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Abstract. 

 Recall that an operator 𝑇 ∈ 𝐵 𝐻   is called  𝑛, 𝑚 -normal powers operator if and only if  𝑇𝑛 𝑇𝑚 ∗ =

 𝑇𝑚  ∗𝑇𝑛  for some nonnegative integers 𝑛  and m .Throughout this paper,we introduce some types of 

generalizations of  𝑛, 𝑚 -normal powers operatorsand study  some of them properties. 

Keywords: Normal operators,  𝑛, 𝑚 -normal powers operator, 𝑛-power quasi-normaloperator, 𝑛-power 

class  𝑄 . 

 

1. Introduction. 

Recall that operator 𝑇 ∈ 𝐵 𝐻  is said to be normal operator if  𝑇𝑇∗ = 𝑇∗𝑇. In [3],  Alzuraqi introduced a new 

class of operators  𝑛-normal operators which is defined  as follows: 𝑇 ∈ 𝐵 𝐻  is called an 𝑛-normal operator 

if 𝑇𝑛𝑇∗ = 𝑇∗𝑇𝑛   for some nonnegative integer 𝑛. He gave some basic properties of these operators and 

described the 𝑛-normal operators. 

In [1], the authorssuggested the class of  𝑛, 𝑚 -normal powers operators and study some properties of such 

class of operators for different values of  the parameters𝑛, 𝑚 which is defined  as follows: 𝑇 ∈ 𝐵 𝐻 is called 

 𝑛, 𝑚 -normal powers operator if and only if  𝑇𝑛 𝑇𝑚  ∗ =  𝑇𝑚  ∗𝑇𝑛  for some nonnegative integers 𝑛 and m. 

Clearly, every bounded normal operator is  1,1 -normal powers operator. Moreover, one can see that every n

-normal operator is  𝑛, 1 -normal  powers . But the converse is not necessary true in general.It is simply seen  

that, 𝑇 =  
2 1
0 −2

 is (3,2)-normal powers operator but it is not 3-normal .Hence,  the class of  𝑛-normal 

operator is subclass of  the class of  𝑛, 𝑚 -normal powers operators.For more information about  𝑛, 𝑚 -

normal powers operators, we can  refer the reader to [1] and [2]. 
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In this paper, we establish new classes of operators which are generalizations of 𝑛, 𝑚 -normal powers 

operators on a Hilbert. 

2. On  𝐧, 𝐦 -Powers Quasi-Normal Operators. 

Recall that [4], an operator 𝑇 ∈ 𝐵 𝐻  is called quasi-normal if  𝑇 𝑇∗𝑇 =  𝑇∗𝑇 𝑇 . In [6], the author 

introduced the𝑛-power quasi-normal as follows: 𝑇 is called 𝑛-power quasi-normal if and only if  𝑇𝑛 𝑇∗𝑇 =

 𝑇∗𝑇 𝑇𝑛  for some nonnegative integer 𝑛 . It is clear that every quasi-normal operator is 1-power quasi-

normal. In this section we introduce a new class of operator, which is called  𝑛, 𝑚 -power quasi-normal is 

introduced as follows: 

Definition 2.1: Let 𝑇 ∈ 𝐵 𝐻 , 𝑇 is called  𝑛, 𝑚 -power quasi-normal if and only if  𝑇𝑛 𝑇∗𝑚𝑇 =  𝑇∗𝑚𝑇 𝑇𝑛  

for some nonnegitive integers 𝑛, 𝑚. 

It is clear that every quasi-normal operator is  1,1 -power quasi-normal operator. Moreover, one can see that 

every 𝑛-power quasi-normal operator is  𝑛, 1 -power quasi-normal operator. But the converse is not true in 

general. It is easily seen that, 𝑇 =  
2 1
0 −2

  is  3,2 -power quasi-normal operator but it is not 3-power quasi-

normal. 

Theorem 2.2: If  𝑇 is  𝑛, 𝑚 -power quasi-normal operator, then so are: 

1) 𝑘𝑇 for any scalar 𝑘. 

2) Any 𝑆 ∈ 𝐵 𝐻  which is unitary equivalent to 𝑇. 

3) The restriction 𝑇|𝑀 of 𝑇 to any closed subspace 𝑀 of 𝐻 that reduces 𝑇. 

