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Abstract.

In this paper, we study two models models for the dynamics spread and transmission of cholera. For
these models Lyapounov functions are used to show that when the basic reproduction number is less
than or equal to one, the disease free equilibrium is globally stable , and when it is greater than one there
is an endemic equilibrium which is also globally asymptotically stable.
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1 Introduction

Cholera is a severe diarrhoea disease caused by the bacterium Vibrio Cholerae. Transmission
occurs to human when his food or water are contaminated, and also where he has a contact with
cholera patient's faeces, vomit and corpse.

The purpose of this paper is to study the stability of cholera model of Wang and Modnak,
according the following plan. In section 1 we present and study the model without controls.

In section 2, we show the global stability of disease free and endemic equilibria of Wang and
Modnak [8].

2 The basic model

The basic model of cholera transmission can be written as a combined dynamical system

(S(t).I(t).R(t)-B(t)).where S(t), I(t), R(t)and B(t)Jenote the susceptible, the infected
recovered human and the environmental component respectively. Hence the model is given by :
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S=A-p8.5-L_ — 35— pus

: U RAB f
I = ,.-Zi’ebm + BpST — (v + p)d (1)
B=¢1—6B
=~ —uRR

with these parameters :
with the following parameters :

A\ is the recruitment into the population ; /3. and /3, represent rates of ingesting vibrios from

the contaminated water or through human to human interaction respectively ; ;i denote the rate
that an individual in the population died from reasons not related to the

disease ; 7 is the rate that an infectious individual dies because of the disease, £ is the rate of

human contribution toV'. cholerae, & is the natural death of /_ cholerae, [ is the pathogen
concentration that yield 50% chance of catching cholera see [8].

Proposition 1. Let ,_’,E?{'t),j’{f)_,R{U,B{'fj/] be the solution of system(1) with initial conditions
(50),I{0),R (1) )and the compact set :

=

5'3={{S.I.R}ERS;BER}:S+I+R§%;B{£} (2)
! 0

)

Then , under the flow described by (1), {} is a positively set that attracts all solutions of
RY
Proof :Consider the following Lyapounov function

Wit) = (S(t)+ I(t)+ R(t))

Its time derivative satisfies :

dWit) ... .
S+ T+ R
dt
= A — puWWi(t)
Hence, mzz“*" < ) for W (t) = ;—":.vvhich implies that €2 is positively invariant set. Solving

this differential equation one has that :

o A o
0<W(t) < —+W(0)e
t
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Where W(0) is the initial condition of Wt} . Thus, as t — +oc one has that

0 < Wi(t) < %

In the same way one has =l —-0B < 5— — 4B < 0for B(t) > £ this implies
that :

’c;'ai ;
0<B(t) < “—5 + B(0)e™
il

att — oo, 0< B(t) < =—";
Then, one can conclude that £ is an attractive set. This achieves the proof.

2.1 Mathematical analysis
In this section , the model is analyzed in order to obtain the basic reproduction ratio,
condition for the existence and uniqueness of non trivial equilibria

2.1.1 Basic reproduction number R

The desease free equilibrium of the model ISLi 0,0, 0) Now, the basic reproduction

Number R will be calculated by using the next generation matrix from Driessche and

Woutmough , 2002 [9]. 3, ShBB + B,SIT
I T+ =Rt

Let X=(I.B.R,S) , system (1) becomes % =F —V ,where F = ::
0

(e + )
and V= —&I+0B . The jacobian matrices of F )/ atthe
-1 + ,.'JR
—A+ 4.5 ﬁ+B + G ST + 1S _ o
disease free equilibrium X, are respectively : DF(X,) = ( {I; :: ) .and DV (X,) = ( I; "} )
. o J_ . -2

GRS Y+
where ' = [ "hwe Teu and 7 = (+u 0
0 0 —& )

