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Abstract  

In [10], all Moufang loops of order 
33qp  where p  and q  are odd  primes with qp < , were shown to be 

associative if and only if )1( pmodq  . In this paper, we generalize this result to Moufang loops of 

order 
33

2

3

1 nppp    for distinct odd primes 1 2, , , np p p with )1( ji pmodp   for every , {1, , }i j n  . 

Keywords: Loop; maximal subloop; order; nonassociative. 

 

1. Introduction 

A loop  ,L  is said to be a Moufang loop if for any   the identity 

  is satisfied. It has been proven that Moufang loops can be classified and 

resolved once the order of the given Moufang loop is known. Moufang loops of even order have been successfully 

resolved and the odd order is still being resolved. 

Verifying the associativity or nonassociativity of Moufang loops of odd order 
33

2

3

1 nppp   was put forward by 

Leong F. and Rajah A. in [3]. Over a period of several time other results were obtained and culminated in the 

resolution of Moufang loops of odd order 
33qp  and  where p  and q  are odd  primes with qp <  and 

)1( pmodq  as seen in [10] and [11] respectively. As a result of the aforementioned the possibility of resolving 

all Moufang loops of odd order 
33

2

3

1 nppp   now became the next focus and has been resolved as presented in this 

paper. 

2. Definitions and Notations 

 The following definitions are quite standard. One can refer to [1], [2],  for further details.   

1.  A loop  ,L , is a binary system that satisfies the following two conditions: (i) specification of any two of the 

elements  in the equation  uniquely determines the third element, and (ii) the binary system contains 

an identity element (we denote it as 1).  

 2.  A Moufang loop is a loop  ,L  such that    for any  . 

(From now on, for the sake of brevity, we shall simply refer to the loop  ,L  as the loop L . Also, we shall write 

  simply as  ,   as  , e.t.c.)  

http://www.scitecresearch.com/journals
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 3.  The associator subloop of L  is denoted as  LllllLLLL ia |),,(=),,(= 321 . In a Moufang Loop, aL  is 

the subloop generated by all the associators   such that . It is 

obvious that L  is associative if and only if {1}=aL .  

4.   is called the inner mapping group of L , where   

  

  

  

  5.  The commutator subloop of L , denoted cL , is the subloop generated by all commutators  in L , where 

. 

6.  The subloop generated by all Ln  such that  for any   is 

called the nucleus of L . It is denoted as )(LN  or simply as N .  

7.  Suppose  is a subloop of L . Then  

 for all .  

8.  Let M  be a subloop of L  and   a set of primes.  

        (a) M  is a normal subloop of L , denoted LM  , if MM =  for all )(LI .  

        (b) A positive integer n  is a  -number if every prime divisor of n  lies in  . 

        (c) For each positive integer n , we let n  be the largest  -number that divides n . 

        (d) M  is a  -loop if the order of every element of M  is a  -number.  

        (e) M  is a Hall  -subloop of L  if ||=|| LM .  

        (f) M  is a Sylow p -subloop of L  if M  is a Hall  -subloop of L  and   contains only a single  

prime p .  

 9.  Assume M  is a normal subloop of L .  

        (a) M  is a proper normal subloop of L  if LM  .  

        (b) ML/  is a proper quotient loop of L  if {1}M .  

 10.  Assume M  is a normal subloop of L .  

        (a) M  is a minimal normal subloop of L  if M  is non-trivial and contains no proper nontrivial 

subloop which is normal in L . In other words, if there exists LH   with MH <<{1} , then {1}=H  or 

M .  
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        (b) M  is a maximal normal subloop of L  if M  is not a proper subloop of every other proper 

normal subloop of L . In other words, if there exists LH   such that HM < , then HM =  or LH = .  

11.  ),( nm  is defined as the greatest common divisor of the integers m  and n .  

3. Basic properties and known results 

 Let L  be a Moufang  loop. 

Lemma 3.1. L  is diassociative, that is,  a group for any  . Moreover, if  for some 

, then  is a group. [10, Moufang's Theorem, p.1360]  

Lemma 3.2.  )(= LNN  is a normal subloop of L  [1, Theorem 2.1, p.114]. Clearly N , is a group by its 

definition. 

Lemma 3.3.  Suppose LK  . Then 

(a) KL/  is a group implies KLa  . 

(b) KL/  is commutative implies KLc  .  

[6, Lemma 1, p.563] 

Note that the properties above hold for all Moufang loops in general. However, the following properties hold only 

for finite Moufang loops L . 