Proof: Since 𝑇 is  𝑛, 𝑚 -power quasi-normal operator, then 𝑇𝑛 𝑇∗𝑚𝑇 =  𝑇∗𝑚𝑇 𝑇𝑛  for someative integers 

𝑛, 𝑚. 

1) 𝑘𝑇 𝑛  𝑘𝑇 ∗𝑚𝑘𝑇 = 𝑘𝑛𝑇𝑛 𝑘 𝑚𝑇∗𝑚𝑘𝑇 = 𝑘𝑛𝑘 𝑚𝑘𝑇𝑛 𝑇∗𝑚𝑇 = 𝑘𝑛𝑘 𝑚𝑘 𝑇∗𝑚𝑇 𝑇𝑛  

=  𝑘 𝑚𝑇∗𝑚𝑘𝑇 𝑘𝑛𝑇𝑛 =   𝑘𝑇 ∗𝑚𝑘𝑇  𝑘𝑇 𝑛 . 

    Therefore, 𝑘𝑇 is  𝑛, 𝑚 -power quasi-normal operator. 

2) Let 𝑆 = 𝑈𝑇𝑈∗, where 𝑈 is a unitaty operator. Thus, 

𝑆𝑛 𝑆∗𝑚𝑆 =  𝑈∗𝑇𝑈 𝑛  𝑈∗𝑇𝑈 ∗𝑚  𝑈∗𝑇𝑈  = 𝑈∗𝑇𝑛𝑈 𝑈∗𝑇∗𝑚𝑈𝑈∗𝑇𝑈 = 𝑈∗𝑇𝑛 𝑇∗𝑚𝑇 𝑈 = 𝑈∗ 𝑇∗𝑚𝑇 𝑇𝑛𝑈 

=  𝑈∗𝑇∗𝑚𝑈𝑈∗𝑇𝑈 𝑈∗𝑇𝑛𝑈 =   𝑈∗𝑇𝑈 ∗𝑚  𝑈∗𝑇𝑈   𝑈∗𝑇𝑈 𝑛 =  𝑆∗𝑚𝑆 𝑆𝑛 .■ 
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3) By [3:p159] we have, 𝑇|𝑀 𝑛  𝑇|𝑀 𝑚∗ 𝑇|𝑀  =  𝑇𝑛 |𝑀   𝑇𝑚∗|𝑀  𝑇|𝑀  =  𝑇𝑛 𝑇𝑚∗𝑇 |𝑀 =

  𝑇𝑚∗𝑇 𝑇𝑛 |𝑀 

=   𝑇𝑚∗|𝑀  𝑇|𝑀   𝑇𝑛 |𝑀 =   𝑇|𝑀 𝑚∗ 𝑇|𝑀   𝑇|𝑀 𝑛 .                    

The following theorem proves that the class of  𝑛, 𝑚 -normal powers is subclass of  𝑛, 𝑚 -power quasi-

normal. 

Theorem 2.3: If  𝑇 ∈ 𝐵 𝐻  is a  𝑛, 𝑚 -normal powers operator, then 𝑇 is  𝑛, 𝑚 -power quasi-normal. 

Proof: Since 𝑇 is  𝑛, 𝑚 -normal powers operator, then 𝑇𝑛 𝑇𝑚 ∗ =  𝑇𝑚  ∗𝑇𝑛 .Note that, 

𝑇𝑛𝑇∗𝑚𝑇 = 𝑇∗𝑚𝑇𝑛𝑇 = 𝑇∗𝑚𝑇𝑛+1 = 𝑇∗𝑚𝑇𝑇𝑛 .■ 

Theorem 2.4: Let 𝑇 and 𝑆 are  𝑛, 𝑚 -power quasi-normal operators, such that 𝑇 commutes with 𝑆 and 𝑆∗. 

Then 𝑆𝑇 is a  𝑛, 𝑚 -power quasi-normal operator. 