"'LI\-PT Tra+ ?E"E.-I J.i A
Fv—1 0 maly+p) K 0 “pka is the next generation matrix of system (1). The radius
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FV-'is
A K Brd 4 5:E)
;{.{?{"‘f —+ Jujljlp

p(FV™=h =

Hence, the basic reproductive number is :
AR Bpo 4+ B.E)
pd (y + ) K

Ro =

2.1.2 Stability of disease free equilibrium

Theorem 1. If Rg < 1, A.A — Kpd = 0 et gue oA — p? + p& =0

Proof Let be the following Lyapounov function V(S I B . R) = (S5 — S*In(S))+I+B+R
and we have :

Vis. I.B.R)=5(1 —?}+I+B+R

i B S*
=(A=8.85 — 3 ST —puS)H1——1473.5— 4+ 3, ST —(~v+ i\ [+ET—B+~T—uR
I He K+ B h fla | b.J EI‘L—FB h L) & L ] /
A S* B ] S* ]
= (== ) (1= ) = (BoS ——— By ST) (1= ) )+ 5.5 — B ST —(y+u) I+ET—5 B+~ —pR
M;a I 5 11— K+B " I 5 )+ i +B+' h (y+p)d+E& +dL—p

ik

— u(S* = S)((1 = Z)) + B.5* — BuS* T — (v + )] + &I — 6B + I — iR

S K+ B
(S —=8%2 &% \ Ca o \
< —puf = + (B i NB + (35S —pu+ 61 — uR

For ﬁ% — a6 =0 and [G,5% — 4+ & =0 We have ﬂ—t < 0 Hence by LaSalle's principe ,
the disease free equilibrium is globally asymptotically stable in  £2.

2.1.3 Existence of endemic equilibrium

System (1) has an endemic point (S, I, B, R) satisfying :

A—B.S-B_ _ B.ST—puS=0

~ = B I{+,-8 -5 i "
BeSemg + ST — (v + ) =0 (3)
El—dB=10
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and we obtain : B = %f; S = i _ :’%‘&f et I which is the solution of :

EFP+FI+G=0

—
e
——”

with

E=—0Fp(v+p)
F = BN — (v 4 p)[Be + )€ + Brd K]

and G = B AE 4 BaAKS — (v + p) (oK),
Then

- for

. j.kI'L_Djh{g -+ 'ﬁe{,l o1

R —
G po(y 4+ p) K

G is positive and the fact that E is negative, one has I_Lf;: = "E’ < () and the equation (4)

has two solutions [, < () et [, = 0 , one will take account only for one will take account only

for [, whom isin (}

_ _F
T 2FE
- For
o _ AEBS+5.E)
O po(y 4+ p) i
G=0 , equation(4) has T, which is the disease free equilibrium and I, = =£
- The case

ANKBpd 4 5.£)
Ro=——hTles)
po(y 4 p) K

is not available, the two solutions are negatives and are not in £2.
And one has the following result on stability of endemic equilibrium :

Theorem 2 .If Ry = 1 the endemic equilibrium is globally asymptotically stable.
VI(S.I,B)=Wy(S = SInS)+ Wy(I —Iini)
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Proof: Define a Lyapounov function with 117

and 117, are positive constants to be chosen latter. We have :

. s |
V(S I, B) = Wi(1 = Z)S + Wy(1 - %]I

taking account of system (2) :

. S iac :
V(S,I,B) =, (1—2)(A.5———= — 3.5—
[ J =11 SJI\- K+ B K+ B

4 BuST — BuST + (5 — S))

I. B - B o _
Voll — S)(BS—2 852 4 3.ST— BuST — (v 4 (I — )
+Wa(l I“' bI\+B 1) I\;+B+3h I — BpST—(y+p)(I=1))
S _ B B B B __ _ _ _
W (-2 B BS—2 1 BS—— B35 B, STt B ST— By ST— By ST4p(5—5))
=g e e g P T g PP kB P K L g T TR m P = OS5 =)
wa-best o _ps B _ips B _ 55 B

