Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

RESEARCH ORGANISATION]| Published online: June 29, 2016

Journal of Progressive Research in Mathematics
www.scitecresearch.com/journals

Soft Real Analysis

0. A. Tantawy', R. M. Hassan?
'Department of Mathematics, Faculty of Science, Zagazig, Egypt
’Mathematics Department, Faculty of Science, Suez Canal University, Ismailia, Egypt

o O SCITECH Volume 8, Issue 1
O
(@)

Abstract

The Soft Real number is a parameterized collection real numbers. And by this relation, every properties
of real numbers can be discussed in soft real numbers. In this paper, we introduce the operations on soft
real numbers and define countable and uncountable soft real sets. Also, some concepts of real numbers
such as( upper bound, lower bound, supermum and infimum) are introduced.
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1 Introduction

During our studying soft metric function using soft elements in [4], we had used the notion
of soft real numbers in the definition of soft metric space. The soft real numbers were
originally introduced by Das and S.K. Samanta in [3]. In this paper, we study the soft
real analysis and the operations on soft real sets are also given. On the other hand, many
concepts as Infimum, Supremum, Countable and uncountable soft sets are introduced and
their properties are studied.

2 Preliminaries:

In this section, The basic definitions and results of soft set theory which will be needed in
the sequel are presented, [1, 6, 7, 8]. Throughout this study, X refers to an initial universe
P(X) is the power set of X, E is a set of parameters and A C E.

Definition 2.1. (/6, 7, 8/) A soft set F4 on the universe X is defined as a set of ordered pairs

Fa={(e,Fa(e)) : € € E, Fa(e) € P(X)},

where Fy : E — P(x), such that Fa(e) # ¢ Ve € A and Fa(e) = ¢ ife € A, and A is
called the support of Fa.
The collection of all soft sets with support A is denoted by P(X)%.
For simplicity some times, we will use notation F' instead of Fx to denote the soft set.
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Definition 2.2. ([7]) Let Fs = (F, A) and Gp = (G, B) be two soft sets over X

(1) (F,A) is called a soft subset of (G,B) denoted (F,A)C(G,B) if F(e) C G(e)V,e €
AACBCE

(2) (F,A) and (G, B) are called equals if (F, A)C(G, B) and (G, B)C(F, A)

Definition 2.3. (/7]) The union of two soft sets F4 and Gp over the common universe X
denoted FAUGp is the soft set Hc = (H,C) where C = AU B and Yce C

F(e) if ecA—B
H(c) =14 Gle) if eeB—A
F(e)UG(e) if e€ ANB

Definition 2.4. (/7]) The intersection of two soft sets Fy = (F, A) and G = (G, B) over
the common universe U denoted by FaNGp is the soft set Ho = (H,C), where C = AN B
and H(e) = F(e) NG(e) Ye € C.

Definition 2.5. ([7]) The difference (H, A) of two soft sets (F, A) and (G, A) over X denoted
by (F, A)—(G, A) is defined by H(e) = F(e) — G(e) Ve € A.

Definition 2.6. (/7]) The complemmaent of a soft set (F, A) = FA€P(X)% is denoted by
(F4)°€P(X)% where (F4)¢ : E — P(X) is a function given by F¢(e) = X — F(e) Ve € E,
clearly ((Fa)°)® = Fa.

Definition 2.7. (/7]) A soft set Fa over X is called a null soft set with support A, denoted
by D, if F(e) = ¢ Ye € A and is called absolute soft set with support A denoted By X4 if
Fle)=X VYee A, AC E clearly (®)° = X and (X)* = ®.

Theorem 2.1. ([7],[1]) Let I be an index set and Fa,Gp, He, Fia,Gig€P(X)E Vi€ I
Then we have the following propositionerties :
(1) FAO(GBOH(;) = (FAOGB)OH(;,
FAﬁ(GBﬁHc) = (FAﬁGB)ﬁH(;,

(2) demorgan’s laws:

(FaOGg)* = (F4)°ﬁ( B)%

(FaNGp)* = (Fa)U(Gp)",

(8) FaN(Uic1Gi) = Uier(FaNGip),

(4) (NierFia)® = User(Fia),

(5) If FAQGB then (GB)CQ(FA)C,

(6) FaOF4 = Fa, FsPF4 = F,

(7) FaO® = F4, FAN® = O,

(8) B40X = X, F4AX = Fy,

(9) FAO(F4)¢ = X, FAN(Fy)c = ®

Definition 2.8. ([3].[4]) A soft element with support A is a soft set such that F(e) = {z.}
is a singleton set Ye € A. The collection of all soft elements is denoted by [X]5 where
[X]={{z}:x € X}U{o}. The collection of all soft elements with support A is sometimes
denoted by Sy (X, A).
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Definition 2 9. ([10]) A soft singleton with support A is a soft set with support A such that
dz e X,F(e) ={z}Ve€ A, E(e)= ¢ fore & A. The collection of all soft singletons on X
with support A is denoted by {X}5 and sometimes denoted by Sy(X, A).

Definition 2.10. ([4]) A soft point is a soft set with a singleton support and a singleton
image such that F(e) = {z}, for some e € E and is denoted by P*
The collection of all soft points denoted by E x X or Sp(X, E).

Definition 2.11. (/10]) A soft member is a soft set with singleton support and is denoted
by (e, F(e)). The collection of all soft member is denoted by P(X)E or Spm(X, E)e..

e

For simplicity, we will use the notations a, ;’?,?/,;\,ﬁ, to denote the soft elements, for
example

& = {(e, {z.}),e € A}E[X]E.

Definition 2.12. (/10]) A soft element & = (e,{z.},e € A), is said to belongs to a soft set
Fy, denoted by GEF,, if {z.} C F(e) Ve € A CE.

Lemma 2.1. ([10]) For any two soft sets Fa and G, FACG A iff @€Fa4 = G€G 4 for any
soft element & and hence Fy = G4 iff 0€F 4 < G@€G 4, where € denote that & belongs to Fa
as a soft subset.

Proposition 2.1. ([10]) (i) Every soft subset (F,A),A C E can be considered as a union
of its soft elements. Specially it can be considered as a union of soft elements all with the
same support A.

(ii) Every soft element is a union of a collection of one point support soft elements.

Definition 2.13. (/10]) Consider the collection of all soft elements of X with support equal
to or contained in E. A mapping ds : [X]E, x [X]£, — [RT]E is said to be soft metric or
distance on the soft set (X, E) if ds satisfies the following conditions

(d1) ds(a, B)>0 V&, BE[X)E,,

(dy) ds(@, B) =0 iffa=p
(ds) ds(a, B) = ds(B,a) V&, PE[X]E,,
(da) ds(a,7)<ds(&, B) ®ds(B,7) ¥ & B, 7E[X]E,

3 Operations on Soft Real Numbers

In this section, the definitions of soft real sets and soft real numbers are presented and an
operations on soft real numbers is introduced.
First we recall the definition of soft real sets:

Definition 3.1. [3]/ A soft real set is a parameterized collection of bounded subsets of real
numbers, Py(R).The collection of all soft real sets is denoted by Py(R)%.
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Definition 3.2. By a soft real number we mean a soft element of real numbers with support
A which is a parametrized collection of real numbers denoted by 7 i.e. TE€[R]E and is called
a soft +ve real number if FE[RT)4 where [R*] = {{r}:r € R*}.
i.e. a soft real number with support A is given by

F={(e,{re}):e€ Are€ R}, 7. =0 fore ¢ A
In the case of the real numbers as a universal set we have the following concepts:

Definition 3.3. (i) A soft singleton +ve real number 7 is a non-negative soft real number
with support A such that

{r} VeeA,

3r€R+,f(e)={{0} Ve

and is denoted by {r}% for some r € RT.

(it)([3].[4]) A soft point +ve real no. is a non-negative soft real number with a singleton
support and singleton image such that 7(e) = {r},e € A , r € R" and the collection of all
soft points +ve real numbers is denoted by A x R*.

(i1i) A soft element of real number is a soft set ¥ = {(e,{r.}) : e € A,r. € R} with support
A C E (iv) A soft member +ve real no is a non-negative soft real number subset with a
singleton support and is denoted by P(R*)E.

An ordered relation on the set of all soft elements real numbers is given in the following
definition.