Proof: 𝑆𝑇 𝑛  𝑆𝑇 ∗𝑚  𝑆𝑇  = 𝑆𝑛𝑇𝑛  𝑆∗𝑇∗ 𝑚 𝑆𝑇   =  𝑆𝑛𝑇𝑛   𝑆∗𝑚𝑇∗𝑚   𝑆𝑇  = 𝑆𝑛𝑇𝑛𝑆∗𝑚𝑆𝑇∗𝑚𝑇 

= 𝑆𝑛 𝑆∗𝑚𝑆 𝑇𝑛 𝑇∗𝑚𝑇 =  𝑆∗𝑚𝑆 𝑆𝑛 𝑇∗𝑚𝑇 𝑇𝑛 = 𝑆∗𝑚𝑆 𝑇∗𝑚𝑇 𝑆𝑛𝑇𝑛  

=  𝑆∗𝑚𝑇∗𝑚𝑆𝑇 𝑆𝑛𝑇𝑛 =   𝑆∗𝑇∗ 𝑚  𝑆𝑇  𝑆𝑛𝑇𝑛 =   𝑆𝑇 ∗𝑚 𝑆𝑇   𝑆𝑇 𝑛 .■ 

Theorem 2.5: Let 𝑇 and 𝑆 are  𝑛, 𝑚 -power quasi-normal operators, such that 𝑆𝑇 = 𝑇𝑆 = 𝑇∗𝑆 = 𝑆𝑇∗ = 0, 

then 𝑆 + 𝑇 is  𝑛, 𝑚 -power quasi-normal operator. 

Proof: 

 𝑆 + 𝑇 𝑛  𝑆 + 𝑇 ∗𝑚  𝑆 + 𝑇  =  𝑆𝑛 + 𝑇𝑛   𝑆∗ + 𝑇∗ 𝑚  𝑆 + 𝑇  =  𝑆𝑛+𝑇𝑛  𝑆∗𝑚𝑆 + 𝑇∗𝑚𝑇 

= 𝑆𝑛𝑆∗𝑚𝑆 + 𝑇𝑛𝑇∗𝑚𝑇 

= 𝑆∗𝑚𝑆𝑆𝑛+𝑇∗𝑚𝑇𝑇𝑛 =  𝑆∗𝑚𝑆 + 𝑇∗𝑚𝑇  𝑆𝑛+𝑇𝑛 =   𝑆∗ + 𝑇∗ 𝑚  𝑆 + 𝑇   𝑆𝑛 + 𝑇𝑛  

=   𝑆 + 𝑇 ∗𝑚  𝑆 + 𝑇   𝑆 + 𝑇 𝑛 .■ 

Proposition 2.6: Let 𝑇1 , ⋯ , 𝑇𝑘  are  𝑛, 𝑚 -power quasi-normal operators. Then  𝑇1 ⊕ ⋯⊕ 𝑇𝑘  and  𝑇1 ⊗

⋯⊗ 𝑇𝑘  are 𝑛, 𝑚 -power quasi-normal operators. 

Proof: 

 𝑇1 ⊕ ⋯⊕ 𝑇𝑘 
𝑛  𝑇1 ⊕ ⋯⊕ 𝑇𝑘 

∗𝑚 𝑇1 ⊕ ⋯⊕ 𝑇𝑘   

=  𝑇1
𝑛 ⊕ ⋯⊕ 𝑇𝑘

𝑛   𝑇1
∗𝑚 ⊕ ⋯⊕ 𝑇𝑘

∗𝑚   𝑇1 ⊕ ⋯⊕ 𝑇𝑘   
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= 𝑇1
𝑛 𝑇1

∗𝑚𝑇1 ⊕ ⋯⊕ 𝑇𝑘
𝑛 𝑇𝑘

∗𝑚𝑇𝑘  

=  𝑇1
∗𝑚𝑇1 𝑇1

𝑛 ⊕ ⋯⊕  𝑇𝑘
∗𝑚𝑇𝑘 𝑇𝑘

𝑛  

=   𝑇1
∗𝑚 ⊕ ⋯⊕ 𝑇𝑘

∗𝑚  𝑇1 ⊕ ⋯⊕ 𝑇𝑘   𝑇1
𝑛 ⊕ ⋯⊕ 𝑇𝑘

𝑛  

=   𝑇1 ⊕ ⋯⊕ 𝑇𝑘 
∗𝑚  𝑇1 ⊕ ⋯⊕ 𝑇𝑘   𝑇1 ⊕ ⋯⊕ 𝑇𝑘 

𝑛 . 