T _3.5— = B35
I'"°KyB ""K+B K+FB K+B
4BuST — BuSI + BSI — BpSI — (v + 1)(I = I))

o1 v o o B o Tvio o2, @ o oy B ¥ Y =
= —11-1§w+_debh.+ B+.dthLb—bJ +.detb—buﬁ.+ R B;—Hl_dmb—buf—h
o _ -1 B B B I-TI. = -
Wabh(S — S)(I —I) + Wa( =) BeS (e — — ) — Wafee—(~—2)(S — &)
+Wa Onl ) )+ 2kIJ. LI\+B I\;+BJ 2/ I\_'_B'.IJL )
(T _ T2
S (B — (4 =)
I
1 - _ B - S B B
< —W,—( 5.8 — + B, 0)(S = SP +WB.(8 = §)(———= — — )
= 15Uf+_ K+B+.hn I+ Wbl “I&+B ﬁ+BJ
- _ I-I. B B B I-T _
HWo=WE(S=SWT-1)+Ws5( 13,5 = —— -, ———=(——)(5=5)
(Wao—=W1) Bl =D Wa(—=)B S (e g Wl g ) )
AU (I =1
FWL(BS — (v + p))
I
for W, = W, =1 andthefactthat 35 — (+ + 11} = 0 one has
dV 1 _ B - - B
— < —— (4 BS—— + BI)(S — 5+ B.5—
gt = ST o R Ty
I B B B I -
_ £ I-_;esr _ _ _ _ % _ l.'je _ _ F b
‘T K Y BT K+ B’ K+B'T
1 _ B _ ., B T -
< ——(p+ 05—+ 5SS =5 —3,——=(=)5 <=0
g\ K+ N TP R BT

Hence by LaSalle's principe ,the endemic equilibrium is globally asymptotically stable in €},
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3 The model with controls
We present, in this section, the model of Wang and Modnak [8] which is the extension of
model (1)by adding vaccination , treatment and water sanitation.The model (1) becomes :

S=A- ¥Sh+B—‘ihqf—;f“—-zr5
I = 3_'R+B+3hbf—ll.—|—ﬂf—ﬂ.f

—
[ukiy |
—

=¢l - 6B —wB
R = —pR+vS4al

with V is the rate of vaccination, a the rate of therapeutic treatment applied to infected people
vibrios and w is the rate of the death of vibrios by leading sanitary water.

Like in section 1 the next set

"L ’cﬁ.
L={(S,I.R)eR;BeR})S+I+R<—B<————} (6)
7 o+ w)
Q
is a positively set that attracts all solutions of ]Eii Denote by * the interior of };
One has the disease free equilibrium : (¢* * B R*) = .:_ 0,0, 0) and the basic

reproduction number :

AR B0 4+ w) + 58)
plo+wip+viy+p+a)k

D:

which gives us the following results.

3.1 Stability of disease free equilibrium

Theorem 3. if R < 1 the disease free equilibrium is globally asymptotically stable
Proof : Let be the following Lyapounov function V :

VIS, E IT)=I(1)

We have :
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dV i B
— = A3.5——— + GST —(~v+ )] —al
at K yp T T
o . . AnS (v +p+a) .
= (plo+w](ptv)(y+pta))(— — — k ’I\,, : — )1
o +wlp+v)y+p+a) pld+wip+vi(y+p+alk
. B
+0e5 ——
K+ B
MEBR (0 +w) + [.6)S 1

i

<(pd4+w)p+v)(yv+p+a))— — — - — — — -
'E f ) f ;{.(5+-t{'ma+-i-‘nﬁf+|u+.r¢.j| ;u¢5+u3jui+-t=j

3.5 —
TR
i 1
<(pld+w)p+v)v+p+a))(ReS(t) — : -)
< (pl v WY+ ) ) oo(t) gf(r5+u.']|;;¢.—|—t'J’l
. B
3eS——
R Y
We see that
dav. i __ 1 _
i < (O for Rg < ety < L and B=0
If Ry <1 then & =0 ¢ I(t)=0
_ av _ =1
If Ro=1 then = =0+ Ro = ooy
Hence by LaSalle 's principe the disease free equilibrium is stable in 32 O

