9{1 I(d(z1),d(z2),- - d(zn-1))l,] -

(v) [ || 21),d(22), -+ d (zam1)ll,] O (bem)n A =

[ ANIIC d('rz) (.1,,1 1) I }ﬂﬂ“". follows from (i),(ii) and (iii).

4.6 Theorem

If f be any I\Iuaielak Orlicz function then

o )dea). un D)l,| & IO, @1) ,d @) -+ o d @a-0), | O (Sac, )
Proof: Let = [ X (@ () d (22) - d ()] for all i, and

Therefore we have

s X ometny Do netun, Shoneton, | (A0 Id (@) d(@2) - d (@)l ]
oo Zilzo el e 2om=0nelye; k=0 el,y, and |t 4r s et | =0

[f( X l(@ (@), d (22), - d @), )] >

s | (A0 Id (21) s d () -+ d (a-)) )}

{m.n,k) € Lo+ [£0) (A0, (@ (@r) d @)+ da),) | =0}

Hence o ¢ [, |(d (21) d (2) - ,d(rn_l))np} Cin (%W) .
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