Hence,  𝑇1 ⊕ ⋯⊕ 𝑇𝑘  is a  𝑛, 𝑚 -power quasi-normal operator.Now, let 𝑥1 , ⋯ , 𝑥𝑘 ∈ 𝐻, then 

 𝑇1 ⊗ ⋯⊗ 𝑇𝑘 
𝑛  𝑇1 ⊗ ⋯⊗ 𝑇𝑘 

∗𝑚 𝑇1 ⊗ ⋯⊗ 𝑇𝑘   𝑥1 ⊗ ⋯⊗ 𝑥𝑘  

=  𝑇1
𝑛 ⊗ ⋯⊗ 𝑇𝑘

𝑛   𝑇1
∗𝑚 ⊗ ⋯⊗ 𝑇𝑘

∗𝑚   𝑇1 ⊗ ⋯⊗ 𝑇𝑘   𝑥1 ⊗ ⋯⊗ 𝑥𝑘  

=  𝑇1
𝑛 𝑇1

∗𝑚𝑇1 ⊗ ⋯⊗ 𝑇𝑘
𝑛 𝑇𝑘

∗𝑚𝑇𝑘   𝑥1 ⊗ ⋯⊗ 𝑥𝑘  

=   𝑇1
∗𝑚𝑇1 𝑇1

𝑛
⊗ ⋯⊗  𝑇𝑘

∗𝑚𝑇𝑘 𝑇𝑘
𝑛  𝑥1 ⊗ ⋯⊗ 𝑥𝑘  

=   𝑇1
∗𝑚 ⊗ ⋯⊗ 𝑇𝑘

∗𝑚  𝑇1 ⊗ ⋯⊗ 𝑇𝑘   𝑇1
𝑛 ⊗ ⋯⊗ 𝑇𝑘

𝑛  𝑥1 ⊗ ⋯⊗ 𝑥𝑘  

=   𝑇1 ⊗ ⋯⊗ 𝑇𝑘 
∗𝑚  𝑇1 ⊗ ⋯⊗ 𝑇𝑘   𝑇1 ⊗ ⋯⊗ 𝑇𝑘 

𝑛 𝑥1 ⊗ ⋯⊗ 𝑥𝑘 . 

Hence,  𝑇1 ⊗ ⋯⊗ 𝑇𝑘  is a  𝑛, 𝑚 -power quasi-normal. 

3. On  𝒏, 𝒎 -Power Class  𝑸  Operators. 

Recall that [5], an operator 𝑇 ∈ 𝐵 𝐻  is called class(𝑄)operator if  𝑇∗2𝑇2 =  𝑇∗𝑇 2 . In [7] the authors 

introduced the 𝑛-power class 𝑄  operator as follows: 𝑇 ∈ 𝐵 𝐻  is called 𝑛-power class  𝑄  operator if and 

only if   𝑇∗2𝑇2𝑛 =  𝑇∗𝑇𝑛 2 for some nonnegative integer 𝑛. It is clear that every class  𝑄  operator is 1-

power class. In this section we introduce a new class of operator, which is called  𝑛, 𝑚 -power class  𝑄  is 

introduced as follows: 

Definition 3.1: Let 𝑇 ∈ 𝐵 𝐻 , 𝑇 is called  𝑛, 𝑚 -power class 𝑄  operator if and only if  𝑇∗2𝑚𝑇2𝑛 =

 𝑇𝑚∗𝑇𝑛 2  for some nonnegative integers 𝑛, 𝑚. 

It is clear that, every class  𝑄  operator is  1,1 -power class  𝑄  operator. Moreover, one can see that every 

𝑛-power class  𝑄  operator is  𝑛, 1 -power class  𝑄  operator. But the converse is not true in general. It is 

easily seen that,𝑇 =  
2 1
0 −2

  is  𝑛, 𝑚 -powers class  𝑄  operator but it is not class  𝑄  and not 3-power class 

 𝑄 . 

Theorem 3.2: If  𝑇 is  𝑛, 𝑚 -power class  𝑄  operator, then so are: 

1) 𝑘𝑇 for every scalar 𝑘. 
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2) Any 𝑆 ∈ 𝐵 𝐻  that is unitary equivalent to 𝑇. 

3) The restriction 𝑇|𝑀 of 𝑇 to any closed subspace 𝑀 of 𝐻 that reduces 𝑇. 

Proof : Since 𝑇 is  𝑛, 𝑚 -power class  𝑄  operator, then 𝑇∗2𝑚𝑇2𝑛 =  𝑇𝑚∗𝑇𝑛 2 

1)            𝑘𝑇 ∗2𝑚  𝑘𝑇 2𝑛 = 𝑘 2𝑚𝑇∗2𝑚𝑘2𝑛𝑇2𝑛 = 𝑘 2𝑚𝑘2𝑛𝑇∗2𝑚𝑇2𝑛 =  𝑘 𝑚𝑘𝑛 
2
 𝑇∗𝑚𝑇𝑛 2 

=  𝑘 𝑚𝑘𝑛𝑇∗𝑚𝑇𝑛 
2

=  𝑘 𝑚𝑇∗𝑚𝑘𝑛𝑇𝑛 
2

=   𝑘𝑇 ∗𝑚  𝑘𝑇 𝑛 2. 