If Ry = 1 the disease free equilibrium is instable by theorem 3. Moreover, the behavior of the
loCar uyniainiics near the disease free equilibrium implies that the system (5) is uniformly

persistent in ¥ ; namely there exists a constant (" = () such that :

al

Liminf,,o S(f) = C liminf o S(t) = C, liminf,___ S(t) > C
The uniform persistence together with boundedness of 3 is equivalent to the existence of a

compact set [} < i , Which is absorbing for (5).
3.2 Stability of endemic equilibrium

The fourth equation of (5) is not appear in the third other. One can reduce the system
(5)to:
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S =A—B.SgBs — BuSI — pS —vS
I= -":3-3*5'}.;._5'_;5 + ,-':Z-'Jh ST — |L"r + Ju:lf —al I:Tj

B=¢I—6B—wB

A—(y+tpta)l | 1 el 7

which gives the following endemic equilibrium : S = — B = oo et I
FP+FI+G=0 (8)
with

E=—5(v+p+a)k;
F=MAN—(v+p+a)fe+p+v)E~+ Buld+w)K];

and G = B AE 4+ B AR (0 +w) — (v +p+a)(p(d 4+ w)K).

and like in system (1), { is unique in 33.One has :

Theorem 4. Here we use the technical method of Muldowney [5], see also /1, 2.3,4, 7/
Assume that :

- There exist a compact absorbing setand i € D -

- The system has an unique equilibrium point 7 in [}

- & is locally stable
- the system satisfies the Poincare Bendixon property

- each periodic orbit of (5) in [ is orbitally asymptotically stable.

Then the endemic equilibrium is globally asymptotically stable

The proof of this theorem is based on monotone dynamical systems, as developed in[5]
and needs some following properties :

Theorem 5. There exist a compact absorbing set ' = [J

Definition 1. The system (5) is called competitive if there exists a diagonal matrix H with entries

=31 such that each off-diagonal entry of H[%] () H is nonpositive in D,

where (%j(-ﬂ is the Jacobian matrix of (5)
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11y 1z Q13
Definition 2. Let be a three dimensional matrix 4 = (lo] (oo @ag | One define the

flgy Mgz 3y

(111 + oo (log —ilq3
second compound matrix by Al = (192 11 + ag a2
—ilg] laq oo 4 (gg

Theorem 6. IF R = 1 the endemic equilibrium is locally asymptotically stable
Proof : the proof of this theorem is the application of the following Arino, Mcluskey lemma :

Lemma 1. If mgim < 0, .rf(*fud )(z) < 0 and (me ‘( < ()) are negative , then its
engenvalues have real part negative.

Proof We have :

o '~f~:+s+ Bl + 4+ v) —BrS KLBP
I I-':_'\ — _- [ :‘ _ I.-Ar. % ﬁ’-‘bﬂ_
T L) H+B thir ,-.:-'Jhn_. (v+pu+a) (K+B)?
0 £ —(d 4+ w)
One has
af. . 3.B v4p+a)l, i
tr(—)(7)=—{ + B T +pi+v) — B (————=)— (v p+a) — (d4+w)+ 3 <
EIRASE, LI\—l—B hd +HAV) M Wt J—(v+ J— ) Lh;—l—t'
let( M) (& 4+ ‘["_f AN+ (v 4+ +4a)l e_ 4+ (4 v) Tl + 0+ a) K 0
aet| . = — W Oyt i L ¥ — L v — L a L i)|——— <
() \ P - K1 B U ) A / J(R—I—BF
219 (7) is the second additi d of the jacobi ix 2)(7) is 2Lz
gr W) IS the second additive compound o t € Jacoplan matrix B Jr) s A Nx .|
—(EE+mtaty+0)+ (S -1 F5 Ll
£ —(;f'fg + 8 I+p+v+0+w) —3S
0 HB I BrS —(v+p+a+d+w)
. et re’wn—-—}u] = —p‘hI[( —I—,u—l—a—l—c‘—l—u gh+3+jﬁ+b+mj (hﬁigﬁ]—l—"5‘;;5["“-—l—,u-—l—a-—l—ri—l—-w]
LHB+;£+E +d+w)—£ iiﬁ; | = (v+p+atd+w) “A +2;:+r1+ v “A+B +p4v+d+w)