Definition 3.4. For any two soft real numbers 7 = {{r.} : e € A}},l = {{l.} : e €
BYERE,

(i) F <l and 127 ifr. <. Ve€E,

in this case T is called smaller than or equal to l and [ is greater than or equal to 7. (ii)
Define the operation ®,0, ® ,respectivly on [R]Z, by:

F@l=r.+lifec Eiicl=r.—lifec E,i®l=r.-lifec E.
(iii) The additive inverse of a soft element real number 7 is denoted by —r and given by

(=7)(e) = {{-Te},e € 4}
(iv) The multiplication inverse of a soft element real number © which is totally different than
0 is denoted by 7~ and given by
1

g L gy
7)7(€) = 7755 = (- he € 4)

Example 3.1. Consider E = {z,y, z,w,p,q} and let the soft elements real numbers {T, [, m}

=

given as in the table 1:

We will see that (F ®1)(z) =1+ 32 =1 and (1 © m)(w) = —4-

1 oo
s =% and so on.
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Table 1: Soft real numbers

[R*]Z E |x |y|z |w|p|d
P 1 |21 |5 |3]-7
[ 2l0|5 |4]2]3
T 6 |2|-10|3 |08

Proposition 3.1. Consider the operation * stand for & or @ .For any three soft elements
real numbers 7,1, mE[R)Sy, 7 = {{r},e € E},l = {{l.},e € E},m{{m.},e € E}, the
following laws are satisfied

1. (identity law) T @ 0=0®r=7Fand7®1=16F = F,where 0 is the wdentity of

the operation @ and 1 is the zdentzty m @, where 0,1 are the soft singletons 0(0) =
0, i(e) =1Ve € E.

2. (commutative law) 7 1 = % 7

3. (associative law) 7% (I xm) = (F % 1) * 1

4. (Distributive law) 7 © (I1®m) = (F ®1) & (F © m)
Theorem 3.1. The set of all soft elements real numbers [R]‘gb forms a field
Proof. In ([R]Z5, ®)

1. ([RIZg, ®) is closed (i.e. F@le [RT]E, Vf,fé[R]gE)

2. ([RIZg, ®) has identity (i.e. 7 @ 0=0®7=" VFE[R)EE)

3. ([Ri£g, ®) has inverse (ie. F® —r=—T®F = 0, ViE[R]Eg

4 ([R]gbv, @) is associative (i.e. 7@ (@ m) = (F® 1) @, V7, 'rhé[R]gb)

5. ([RIZg, @) is commutative (i.e. 7@ [=1®F, V7l

= ([R*]5,®) is a commutative group.

n ([R* '2 5 @), where [R*]£ g 1s the collection of all soft elements real numbers totally
dlfferent than 0, i.e. FE[R*]Z,if F(e) #0Ve€ E

1. (R, @) is closed (i.e. 7 ©1 € [R*)E, V7, IE[RYE)
2. ([R)Eg, ©) has identity (ie. FO1=10F="7 ViE[R"])E,)
3. ([R*]gE,Q) has inverse (i.e. 7 ® (r 5 =r-1efF=1, VrE[RYE,

([R]EE, @) is associative (i.e. 7 © (I®m) = (FO 1) @M, V7,1, mE[REL)
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([RI£g, ®) is commutative (i.e. V7, IE[R* 23

= ([R*]£z, ®) is a commutative group.
= ([R]§, @, ®) satisfy the distributive law (i.e. FO(ldm) = (FOL)B(FOMm), Vr,l,me[R]é o
Hence ([R]Zg, ®,®) form a field. O

Definition 3.5. For any soft element soft real number 7€[R)E if ¥ = {(ea, {re,}) :a € AC
E} U {(ey,{0}) : b € E — A}. Then the restricted soft element soft real number on A is
defined by

7/a={(ea {re.}) : a € A}

Remark 3.1. FEvery soft subset is the union of their soft elements in general , but in the
soft real numbers any soft subset of real numbers is the union of its restricted soft element
soft real number as it shown in the following example:

Example 3.2. Let E = {z,y,z,w,p,q}, A={z,y,2} C E and Fa defined by
Fa(z) = [5,100), Fa(y) = {1,2,3,—7}, Fa(z)={Tn:ne N},
then Fa is a union of soft elements soft real numbers restricted on A i.c.
F={(z,{5}), (v, {~=7}): (2. {4}), (w, {0}), (p, {O}), (¢, {O}) } &F2,
#/a={(= {5}, @, {=7}), (z, {4})}EFa

4 Least Upper Bound and Greatest Lower Bound in Soft
Real Analysis

Definition 4.1. A soft subset of soft elements real numbers Fy C (R, E) is called soft
bounded from above iff there exists a soft real number 7 = {(e,{r.}),e € E} such that

& = {(e, {ze}), e € E}<F VYa€Fa.