    Therefore, 𝑘𝑇 is  𝑛, 𝑚 -power class  𝑄  operator. 

2) Let 𝑆 = 𝑈𝑇𝑈∗, where 𝑈 is a unitaty operator. Thus, 

𝑆∗2𝑚𝑆2𝑛 =  𝑈∗𝑇𝑈 ∗2𝑚 𝑈∗𝑇𝑈 𝑛 = 𝑈∗𝑇∗2𝑚𝑈𝑈∗𝑇2𝑛𝑈 = 𝑈∗𝑇∗2𝑚𝑇2𝑛𝑈 = 𝑈∗ 𝑇∗𝑚𝑇𝑛 2𝑈 

= 𝑈∗ 𝑇∗𝑚𝑇𝑛 𝑈𝑈∗ 𝑇∗𝑚𝑇𝑛 𝑈 =  𝑈∗𝑇∗𝑚𝑇𝑛𝑈 2 =  𝑈∗𝑇∗𝑚𝑈𝑈∗𝑇𝑛𝑈 2 =  𝑆∗𝑚𝑆𝑛 2. 

    Hence, 𝑆 is  𝑛, 𝑚 -powers class  𝑄  operator. 

3) By [3:p159] we have, 

 𝑇|𝑀 ∗2𝑚  𝑇|𝑀 2𝑛 =  𝑇∗2𝑚 |𝑀  𝑇2𝑛 |𝑀 =  𝑇∗2𝑚𝑇2𝑛 |𝑀 =  𝑇∗𝑚𝑇𝑛 2|𝑀 =   𝑇|𝑀 ∗𝑚  𝑇|𝑀 𝑛 2.■ 

Theorem 3.3: If  𝑇 ∈ 𝐵 𝐻  is  𝑛, 𝑚 -normal powers operator, then 𝑇 is  𝑛, 𝑚 -power class  𝑄 . 

Proof : Since 𝑇 is  𝑛, 𝑚 -normal powers operator, then 𝑇𝑛 𝑇𝑚 ∗ =  𝑇𝑚  ∗𝑇𝑛 .Note that, 

𝑇∗2𝑚𝑇2𝑛 = 𝑇∗𝑚𝑇∗𝑚𝑇𝑛𝑇𝑛 = 𝑇∗𝑚𝑇𝑛𝑇∗𝑚𝑇𝑛 =  𝑇∗𝑚𝑇𝑛 2.■ 

      The above theorem proves that the class of all  𝑛, 𝑚 -normal powers operator is subclass of the class of 

 𝑛, 𝑚 -power class  𝑄 .In addition that, the next theorem proves that the class of all  𝑛, 𝑚 -powers quasi-

normal operator is subclass of the class of  𝑛, 𝑚 -power class  𝑄 . 

Theorem 3.4: If  𝑇 ∈ 𝐵 𝐻  is  𝑛, 𝑚 -powers quasi-normal operator, then 𝑇 is  𝑛, 𝑚 -power class  𝑄 . 

Proof: 

Since 𝑇 is  𝑛, 𝑚 -powers quasi-normal operator, then 𝑇𝑛 𝑇𝑚∗𝑇 =  𝑇𝑚∗𝑇 𝑇𝑛 .Note that, 

𝑇∗2𝑚𝑇2𝑛 = 𝑇∗𝑚𝑇∗𝑚𝑇𝑛𝑇𝑛 = 𝑇∗𝑚𝑇∗𝑚𝑇𝑇𝑛𝑇𝑛−1 = 𝑇∗𝑚𝑇𝑛𝑇∗𝑚𝑇𝑇𝑛−1 = 𝑇∗𝑚𝑇𝑛𝑇∗𝑚𝑇𝑛 =  𝑇∗𝑚𝑇𝑛 2.■ 

Proposition 3.5: Let 𝑇1 , ⋯ , 𝑇𝑘  are  𝑛, 𝑚 -power class  𝑄  operators. Then  𝑇1 ⊕ ⋯⊕ 𝑇𝑘  and  𝑇1 ⊗ ⋯⊗

𝑇𝑘  are 𝑛, 𝑚 -power class  𝑄  operators. 