Lemma 3.4.  Suppose K  is a subloop of L . Then || K  divides || L . [10, Lagrange's theorem, p.1360] 

Lemma 3.5.  Suppose K  is a subloop of L , and   is a set of primes. Then  

    a.  L  is solvable. [2, Theorem 16, p.413]  

    b.  If K  is a minimal normal subloop of L , then K  is an elementary abelian group and 

         {1}=,|),,(=),,( 21  LlKklkkLKK i . [2, Theorem 7, p.402]  

    c. K  is a normal subloop of {1}=),,(, LKKL  and 1=|)/||,(| KLK  implies NK  . [2, 

Theorem 10, p.405]  

    d.  L  contains a Hall   -subloop. [2, Theorem 12, p.409]  

Lemma 3.6.  L  is a group if   

      a.  , where  and  are primes with    ,  and 

. [4 , Theorem 1, p.482] 

 b. 
32

2
1

1|=| qpppL n
n


 , where nppp ,,, 21   and q  are distinct odd primes with )1( ipmodq   

and 21  i . [9, Theorem 4.2, p.970]  
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 c.  
33|=| qpL , where p  and q  are odd primes with qp < , and )1( pmodq  . [10, Theorem 4.6, 

p.1364] . 

Lemma 3.7.  Suppose || L  is odd and every proper subloop of L  is a group. If there exists a minimal normal 

Sylow subloop in L , then L  is a group. [10, Lemma 3.15a, p.1361] 

Lemma 3.8.  If  there exist KH ,  in L  such that LKH   and 1=|)/||,(| HKH . Then LH  . [10, 

Lemma 3.10, p.1360] 

Lemma 3.9.  Let 


qpppL n
n2

2
1

1|=| , where 21    and each ip  is a prime such that 

qpi < . Suppose:  

    i.  every proper subloop of L  is a group, and  

    ii.  there exists a Sylow q -subloop normal in L .  

 Then L  is a group. [3, Lemma 3, p.879] 

Lemma 3.10.  Let L  be of odd order, K , a minimal normal subloop of L  such that LK  , and Q , a Hall 

subloop of L . Suppose all proper subloops and proper quotient loops of L  are groups, 1=|)||,(| QK  and 

KQQ . Then L  is a group. [6, Lemma 3, p.564] 

Lemma 3.11.  Let L  be of odd order such that every proper subloop and proper quotient loop of L  is a group. 

Suppose Q  is a Hall subloop of L  such that 1=|)||,(| QLa , and QLQ a . Then L  is a group. [6, Lemma 3, 

p.564] 

Lemma 3.12.  Let L  be nonassociative and of odd order such that all proper quotient loops of L  are groups. Then:  

    a.  aL  is a minimal normal subloop of L ; and is an elementary abelian group. [10, Lemma 3.16, 

p.1361]  

    b.  if M  is a maximal normal subloop of L , then aL  and cL  lie in M . Moreover, xML =  for 

any MLx \ . [7, Lemma 1(b), p.478]  

Lemma 3.13.  Suppose K  is a subloop of )( aL LC  and 1=|)||,(| aLK . Then NK  . [10, Lemma 3.9, 

p.1360] 

Lemma 3.14.  Suppose  

    a.  mpL |=|  where p  is a prime, 1=)1,(=),( mppmp   and L  has an element of order 

p . Then there exists a (Sylow p -)subloop P  of order 
p  and a normal subloop M  of order m  in L  such 

that PML = .  

    b.  mpL 2|=|  where p  is the smallest prime dividing || L  and 1=),( mp . Then there exists a 

subloop P  of order 
2p  and a normal subloop M of order m  in L  such that PML = .  

 [10, Lemma 3.19, p.1361] 
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Lemma 3.15.  Let L  be of odd order and K  a normal subloop of L . Suppose NK  . Then there exists a 

homomorphism from L  to )(KAut  with )(KCL  as the kernel. Thus LKCL )(  and |)(/| KCL L  divides 

|)(| KAut . [10, Lemma 3.12, p.1360] 

Lemma 3.16.  Let L  be of odd order and K  a normal Hall subloop of L . Suppose aLxK =  for some 

aLKx \  and NLa  . Then NK  . [11, Lemma 3.6, p.427] 

Lemma 3.17.  Let L  be nonassociative and of odd order, and let M  be a maximal normal subloop of L . Suppose 

all proper subloops and proper quotient loops of L  are groups. Then  

    a.  aL  is a Sylow subloop of N , then NLa = . [10, Lemma 3.17, p.1361]  

    b .  aL  is cyclic, then NLa  .  [10, Lemma 3.18a, p.1361] 

    c.  1=),,( lwk  for all LlMwLk a  ,, , then NLa  . [10, Lemma 3.18b, p.1361]  

    d.  1),,( lwk  for some LlMwLk a  ,, , then aL  contains a proper nontrivial subloop which 

is normal in M . [10, Lemma 3.18c, p.1361] 

