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Introduction

Amapping 1": X — X for ametric space (X, d), is called a contraction (|3, |5]), it there
exists L €]0, 1] such that d(T2,Ty) < L-d(x,y), for all 2,y € X. The following theorem
is proved by S. Banach (|3], |5]) and known as the contraction mapping theorem or
contraction mapping principle or Banach fixed-point theorem. If (X, d) is a nonempty,
complete metric space and 1" : X — X is a contraction, then there exists a unique fixed
point xx € X, the solution of T'xx = xx. Moreover, it provides a constructive method to
find those fixed points. The Banach fixed-point theorem has the variety of applications
and gives important tool in mathematical analysis. One of the significant application
of Banach contraction theorem is the proof of existence and uniqueness of solutions of
differential equations. This theorem is generalized and developed in different directions.
Various assumptions and contractive conditions are considered by many authors, for
example [6], [7], |8], [L0]. The paper |9] includes a theorem giving a sufficient condition
for existence of common fixed points and points of coincidence for 2n + 1 (n € N)
mappings in metric space (X, d) under Kannan type contractive contidtion. The present
article contains the proof of analogous theorem under Chatterjea type condition.

1 Notations, definitions, lemma

Definition 1.1. (|4|, [1|) A mapping 17" : X — X - for a metric space (X, d) - is called
Chatterjea if there exists a € [0, %) such that for all =,y € X

d(Tx,Ty) < ald(x, Ty) + d(y, Tx)]
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Definition 1.2. A point y € X is called point of coincidence of a family {7} };jer of
self-mappings on X if there exists a point 2 € X such that y = T for all j € J.

Definition 1.3. A pair (F,T) of self-mappings on X is said to be weakly compatible
it 'l =TFz whenever Fa = 1Tx.

The lemma presented below is a generalization of the result from the paper [1|. This
lemma has been proven in the paper [9|, but for convenience of the reader we quote
lemma with the proof.

Lemma 1.4. (|9]). Let n € N. Let X be a nonempty set and the mappings
F. »-Sfl. ceen &S‘n. Tl. e .Tn

have a unique point of coimcidence vin X. 1f all pawrs (F,T;), (F,S;), forie {1,2,...,n}

and are weakly compatibles, then v is the wunique common fived point of mappings
F. Sy, ...,8,. 1, ... 1,,.

Proof. Take u € X such that Fu= Siu=..=5S,u=Tu=..=1T,u=uv. By weakly
compatibility of all pairs (F.T;), (F,S;), for i € {1,2,...,n} we have

(Sﬁf =S Fu=FSju=Fv, and Tyv=1;Fu=Flju= F'lf)_. foriel,...,n.

Therefore the point w such that w = Fv = Syv = ... = Spe =T1v = ... =1T,vis a
point of coincidence for mappings F, Sy, ..., Sy, 11, ..., Ty, so w = v by uniqueness. From
the above v is a unique common fixed point of mappings F, Sy, ..., Sy, 1Y, ..., T},. []

The following definition also is quoted from the paper [9].

Definition 1.5. (|9]). Let (X, d) be a metricspace. Let F, Sy, ..., 5, Ty, ...,T, : X = X
be the mappings such that S;(X)UT;(X) C F(X) fori = 1,...n. We define the sequence
{Zm >0 of elements of X as follows. Choose an arbitrary point zp in X. Let xy, a2
be the point of X such that Fay = Tixg and Fas = Sy, Continuing, Fas = Thas
and Flzy = Sows,... . Faon—1 = Thxon—2, Fra, = Spxo,—1. Generally, it we have defined
xpy, for a k€ {0,2,4, ...}, we put

Tm;l?,im+?'_1. for i € {1 3,....2n — 1}
2

Frp, . . = . o
knt SiTppiio1,  forie{2.4,....2n}.
2

2 Main theorem
Theorem 2.1. Letn € N. Let (X,d) be a complete metric space and

F.Si, .S T, ... T,
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be self mappings of the space (X, d) such that F(X) is the closed subset of X and
UL, S:i(X) C F(X), UL, T:(X) C F(X). Let us suppose that the following condition
15 satisfied:

d(S;z. Tiy) < Aid(Fy, Six) + Byd(Fz. Tyy). fori,je{1,2,...n} (2.1)

for all x,y € X where A;, B; are non-negatiwe real numbers with A; + B; < 1, for
i,j e {1,2,...n}. Then F,Sy,..., 5. 11,..., 1, have a unique point of coincidence. If
additionally all pairs (F,T;), (F,S;), for i € {1,2,....,n} are weakly compatibles, then
F. Sy, .08, 11, ....T,, have the unique common fized point.