Le.
Vee€ E Fa(e) <.

A soft subset of soft elements real numbers Fq C (R, E) is called soft bounded from below
iff there exists a soft real number [ = {(e,{l.}),e € E} such that

B = {(6, {yc})’e € E}éi V,‘ééE‘l

Le.
Ve € E Fy(e) 2 I,

A soft subset of soft elements real numbers Fa C (R, E) is called soft bounded if it is both
soft bounded from above and from below.
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Definition 4.2. Let Fy C (R, E) be a soft subset of soft elements real numbers which is
bounded from above. The soft least upper bound 7/ 4 = {(e,{re})} of Fa which is denoted by
sup Fy is a soft element real number satisfying the following two conditions:

1. /a<F/a Va/sEF4
2. [f &/Aéi/A Vd/AéFA, then f/Aéi/4

These two conditions can be formulated in another equivalent form to give another equiv-
alent definition for sup Fla:

Proposition 4.1. For a bounded from above soft subset Fy of soft element real number,
7/4 =sup Fa iff

1. 7/ 4 is an upper bound for F,.

2. Y&/ 4 = {(€a, {2, })} 50 the soft element real number ¥/, © /4 is not an upper bound
for Fx

Proof. Straightforward O
Another equivalent form of the definition:

Proposition 4.2. For a bounded from above soft subset Fx of soft element real numbers,
7/4 =sup Fa iff

1. 7/ 4 is an upper bound for F,.

2. Vé/ 4503 a soft element real number §/oEF4 such that 3/4>7/a4 © &/ 4 is not an
upper bound for F4

Proof. Sraightforward O
Definition 4.3. For a bounded from above soft subset F4 of soft element real number if
sup FA€F,

then we write
sup Fy = max F)y

In this case the mazimum of the soft real subset Fa exists.

Remark 4.1. 1. We notice that the soft least upper bound of a bounded from above soft
subset is one of its upper bounds and therefore we can say that it is the minimum of
its upper bounds and write

sup Fy = min{l/ 4 : &/a<l/4 Va/4EF 4}

As a dual of the soft least upper bound of soft subset of soft real numbers , we have the
concept of the greatest soft lower bound.
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Definition 4.4. Let Fy C (R,E) be a soft subset of soft elements real numbers which
is bounded from below. The soft greatest lower bound m/a = {(eq, {me,})} of Fa which is
denoted by m /4 = inf Fy is a soft element real number satisfying the following two conditions:

1. &/ s>/ a Y&/ 4EFy
2. If &) 4>/ 4 Ya/aEFy, then m/ 4>/ 4

These two conditions can be formulated in another equivalent form to give another equiv-
alent definition for inf Fu:

Proposition 4.3. For a bounded from below soft subset F4 of soft element real numbers,
/4 = inf Fy iff

1. m/ 4 is a lower bound for Fj.

2. Y&/ 4 = {(eq, {€c, })} > 0 the soft element real number /4 ® &/ 4 is not a lower bound
for Fa

Proof. Sraightforward O
Another equivalent form of the definition:

Proposition 4.4. For a bounded from below soft subset Fa of soft element real number,
m/a = inf Fy iff

1. m/ 4 is a lower bound for Fj.

2. Y&/ 4 > 0 3 a soft element real number 3/ A€ F4 such that B/ 4<m/4 @ &/ 4 is not an
upper bound for Fu

Proof. Straightforward g

Definition 4.5. For any soft set of soft elements real numbers Fy define ©F4 by
GFA = {—~a/A . &/AéFA}

Proposition 4.5. Let Fy C (R, E) be a soft subset of soft real numbers which is bounded.
Then ©F4 is also bounded and for which we have:
(1) sup©Fs = —inf Fy, (2)inf ©F4 = —sup F,.

