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ABSTRACT

I give an answer in the affirmative to the following unanswered question:
Is there always a prime between n® and (n+1)> Where n is natural number?
The question represents a famous unsolved problem in Mathematics.
I employ some familiar ideas in Number Theory.
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PROOF

Seeking for a contradiction, | assume that there exists a natural number n, such that there exist no prime
numbers between n? and (n+1)?

I apply the well-known theorem:
There is a constant A such that:

1 1
(1) E —=lc-glr:-gx+ﬁ+0(l— forallx = 2
p c-gx)
psx

O is the big oh notaion, The summation is taken over all primes
P less than or equal to x. The "log" is the natural logarithm.

According to formula (1)

1 1
(2) —=loglogn® + A+ 0 ( )
p logn?
psn

(3) Z %=loglog{{n+1]2]+ A+ D(

p=in+1)®

s @)

Since | have assumed that there exist no prime numbers between

Volume 3, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm/index 147|



http://www.scitecresearch.com/

(4)

()

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

n? and (n+1)? we deduce that the left — hand sides of (2) and (3) are equal, hence.

1
logn

Ioglogn2+A+O( 5)=|09|09((ﬂ+1:12]+ A+ 0O (;)

log(n+1)*

Hence we get

log log ((n + 1)*) — loglogn®* =0 ( - )—D(ﬁ)

logn?

We know that

g (2

X

) forall x = 2
logx

7T(X) is the number of primes less than or equal to x

Now | assume that (n+1) is prime.
Thus

mn+l)=m(n)+1

We have that

?T':::I =0 (ﬁ) =0 (21:-gn} =0 (ln; n}

ﬂE?:l;}f] =0 (lng(nj-l-l}nz) e (m) =0 (lng;;Tl})

Hence equation (5) becomes

log log ((n+1)?) — log log n* = O (;) -0 ( . }

logn log(n+1)

We know that, since log is the natural logarithm, and since the function

(

logn log(n+1)

1 1

) is a decreasing function,

1 1

1
p—— 1ng(n+1}) < foralln>10

2 (n+1)

G

we know also that

0 ()= =

logn n
1 _ mint1)
0 (lng(ﬂ-l-i}) - (n+1)
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Now using (11), (12), and (13), we can rewrite equation (10) in the form:

) z_ﬂ(ﬂ}_ﬂ(ﬂ-‘l'ﬂ
log log ((n+1)°) —log log n* = (m)  (n+1)

+t (for n > 10)

where t is small number (t < E )
2 (n+1)

if we substitute from equation (7) we get:

2 2__min) mla)41 . _ wln) 1
log log ((n+1)”~ log log n" == (m) (nt1) T it (n+1) +t
that is
log log ((n+1)?) ~ log log n* = —— (T2~ 1+t (n+1))
since
T <05 forn>10
and
t (n+1) < —— X (n+1) = 0.5

2 (n+1)

We conclude that the right — hand side of equation (16) is negative, and its left — hand side is positive.
Hence we arrive at a contradiction.

Now I assume that (n+1) is a composite number. Let r be the greatest prime less than or equal to n.

According to a theorem in Number Theory, if k is a natural number, then there is a prime between k
and 2k.

Hence if n is even we have:

Z<ren
2

and if n is odd

n—1

zr=
2 =r=n

In both cases we have

o (ln:;:'r') =0 (ﬁ)
O (lng Elr—ﬂ) =0 (ln:;n)
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substituting in equation (10) we get

(23)  log log ((n+1)*) ~log log n* = O ( 1 ) 0 ( 1 )

log (r—1) logr

we know that:

(24) 1’[(?‘}:0( 1 )

r logr

wir-1 _ 1
(25) (r—1) 0 (lng[-r'—i_)

we know that, since log is the natural logarithm, and since the function:

1 1 A ) -
(h,g (?,_1}} - (lng P) is a decreasing function,

2) (——)- (=)< forallr>10

log (v—1) log =

Now using (24), (25), and (26), we can rewrite equation (23) in the form:

T lr—1) wir)
1 -E+t(forr>10)

(27)  log log ((n+1) ® — log log n* =

. 1
where t is small number (t < - )

But we know that
28) m@r=m(r-l)+1
hence equation (27) takes the form:

wir—1) _mir-1)+41 +
{r—1) ”

(29)  log log ((n+1)?) — log log n? = t

Tir—1) 1
= -—+1
rir—1) r

_i T lr—1)
T ( (r—1)

—1+tr)

that is

(30)  loglog (n+1)° - log logn® = = + (“Ef:f

—1+tr)

we know that
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@) S -<05forr> 11
and

(32) t< -
that is

(33) tr<0.5

hence we conclude that the right — hand side of equation (30) is negative, and its left — hand side is
positive. This is a contradiction.

This ends my proof.
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