Proof. 1t is easily observe that, it F, Sy, ..., Sy, 11, ....7, have a point of coincidence,

*

then it is unique. Indeed, assume that o, o* are two distinct point of coincidence for

mappings F. .51, ..., 5y, 11, ..., [},. Then, there exists u,u* such that
Fu=Su=..=Su=Tu=..=Tu=wv

and
Fur =S =..=Su" =Twuw' =..=T,u" =v".

By (2.1) we have
d(v,v™) = d(S1u, Tyu™) < Ayd(Fu*, Siu) + Byd(Fu, Tiu®),

whence

d(v,v*) =d(Syu, T1u*) < Ayd(Fu*, Fu) + Bid(Fu, Fu™).

Therefore

d(v,v*) < (A + By)d(v,v¥),
so v = v*. We will prove the existence of a point of coincidence of mappings F. St, ..., Sy,
1. ....,T,,. Choose an arbitrary point z in X. The sequence {z,, },;,>0 of elements of

X is defined by Definition 1.5. Let us consider two cases:
a) there exists k& € {0,2,4, ...} for which Fag, = Fap, 1.
b) for every k€ {0,2,4, ...} Fap, # Fag, .
In the case a) - by (2.1) - for every ¢ € {1,2,....,n} - we have

d(S;vpn, Fapy) = d(Sixpn, Frg,o1) = d(Sixin, Tiop,)
< fl.gd(F;l?kn, ;5*.1';]!?;”1) =+ Bld(F;I?gm.Tl ;I,‘kn)
= A; (J(F;I?g;,l. S?'_;I?;;.n) + B]d(F;Ifkn. F417I;n.+1)
= Aid(Fxpy,, Siv,)

and

d(F;rkn- Témkﬂ) = d(sn Lhery s Tfirkn)
< A, fi(FIk-n.~ Sh 517!\“:1) + Bid(FIkn ) Tfil’kn)
= Bz‘d(F;L‘kn, Tf;l?gm).
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This vields that the point y defined as
y = Fuap, = Siop, = Sowpy = ..o = Spap, = Thag, = Thxg, = ... =T,

is the required unique point of coincidence for mappings F, S1, ..., Sn, 11, ... 1.
In the case b) the reasoning is as follows. Let & € {0,2,4,...}. We have Fay,, #
Fap,er. By (2.1) we get

d(FIkn-FIknJrl) = d(snirfmfl ) Tlxkn)
< And(Fagpn, Sntkn—1) + Bid(Fapn—1, Tixg,)
= Bid(Fagn—1, Fapnat))
< Bi[d(Fagn—1, Frin) + d(Fogn, Frgnc1)].

Hence B
A(Fap,, Fog, 1) < 1—i91d(F;rk”_1’Fm’i’”)
< M(Fapp_1, Frp,),
where
0< A= -m..a;zf{ I AEAE ' Bfo ci=1,2, ...-n} < 1.
Moreover
A(F gy, Frp, 1) =d(Spxpn—1, Tnrpn—2)
< Apd(Fapn—2, Spin_1) + Bpd(Faj,—1, Thwg,—2)
= A, d(Fzxpp—o, Fayy) + Bud(Fopp—1, Fopn_1)
= Apd(Fapp—o, Fag,)
< Ap[d(Fapp—s. Fapn_1) + d(Fap_1. Fap,)).
Therefore
A(F ity Fagyo) < 1 d(Pagoy, Faa)

< )\d(FIL‘ﬂ*lﬁ F?Pk-nf?)-

From the above we get easily for any m € N
A(Fxp,, Fopy1) < N"d(Fxg, Fay)
and for any mo > my
A Fxmy, From,) <d(Frpm,, Fro,+1) + d(Fem 41, Frm12) + .. + d(Frpm,—1, Frm,)

< AT AT A2 d(Fag, Fay)

PR
< ll — )\] d(Faxy, Fay),
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80 (Fip, ) men 18 @ Cauchy sequence. Let us define v := limy, 00 Fy,,. Since F(X) is a

closed subset of X then there exists v € X such that F(u) = v. Let j € {1,2,...,n}.
We have for a k € {0,2,4, ...} and ip € {2,4, ..., 2n}

d(Fu,Tju) < d(Fu, Fapptiy) + d(Fappyi,, Tiu)
= d(Fu, Fapnyi,) + d(Si Trntig—1, Lju)
2