Theorem 7. Pour Ry > 1 differential system (1) est competitive
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1 0 0
Proof : Consider a three dimensional matrix H = 0O —1 0
0 0 1
| —|l;+B + G +pp4+v) —G,S —ﬁ;ifﬂél
Onehas HELH = | —££ 1 5,1 BuS—(y+u+a) —R4peE
0 —& —(d + w)

For 3,5 — (v + pt + a) < 0} the system (5) is competitive and possesses the Poincaré -
Bendixon property.

Theorem 8. Any periodic orbits of the system (5) is asymptotically orbitally stable.
The proof is based on the following Muldowney's theorem :

Theorem 9. A sufficient condition for a periodic orbit I = {a#(f) : 0 < t < v}

i = A1)y (9)
is asymptotically stable, where A(t) = % is the second additive compound matrix of the

jacobian et APl de Aft)
The system (9) is called the second compound system of the orbit ()

Proof Letbe Y=(X.Y.Z), la matrice 4[2]est

G S GRS

K+B BrlS = 1) (K+BZ (K+B)?

£ (A+B+dhf+;:.+z'+é+u.-j —BnS
0 ME I S —(v+pu+a+d+w)

system (7) becomes :

}L —|l—|l I“X n AK S jr e K S Z

I«.+B 1B T KtB?
Y_“EX_I‘A+B th+;;+t+£5+a;}—3hq2' (10)
Z—% BplY +(6pS —(v+pt+at+d+w))Z

Let be
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By direct calculations, we can obtain the following inequalities :

D (|X]) < (—( 'f{ie +2u4a+y+v)+ Gx(S = 1))|X|+ ﬂi[gﬂﬂ + 2]
- K+ B ' (K+B)Y*B'T
F R & i ol
DoY) SEX| = (p + Bl + kvt 6+ w)|V| = 55|12
Dy (]Z]) < ( 'ESEB + G DY+ (8BS — (v + p+a+ 8 +w))| 2]
- ‘K+B ' '

We deduce :
DY+ |Z]] < €1X] = (p+ 0 +w)[|[Y]+ 2] = [ Z] = (v + a)| Z]

Thus
I I I B
Do(—(|Y 2= =D (|Y'+ D, (|Z]) + (= — =)(|Y Z|)
+uBa| |+ 1Z]) B +(Y]) 4+ D] |J+LI B“' |+ |Z])
and
I I I I
T AT 7 {:_z . ALY o . .I-, o r
.D+IlBIL|Tl|+|ZJ_BL}|—|—|Z,ILI 7 H i) HJ+B£_)1|
which implies this inequality :
Dy (V (1) = sup{g1(t), g2(£)}V'(2) (11)
where :
3.B ) F. K S
(EL — _.‘ __E' ] __r_ |" . I . . e
g1 (t) B +B+2;a+a+ y +v) + Bn(S IJ+7J[I{+BF
B.B T
"::—{ - : g 7Y ) -
= LK+B—|—2;{—|—H—|— ) —|—i,l—|—j,
I
< - —
=7 f
ga(t] I_B 1 — 4 u"—l—f’
goll) = (- ——=—p—0—w —
ga21t) Ilf B ! ) B°
and :

g(t) < = —up

P~

which gives us :
Dy (V1)) < sup{gi(t), ga(t)) < 1"

By application of Gronwall inquality, one has :

Volume 7, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 973|




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

o P \ A
Vit)y < V(O (t)exp(—put) < —=V(0)exp(—pt)
L

this implies tha V(t) — Owhen t — oo, a result the second compound differential system (7) is
asymptotically stable. Thus the periodic solution (S{t),I{t).R(t)) asymptotically stable with

asymptotically phase.
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