Lemma 3.18.   Suppose || L  is odd and every proper subloop of L  is a group. If N  contains a Hall subloop of 

L , then L  is a group. [10, Lemma 3.15b, p.1361] 

Lemma 3.19.  Let L  be of order qppp n
n


2

2
1

1 , where nppp ,,, 21   and q  are odd primes with 

qppp n <<<< 21   and 
Zn ,,, 21  , )1( ipmodq   for all i . Then there exists a normal 

subloop of order n
nppp


2
2

1
1  in L . [10, Lemma 4.1, p.1362] 

Lemma 3.20.  Let L  be nonassociative and of odd order, and let M  be an associative maximal normal subloop of 

L  and P  be a subloop of L  . Suppose NLa   and PLM a= . Then for any MLx \ , there exist some 

Psr ,  such that 1),,( srx . [10, Corollary 4.3, p.1362] 

Lemma 3.21.  Let L  be of odd order and M  be an associative maximal normal subloop of L . Suppose 

NLa  . Then g  commutes with ),,( hgx  for any MLx \  and Mhg , . [10, Lemma 4.4, p.1363] 

Lemma 3.22.  Suppose p  and q  are distinct odd primes. Then there exists a nonassociative Moufang loop of 

order 
3pq  if and only if )1( pmodq  . [5, Theorem 1, p.78 and Theorem 2, p.86] 

Lemma 3.23.   If q  is a prime, then the congruence )1( qmodn   has 1),( qn  solutions for  . [7, 

Theorem 2.27, p.54] 

Lemma 3.24.   Let G  be a group and Gtsr ,,  with 1=],[=],[ tstr . Suppose 
tssrr =1

, for some 

Z , . Then 
)110(=

 nnnn tssrr  
 for all 

Zn . [10, Lemma 4.5, p.1363] 
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4. Main result 

Lemma 4.1  Suppose mpL |=|  where p  is the smallest prime dividing || L  with 1=),( mp  and {1,2} . 

Then there exists a subloop M  of order m  normal in L . 

Proof: 

Suppose 1= , i.e., pmL |=| . Since p  is the smallest prime dividing 1=)1,(, pmpL  . By Lemma (3.5)(d)  

there exists an element of order p  in L . Then the result follows from Lemma (3.14)(a). However, if 2= , i.e., 

mpL 2|=| . Then the result follows from Lemma (3.14)(b).  

Lemma 4.2  Let L  be a Moufang loop of odd order 
2mq  where q  is a prime with 1=),( qm  and 

)1( ipmodq   for every prime divisor ip  of m . Suppose there exists a normal subloop of order q  in L . Then 

there exists a subloop of order m  normal in L . 

Proof: 

Let S  be the normal subloop of order q . So mqSL |=/|  and by Lemma (3.19), there exists SLST //   such 

that mST |=/| , so mqT |=| . Again, there exists TM   such that mM |=|  by Lemma (3.19). Since M  is a 

normal Hall subloop in T , LM   by Lemma (3.8).  

Lemma 4.3  Let L  be a nonassociative Moufang loop of order mp
 where p  is a prime and 1=),( mp , such 

that all proper subloops and proper quotient loops of L  are groups. Suppose 
1|=| pLa  and NLa  . Then 

)(== NCNL La .  

Proof: 

Since NLa  , by Lemma (3.4)  is a divisor of || N . Also N  cannot contain a Hall subloop of L  

by  Lemma (3.18). So 
p  cannot divide || N . Thus, aL  is a Sylow subloop of N . So by Lemma (3.17)(a), 

NLa = . Therefore 
1|=| pN . 

Now aL  is abelian by Lemma (3.5)(b). Then by it’s definition, )(=)( aLL LCNC  contains aL . So  

 
1|=| pLa  is a divisor of .|)(| NCL  (3.1) 

 Let q  be a prime divisor of m . Then 1=),1(=),( qpmp . 

Assume |)(|| NCq L . Then, by Sylow’s theorem there exists Q  a subloop of order q  in )(NCL . So 

1=|)||,(| QLa  and NQ  by Lemma (3.13).  

This is a contradiction since ||| Nq  . Therefore,  .|)(|| NCq L  

So by (3.1), 
1|=)(| pNCL  or 

p . 