Proof : 
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 𝑇1 ⊕ ⋯⊕ 𝑇𝑘 
∗2𝑚 𝑇1 ⊕ ⋯⊕ 𝑇𝑘 

2𝑛 =  𝑇1
∗2𝑚 ⊕ ⋯⊕ 𝑇𝑘

∗2𝑚  𝑇1
2𝑛 ⊕ ⋯⊕ 𝑇𝑘

2𝑛 

= 𝑇1
∗2𝑚𝑇1

2𝑛 ⊕ ⋯⊕ 𝑇𝑘
∗2𝑚𝑇𝑘

2𝑛  

=  𝑇1
∗𝑚𝑇1

𝑛 2 ⊕ ⋯⊕  𝑇𝑘
∗𝑚𝑇𝑘

𝑛 2 =  𝑇1
∗𝑚𝑇1

𝑛  𝑇1
∗𝑚𝑇1

𝑛 ⊕ ⋯⊕  𝑇𝑘
∗𝑚𝑇𝑘

𝑛  𝑇𝑘
∗𝑚𝑇𝑘

𝑛  

=  𝑇1
∗𝑚𝑇1

𝑛 ⊕ ⋯⊕ 𝑇𝑘
∗𝑚𝑇𝑘

𝑛 2 =   𝑇1
∗𝑚 ⊕ ⋯⊕ 𝑇𝑘

∗𝑚  𝑇1
𝑛 ⊕ ⋯⊕ 𝑇𝑘

𝑛  
2
 

=   𝑇1 ⊕ ⋯⊕ 𝑇𝑘 
∗𝑚  𝑇1 ⊕ ⋯⊕ 𝑇𝑘 

𝑛 2. 

Hence,  𝑇1 ⊕ ⋯⊕ 𝑇𝑘  is a  𝑛, 𝑚 -power class  𝑄  operator.Now, let 𝑥1 , ⋯ , 𝑥𝑘 ∈ 𝐻, then 

 𝑇1 ⊗ ⋯⊗ 𝑇𝑘 
∗2𝑚 𝑇1 ⊗ ⋯⊗ 𝑇𝑘 

2𝑛 𝑥1 ⊗ ⋯⊗ 𝑥𝑘 

=  𝑇1
∗2𝑚 ⊗ ⋯⊗ 𝑇𝑘

∗2𝑚  𝑇1
2𝑛 ⊗ ⋯⊗ 𝑇𝑘

2𝑛  𝑥1 ⊗ ⋯⊗ 𝑥𝑘  

=  𝑇1
∗2𝑚𝑇1

2𝑛 ⊗ ⋯⊗ 𝑇𝑘
∗2𝑚𝑇𝑘

2𝑛  𝑥1 ⊗ ⋯⊗ 𝑥𝑘 = 𝑇1
∗2𝑚𝑇1

2𝑛𝑥1 ⊗ ⋯⊗ 𝑇𝑘
∗2𝑚𝑇𝑘

2𝑛𝑥𝑘  

=  𝑇1
∗𝑚𝑇1

𝑛𝑥1 
2 ⊗ ⋯⊗  𝑇𝑘

∗𝑚𝑇𝑘
𝑛𝑥𝑘 

2 =  𝑇1
∗𝑚𝑇1

𝑛𝑥1 ⊗ ⋯⊗ 𝑇𝑘
∗𝑚𝑇𝑘

𝑛𝑥𝑘 
2 

=   𝑇1
∗𝑚 ⊗ ⋯⊗ 𝑇𝑘

∗𝑚  𝑇1
𝑛 ⊗ ⋯⊗ 𝑇𝑘

𝑛  𝑥1 ⊗ ⋯⊗ 𝑥𝑘  
2

=   𝑇1 ⊗ ⋯⊗ 𝑇𝑘 
∗𝑚  𝑇1 ⊗ ⋯⊗ 𝑇𝑘 

𝑛 𝑥1 ⊗ ⋯⊗ 𝑥𝑘  
2
 

=   𝑇1 ⊗ ⋯⊗ 𝑇𝑘 
∗𝑚  𝑇1 ⊗ ⋯⊗ 𝑇𝑘 

𝑛 2 𝑥1 ⊗ ⋯⊗ 𝑥𝑘 . 