< d(Fu, Fagyyi,) + A d(Fu, Siq Trntio—1)
2 2
+Bjd(Frppyig—1.15u)

< d(Fu. Fapyyi,) + A d(Fu, Sig Trntio—1)
2 2

+Bj[d(Fapptig—1. Fu) + d(Fu, Tju)).
Then

1

d(Fu,Tju) < d(Fu, Fxjnti,)
B;

Ay
2
1— B,
B,

1B

+ d(FH, _F;Ifk-n.Jrio)

d(Fzppgig—1, Fu)

so for sufficently large k - the distance d(Fu, Tju) can be arbitrarily small, then Tju =
Fu, for any j € {1,2,...,n}. Moreover

d(Fu, Sju) = d(Sju, Tju) < Ajd(Fu, Sju) + Bjd(Fu, Tiu) = Ajd(Fu, Sju),

whence S;u = Fu, for any j € {1,2,...,n}. We have proved that v is a unique point of

coincidence of mappings F, S1, ..., Sy, 11, ..., 15, If additionally all pairs (F,13), (F,.S;),
for i € {1,2,....,n} are weakly (()mpahl)les then by Lemma 1.4, F. Sy, ...,5,,11,....1,
have the unique common fixed point. 1

3 Examples

Example 3.1. Let X = [l. 2—7"'] and d be the Euclidean metric on X. Let n = 2. We
define the mappings F, Sy, 52,711,715 : X — X as follows:

% for x € [i 1],
F(x)=4¢ 1, for x € [1.2].
l.il. for x € [1, 27{5]

and for i = 1,2

H
[SCE,

-\1|E‘-'.’
—

S;(z) = (1- 5;-_)217—1— SL-_. for = € [i
L for = € [1,
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Ti(x) = { (F7)z+ 4, forze [i ;.

1, for = € [1, 2],
We have F(X) = [{5,4], S1(X)U Sy (X) = [, 1], T1(X) UTo(X) = [2,1]. We put
Ay = Ay = % and Bl = By = % One can easily observe that the condition (2.1) is
satistied. For xy = 1 - by Definition 1.5 - we get the sequence (Fz,,), -y as follows:
i % % % % ﬁﬂﬂ . So v = limy—ec Fayy = 118 a unique point of coincidence of

mappings F, Sy, Sy, 11,15, Since all pairs (F,1;), (F,S;), for i € {1,2} are weakly

compatibles, then - by Lemma 1.4 - v = 1 is the unique common fixed point for

mappings F, S1,.52,T1, T5. Moreover, let us remark that if we change definition of the
function F' as follows

g freelidl
F T) = 1_(0 f(]l' ;1?:1,
=4 T
.l‘il ) for x € [1. 275]-

then there is no common fixed point for mappings F, Sy, Ss, 7,15, Since 1 = F(2) =
S1(2) = S5(2) = T1(2) = T1(2), the point 1 is only the point of coincidence of a family
F. 51,5, 171,15 In this case the condition (2.1) is still satisfied but all pairs (F,S;),
(F,T;) for i € {1,2} are not weakly compatibles.

Example 3.2, Let X

= [0, 00[ and d be the Euclidean metric on X. Let n = 3. We
define the mappings £, 51, 52,5

9,53, 17,15, T : X — X as follows:
Flz)=a, forze X

and for i = 1,2,3

Si(x) =7+ i sinz, Ti(z)=nm+ i sin .
2i 3i
We have F(X) = X, U, Si(X) = [ — %._fr %} C F(X), and (LX) = 7 —

%,rr+ %] C F(X). Weput 41 = 4y = A3 = “ and By = By = Bg = 165 One can
easily observe that the condition (2.1) is satisfied. For xy = § - by Definition 1.5 - we
get the sequence (Fa,,),, o as follows:

1 sin 15111 1 in :
mT— —8 — S1I — 51 = 3
4 5 2 3]
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So v = limy—ee Foy, = mis a unique point of coincidence of mappings F, Sy, S2, 53,
11,15, T5. Since all pairs (F,13), (F,S;), for i € {1,2,3} are weakly compatibles, then
- by Lemma 1.4 - v = 7 is the unique common fixed point for mappings F, St, S2, 53,

T1_. T5,T5.
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