                                                              Journal of Progressive Research in Mathematics(JPRM)                                                                                                                                                               

ISSN: 2395-0218     

 
Volume 9, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm                                                                  1401| 

 

Assume 
pNCL |=)(| . Then there exists aL LNCx \)( . So )(=, NCxL La  . Since LLa  , 

aa LxxL  =, . Then by Lemma (3.15), )(NCL  is a normal Hall subloop of L , since LN   by Lemma 

(3.2). So by Lemma (3.16) we have that NNCL )( , which is impossible since 
pNCL |=)(|  and 

1|=| pN . So 
pNCL |)(| . Therefore 

1|=)(| pNCL , i.e., NLLCNC aaLL ==)(=)( .  

Lemma 4.4  Let L  be a nonassociative Moufang loop of order 
Zi

n
n nqpp 


,,31
1   where 

qppp n ,,,, 21   are distinct odd primes with qpi < , )1( ipmodq   and )1( ij pmodp   such that all 

proper subloops and proper quotient loops of L  are groups. Suppose M  is a maximal normal subloop of order 

21
1 qpp n

n


  in L , and for all MwLk a  ,  and Ll , 1=),,( lwk . Then 

2|| qLa  . 

Proof: 

Suppose this is not the case, i.e., 
2|=| qLa . Since for all MwLk a  ,  and Ll ,  it follows that NLa  . 

Thus  

 NNC
L

=)(  (3.2) 

 by Lemma (3.3). Now qML |=/| . So ML/  is an abelian group. Hence  

 MLL ca ,  (3.3) 

by  Lemma (3.3) .  M  contains a Hall subloop H  of order  

 M  contains a Hall subloop H  of order n
npp


1
1  (3.4) 

 by Lemma (3.5)(d).  Also, since LLa  , by (3.3), MLa  . Thus MHLa <  where 

|=|=
||

||||
|=| 1

1

2 Mppq
HL

HLa
HL n

n

a

a





. Hence HLM a= . By Lemma (3.20), we get that:  

 Whenever there exists some Hsr , for any MLx \ , 1),,( srx . (3.5) 

 Now NLeiqL aa =,.,|=| 2
 and by Lemma (3.12)(a)  .= qqa CCL   (3.6) 

 Write ),,(= srxt . By (3.6),  

  utLa =  (3.7) 

 for some  tLu a \ . So  

 1,=],[ tr  (3.8) 

 by Lemma (3.21)  since MH   by (3.4). 

The fact that LLa   and aLu  means aLurr 1
. So by (3.7) we can express  
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tuurr =1

 (3.9) 

 for some 
Z, . Now 1=),,( rtu  since NLt a = . Thus the elements tu,  and r  associate. So 

)
1||10(

||
|||| ==




rr
rr tuurru  

 by Lemma (3.24) since 
Z|| r  as 1r  by (3.5). Then  

 1.== )
1||10(

||
1




rr

tu  
 (3.10) 

 1=
||

1
r

u 
 since {1}= ut . So )1()(1| ||||

n

rr

n qmodq   . 

Now since Hr , n
npppr


2
2

1
1|=|  where ii  0 . This implies n

npppqr


2
2

1
1=1)|,(|   where 

ii  0 . Assume 0>i  for some i . Then 1)(| qpi . Then we get )1( ipmodq   which is a 

contradiction. Hence 0=i  for all i . So  

 1.=1)|,(| qr  (3.11) 

 Now 1=  is a solution for the congruence )1(||

n

r qmod  and  is the only possible solution for this 

congruence by  (3.10) and Lemma (3.23). 

Now |=|1)1(1=
times||

1||10 r
r

r

  
   . So 1== ||)

1||10( r
r

tt  
 

 by (3.10). Thus nqt |=|  

divides || r . Since q  is not a factor of || r , |q . This means 1=t . Hence uurr =1
 by (3.9), i.e, 

1=],[ ur . So r  commutes with both generators of aL  by (3.7) and (3.8). Therefore, 

NNCLCr LaL =)(=)(  by (3.2). This is a contradiction since ||||| Nr  . So the assumption is false. 

Hence
2|| qLa  . 

Theorem 4.5 Let 1 2, , , np p p  be distinct odd primes. Then all Moufang loops of order 
33

2

3

1 nppp   are 

associative if and only if )1( ji pmodp   for every , {1, , }i j n  . 

Proof:  

Now, let 1 2, , , np p p  be distinct odd primes. 