Proof. (1) Let inf F4 = m/4 then from the equivalent definition of infimum in proposition
2.3.4 we get:

(i) ™/ a<a/aVé&/ 4 € Fy4, and

(i) V&/4 > 0 3 a soft real number 3/ 4&F4 such that 3/4<m/4 ® &/

Multiplying by —1 we get:

(i) —a/sa<-m/V—a/s € ©F,, and

(i) V&/4 > 0 3 a soft real number —3/4& & Fj4 such that —3/45—m/4 © &/

= supSFy = -—771/A = —inf F4.

(2) is similar to (1). O
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5 Soft Sets, Soft real numbers and Countability

Definition 5.1. A soft subset is called uncountable if it is not a union of countable set of
soft elements, and it is countable if it is not uncountable .

Proposition 5.1. The union of two countable soft subsets is also countable.

Proof. Let F4,Gp be two countable soft subsets, where Fiy = U{d, : n € N} Gz = U{5, :
n € N} then
F4UGp = U{y, :n € N},

where

5 Br if n even
Tn = " 7
ant if n odd
2

then F4UG g is countable soft subset. &
Proposition 5.2. Countable union of countable soft subsets is also countable.
Proof. Straightforward O

Proposition 5.3. Any soft subset (F, A) with support A is countable if A is countable and
F(e) is countable for each e € A.

Proof. If $(A) < ao, §(F(e)) < ap Ve € A, then §(F, A) < ap X ap = ap O

Lemma 5.1. For any countable soft subset G4 of (X, E) there exist a countable collection
of soft elements &, = {(e,{z.,}): e € A,n € N} such that G4 = Upen{an}.

Proof. Let G4 be a countable soft subset of (X, E) i.e. G(e) is a countable subset of X for
every ¢ € A. Let G(e) = {¢% : n € N}. Consider the soft elements &,, a,(e) = g& Ve €
A;n € N. So{a, : n € N} is a countable collection of soft elements and U,cn{d,} =
G a. O

Axiom 5.1. Every nonempty soft set of soft real numbers that is bounded from above has a
supremum.

Since inf Fy = —sup(©F,) and F4 is bounded from below if and only if ©F4 is bounded
from above, it follows that every nonempty soft set of soft real numbers that is bounded from
below has an infimum. The restriction to nonempty sets in the above axiom is necessary,
since the empty set is bounded from above, but its supremum does not exist.

Theorem 5.1. If &€[R]%, then there exists n€[N§ such that G<n.

Proof. Suppose, for contradiction, that there exists @in[R]5 such that &> for every n&[N]4.
Then & is an upper bound of [N]%, so [N]4 has a supremum 7 = sup[N]£&[R]E. Since n<r
for every n€[N]4, we have 1 © 1<7 © 1 for every n€[N], which implies that 7<7 & 1 for
every n€[N]%. But then 7S 1 is an upper bound of [N]4, which contradicts the assumption
that 7 is a least upper bound. |
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The idea is to show that given any countable soft set of soft real numbers, there are
additional soft real numbers in the "gaps" between them.

Theorem 5.2. The soft set of soft elements real numbers is uncountable.

Proof. Since the collection of all the soft points real numbers has the same cardinality as
E x R for any set of parameters R and since #(R) = Cy > «p, where Cj is the cardinality
of the continous interval and o is the cardinality of the natural numbers. So, #(E x R) >
Co > ap. Also, any soft element real number is an arbitrary union of soft points which
implies that the cardinality of the set of soft real numbers is greater than oy -

6 Properties of Supremum and Infimum in Soft Real
Numbers

In this section, some pasic properties of Supremum and Infimum in Soft Real Numbers are
given in details.

Proposition 6.1. Suppose that Fa,Gp are nonempty soft sets of soft elements real numbers
such that &<p for all &€F4 and BEG . Then sup F4<inf Gp.