Hence,  𝑇1 ⊗ ⋯⊗ 𝑇𝑘  is a  𝑛, 𝑚 -power class  𝑄  operator.                            ■ 

Proposition 3.6: Let 𝑇 ∈ 𝐵 𝐻 . Then 𝑇 is a  𝑛, 𝑚 -power class  𝑄  operator if and only if  𝑇 is a  𝑚, 𝑛 -

power class  𝑄 operator. 

Proof : Let, 𝑇 is  𝑛, 𝑚 -power class  𝑄  operator, then 𝑇∗2𝑚𝑇2𝑛 =  𝑇𝑚∗𝑇𝑛 2.Note that,        

𝑇∗2𝑛𝑇2𝑚 =  𝑇∗2𝑚𝑇2𝑛 ∗ =   𝑇∗𝑚𝑇𝑛 2 ∗ =   𝑇∗𝑚𝑇𝑛 ∗ 2 =  𝑇∗𝑛𝑇𝑚  2. 

Thus, 𝑇 is a  𝑚, 𝑛 -power class  𝑄 .The converse of  the  proposition is similar.                                                         

■ 

Theorem 3.7: Let 𝑇 and 𝑆 are  𝑛, 𝑚 -power class  𝑄  operators, such that 𝑇 commutes with 𝑆 and 𝑆∗. Then 

𝑆𝑇 is a  𝑛, 𝑚 -power class  𝑄  operator. 

Proof : 

 𝑆𝑇 ∗2𝑚 𝑆𝑇 2𝑛 = 𝑇∗2𝑚𝑆∗2𝑚𝑆2𝑛𝑇2𝑛 = 𝑇∗2𝑚𝑇2𝑛𝑆∗2𝑚𝑆2𝑛 = 𝑇∗2𝑚𝑇2𝑛 𝑆∗𝑚𝑆𝑛 2 =  𝑇∗𝑚𝑇𝑛 2 𝑆∗𝑚𝑆𝑛 2 

=  𝑇∗𝑚𝑇𝑛𝑆∗𝑚𝑆𝑛 2 =  𝑇∗𝑚𝑆∗𝑚𝑇𝑛𝑆𝑛 2 =   𝑆𝑚𝑇𝑚  ∗𝑆𝑛𝑇𝑛 2 =   𝑆𝑇 ∗𝑚 𝑆𝑇 𝑛 2.      ■ 
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Theorem 3.8: The class of all  𝑛, 𝑚 -power class  𝑄  operators on 𝐻 is closed subset of 𝐵 𝐻  under scalar 

multiplication. 

Proof : Put,  𝑄 𝐻 =  𝑇 ∈ 𝐵 𝐻 : 𝑇 is a  𝑛, 𝑚 -powers class  𝑄  operator on 𝐻 for somenonnegative integer 

 𝑛, 𝑚 . 

One can show that from theorem (5.1), 𝛼𝑇 ∈ 𝑄 𝐻  for any scalar 𝛼, therefor the scalar multiplication is 

closed under 𝑄 𝐻 .Now let 𝑇𝑘  be a sequance in 𝐵 𝐻  of  𝑛, 𝑚 -power class  𝑄  converges to 𝑇, then after 

simple computation one can see that, 𝑇2𝑚∗𝑇2𝑛 −  𝑇𝑚∗𝑇𝑛 2 =  𝑇2𝑚∗𝑇2𝑛 − 𝑇𝑘
2𝑚∗𝑇𝑘

2𝑛 +  𝑇𝑘
𝑚∗𝑇𝑘

𝑛 2 −

 𝑇𝑚∗𝑇𝑛 2  

≤  𝑇2𝑚∗𝑇2𝑛 − 𝑇𝑘
2𝑚∗𝑇𝑘

2𝑛 +   𝑇𝑘
𝑚∗𝑇𝑘

𝑛 2 −  𝑇𝑚∗𝑇𝑛 2 ⟶ 0    as 𝑘 ⟶ ∞. 

This implies that,   𝑇2𝑚∗𝑇2𝑛 =  𝑇𝑚∗𝑇𝑛 2, therefore 𝑇 ∈ 𝑄 𝐻 .Hence, 𝑄 𝐻  is closed under scalar 

multiplication. 

From the previous we get the following inclusions of classes:  

Normal⊊ 𝑛, 𝑚 -normal powers ⊊ 𝑛, 𝑚 -powers quasi-normal ⊊ 𝑛, 𝑚 -power class (Q). 
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