By [10], the result is true when 1n  or 2. So we shall assume that  

 3n  . (3.12) 

Suppose 1( )i jp mod p for some , {1, , }i j n  , Then by [5], there exists a nonassociative Moufang loop of 

order 
3

j ip p . So by using a direct product of this loop with any group (for example, the cyclic group) of order 

3 3 3 3

1 2 /n j ip p p p p , we would obtain a nonassociative Moufang loop of order 
33

2

3

1 nppp  . So all Moufang loops 

of order 
33

2

3

1 nppp   would be associative only if )1( ji pmodp   for every , {1, , }i j n  . 
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Now, suppose )1( ji pmodp   for every , {1, , }i j n   and assume that the theorem is false. Then there must 

exist a (minimally) 

 nonassociative Moufang L  of odd order n
nppp


2
2

1
1  (3.12) 

with each 3i , such that  

 if m is a proper divisor of || L , then all Moufang loops of order m are associative. (3.13) 

 Then by Lemma (3.6)(a), (b) and (c),  

 3k   for at least one {2, , 1}k n  ; or 1 3n   . (3.14) 

 Also by (3.13) and Lagrange’s theorem, every proper subloop and proper quotient loop of L  is associative. 

By Lemma (3.5)(a), L  is solvable.  

Then aL , by Lemma (3.12), is a minimal normal subloop of L  and by Lemma (3.5)(b) is also an elementary 

abelian group. 

So, i
ia pL


|=| , for some 31  ii  . By Lemma (3. 7), aL  is not a Sylow subloop of L . So ii   . 

Hence  

 3.<1  ii   (3.15) 

 If 1=i , no value of i  would satisfy (3.15). So, we have two possible values for i , i.e., 2=i  (with 

1=i ) or 3=i  (with 1=i  or 2 ). Hence  

 
2| |= (with = 2 or 3) or | |= (with = 3).a i i a i iL p L p   (3.16) 

 (Note: i  is now a fixed value in },{1,2, n .)  

Case 1: Suppose ni   

There exists nP  a Sylow np -subloop of order n
np


 in L  by  Lemma (3.5)(d). 

Now LLa  , so LPL na <  and n
ni

na

na
na pp

PL

PL
PL


=

||

||||
|=|


 or n

ni pp
2

 by (3.16). Furthermore, since nP  is a 

Sylow np -subloop of naPL , nan PLP   by Lemma (4.1). Also, since 1=),(=|)||,(| i
i

n
nan ppLP


, L  is 

associative by Lemma (3.10). This negates  the assumption (3.12). 

Case 2: Suppose ni =  

Then na pL |=|  or 
2

np . 
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Case 2.1: Suppose na pL |=|  

Then  there exists P  a Hall subloop of order 1
1


p  in L  by Lemma (3.5)(d). Now LLa   so LPLa <  and 

1
1=

||

||||
|=|


pp

PL

PL
PL n

a

a
a


 since 1ppn  , by (3.14). Furthermore, since P  is a Sylow 1p -subloop of PLa , 

PLP a  by Lemma (3.19). Also, since 1=),(=|)||,(| 1
1 na ppLP


, L  is associative by Lemma (3.10). This 

also negates  the assumption (3.12). 

Case 2.2: Suppose 
2|=| na pL  

Then 3=n  by (3.15). Now by Lemma (3.12) LLa  . Therefore n
n

na ppppLL 1
1

2
2

1
1|=/| 




 . Furthermore, 

there exists a subloop aa LLLM //   such that 1
1

2
2

1
1|=/| 


n

na pppLM


  by Lemma (3.19) and (3.14). So 

LM   and 
21

1
2

2
1

1|=| n
n

n ppppM 



 . Hence M  is a maximal normal subloop of L . 

Now since 
2|=| na pL , by Lemma (4.4) for some MwLk a  ,  and Ll , 1),,( lwk .  

aL , by Lemma (3.17)(d) contains S  a proper non trivial subloop normal in M . Thus, npS |=| . So there exists 

MR  such that 1
1

2
2

1
1|=| 


n

npppR


  by Lemma (4.2). Since R  is a normal Hall subloop in M , LR  by 

Lemma (3.8). Since RL/  is associative, RLa   by Lemma (3.3)(a). Then || aL  is a divisor of || R  by Lemma 

(3.4),  which is a contradiction since 
2|=| na pL  and 1

1
2

2
1

1|=| 

n

npppR


 .  

Since the assumption (3.12) leads to a contradiction in every possible case, it follows that L  is associative. 

Conclusion 

Study on Moufang loops of odd order in this direction is still far from completion. The main theorem in this paper 

and the result in [5] raised the next open case as stated below: 

Does there exist a nonassociative Moufang loop of order 2 4p q , where p  and q  are odd primes with qp <  and 

)1( pmodq  ? 
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