Proof. Fix BéGB. Since a</3 for all aEFy. it follows that /3 is an upper bound of F, so
sup F4 is finite and sup F4</3. Hence, sup F is a lower bound of G, so inf G is finite and
sup F4< inf G p. -

Definition 6.1. If FAC(R, E) and 7€[R], then we define

7 ® Fy = {IE[R)E : I =7 ®A for every FEF,}.
Proposition 6.2. If #>0, then

sup(7 ® Fy) = 7sup Fa, inf(7 ® F4) = 7inf Fj4.

If #<0, then
sup(t © Fa) = 7inf Fa, inf(7 ® Fa) = 7sup Fa.

Proof. The result is obvious if # = 0. If #>0, then (7 ®7)<a if and only if <&/, which
shows that & is an upper bound of 7 © F}y if and only if @ = 7 is an upper bound of Fjy,
so sup(7 ® Fy) = #sup Fy. If #<0, then (7 ® 7)<a if and only if ¥>a&/7, so & is an upper
bound of 7 ® F4 if and only if @ = 7 is a lower bound of Fj4, so

sup(t ® Fy) = 7inf Fy.
The remaining results follow similarly. O

Definition 6.2. If F4,GpC(R, E), then we define
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Proposition 6.3. If F4,Gg are nonempty soft real sets, then
sup(Fa & Gp) = sup Fa & sup G, inf(F4 & Gp) = inf F4 & inf G,
sup(F4 © Gp) =sup F4 © inf G, inf(Fy & Gp) =inf F4 ©supGp.

Proof. The soft set F4 ¢ G is bounded from above if and only if F4 and G are bounded
from above, so sup(Fa & Gp) exists if and only if both sup F4 and sup Gp exist. In that
case, if ®€F 4 and BEG, then

a® BésupFA @ sup G i,
so sup Fly b supGp is an upper bound of Fiy ¢ GG, and therefore
sup(Fy @ Gp)< sup Fy @ sup Gp.

To get the inequality in the opposite direction, suppose that ¢50. Then there exist GEF,
and BE€G 5 such that

a>sup Fu & %, B35 supGp © %

It follows that
a®B>supFydsupGpoé

for every ¢>0, which implies that
sup(F4 ® G)> sup F4 ® sup Gp.

Thus,
sup(F4 & Gp) =sup F4 & sup Gp.

It follows from this result and proposition 2.3.5 that
sup(F4 © Gp) = sup F4 & sup(©Gp) = sup F4 © inf Gp.

The proof of the results for inf(F4 & G ) and inf(F4 © Gp) is similar, or we can apply the
results for the supremum to ©F4 and ©Gp. O

As an example of the proposition 2.5.4 , we have the following:

Example 6.1. Let {r;,/4} and {I,/ 4}, n € N be a sequence of soft element real numbers.
Then

(1) sup(vn/a @ b/ a) < suprn/a @ suply/a,

(2) inf 7 /4 ®infl, /A< inf (7 /4 @ In/ ).

Proof. In fact, let m/ 4 = supr,/a,7/4 = supl;/A and £/4 = sup(r, /a4 ® l:l/A). It is then
required to show that:
E/a<in) 4 ® 1) a.

From the definition we get;

T/ a<n/a ¥n and [,/4<ii/4 Yn
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Thus,
Fufa ®ln/alim/a®n/aVneN

Hence m/ 4/ 4 is an upper bound for the soft real numbers (75,/ A0, / 4) and consequently
is greater than or equal to the least upper bound £/ 4.
The proof of (2) is similarly. U

Proposition 6.4. Let Fy and G g be bounded soft subsets of soft elements real numbers such
that FAaCG g, then we get;

inf Gp<inf Fy<sup F4<supGp
Proof. Let inf G = m then from the definition we get;
m<a YaEGp
Consequently, i
m<a VaEF,
Hence m is a lower bound for the soft subset Fl4. It follows then that ﬁlé inf Fu

Clearly,
inf Fa<a< sup F4 Va€F,4

. Finally, let sup G = 7 then

i>a YaéGp
Therefore,

F>a VaEF,

Hence 7 is an upper bound for the soft subset F4 and then 7> sup Fy.

7 conclusion

Operations on soft elements real numbers is given. Also, some properties of countable and
uncountable soft sets is introduced. Finally, least upper bound and greatest lower bound
and some properties of supremum and infimum in soft real analysis is studied.
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