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ABSTRACT. In this work, the notion of injectivity relative to a class of IQC submodules
(namely, 1QC-injectivity) has been introduced and studied, which is a generalization quasi-
injective module. This notion is closed under direct summands. Several properties and
characterizations have been given. We provide a characterization of semi simple Artinian ring, SlI-
ring and Dedekind domain in terms of IQC-injective R-module.
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INTRODUCTION

Throughout, Rrepresents an associative ring with identity and R -modules are unitary left R -modules. For
an R-modules M and N, Homg (M, N )will denote the set of R -module homomorphisms from M to
N. The kernel of any B € Homz(M,N)is denoted by ker(8) and its image byf(M). S =
Endg (M)will denote the ring of R-endomorphisms of M [1]. A submodule V' of R -module M is said to
be an essential submodule of an R -module M, if V' has nonzero intersection with every nonzero sub
module of M [2]. A sub module V' of R -module M is said to be a closed in M, if ' has no proper
essential extensions in M ([3], P.5). We shall use 9(R) to stand for the set of all essential right ideals of
the ring R . Given any R -module M, we set Z(M)={xeM|xI = 0,for somel € 9(R)}
([2], P.30). An R-module M, is singular provided Z(M) = M. At the other extreme, we say M is a
nonsingular provided Z(M)=0 ([2], P.31). A sub module  of R -module M is said to be a direct
summand of R-module M, if M = @ L, for some submodule £ of M[2]. An R-module M is said to be
semi
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simple, if every sub module of M is direct summand ([2], P.27). An R -module M is called CS-module

(or extending ( (C;)-condition)), if M satisfies any one of the following equivalent conditions (1) for every
submodule V' of M, there is a decomposition M =L@B such that V" is essential in £, (2) every closed
submodule of M is a direct summand [4]. A CS-module M which satisfies (C,)-condition: every sub
module of M which is isomorphic to a direct summand of M is itself direct summand, is called
continuous[4]. Let M and V" be two R -modules, IV is called M -injective, if for every submodule £ of
M, any R -homomorphism from £ to V" can be extended to an R-homomorphism from M to N ([5],
P.28). An R -module 2V is called injective, if it is M -injective for all R -module M. A right R -module
M is (minimal) quasi-injective, if every homomorphism from a (simple) submodule of M to M can be
extended to an endomorphism of M [6]([7]). A submodule " of M is called Quasi-closed submodule, if
vV X EM with x €V, there exists a closed submodule £ of M containing V" and x L. it is clear that every
closed submodule is a Quasi-closed —submodule[8]. Let M be an R-module. A submodule N of M is
called IQC-submodule (simply M'<'¢ M) | if IV is R -isomorphic to a Quasi-closed submodule of M. It
is clear that, every Quasi-closed submodule (and hence direct summand) is 1QC-submodule, but the
converse generally is not true, nZ is IQC-submodule of the Z-module Z which is not Quasi-closed for
each positive integer n> 2. It is easy to prove that every submodule which is R -isomorphic to 1QC-
submodule in M is itself 1QC-submodule in M. Every 1QC-submodule in a Quasi-closed submodule
(direct summand) of M is IQC-submodule in M. Let M and V" be two R-modules. If £, then f(£)
<N where f: M — N is an R-isomorphism [9]. An R -module M is fully (extending) continuous , if
every 1(QC)-submodule of M is a direct summand [9] , ([8]).

Quasi - 1QC-injective module

Definition(2.1): Let M and IV be two R -modules. Mis said to be anlQC-N-injective, if for each
IQC-submodule £ of I, every R -homomorphism 9 from £ to M can be extended to an R -
homomorphism from V" into M, see (1). The R-module M is called Quasi- IQC -injective, if it is IQC

- M-injective.
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Examples and remarks (2.2):

(1) Every fully continuous R -module is Quasi- IQC -injective. But the converse may not be true, in
general.

(2) Every quasi-injective R -module is Quasi- IQC -injective. But the converse may not be true, in general.
For example see [10, Remark (2.9)]. It may be fully continuous (Quasi- IQC - injective) , but not quasi-
injective.

(3) Let M and IV be two R -modules. If M is an IQC -N-injective, thenM is an 1QC - £ -injective for
each Quasi-closed R-submodule £ of V.

Proof: Let £ be any Quasi-closed R -submodule of IV, B be any 1QC -submodule of £ and 9: B - M be
any R -homomorphism. Let izbe the inclusion R -homomorphism from B into £ and ¢ be the inclusion R
-homomorphism from Quasi-closed R -submodule £ into V. Miis an 1QC - N -injective, thus there exists
an R-homomorphism ¢: ' — M such that ({¢;t5)(b) = 9(b), for all b €B . Put = {i.: L — M . For each
beB , then Y(b) = (Ji)(b)=(Jt) (g (B))=(tstp)(D)=I(b). Therefore M is an IQC - L -injective R -
module.

(4) Let M be an R -module and {JV;}i¢;a family of R -modules. If []ig; NViis an 1QC - M - injective, then
for eachiel, MVis an 1IQC - M -injective.

Proof: Put N =iV, suppose that NV is an 1QC - M -injective and A is an 1QC-submodule
of M ,andf: A — WV,Vi € 1. There exists h: M — N such that hiz=¢;f where i4: A— M is inclusion
mapping and ¢;: N;— IV is injection mapping. We now define h: M —N;, by h'(m)==njh(m),vm € M
where wj: N —JV; is projection mapping, V i=1,2. Then h' is an R -homomorphism and if Va€ A,
h'i 4 (a)=njhi_4 (a)=mjoif(a) =f(a), this shows that NV is an IQC - M -injective.

(5) Let M and 2V;be R -modules where i € I and 1 is finite index set, if @;¢; WV is an IQC - M -injective
viel, then Vis an IQC - M -injective. In particular every direct summand of 1QC- V-injective R -
module is 1QC- IV -injective.

Proof:Let M be any IQC- NV -injective R -module and £ be any direct summand R -submodule of M.
Thus there exists an R -submodule A of M such that M = LBA. Let B be any 1QC-submodule of " and
f: B —= L be any R-homomorphism. Define g: B->M= LBA by g(b)=(f(b),0), for all be B. It is clear that
g is an R -homomorphism, since M is an IQC- NV -injectiveR -module, thus there exists an R -
homomorphism h: ' — M such that h(b) = g(b) for all b € B. Let m, be the natural projection R-
homomorphism of M= L& Ainto L. Put hy=r;h: N —L. Thus h; is anR -homomorphism and for each
be B, then hy(b)=(r h)(b)=m (g (b))=mr((f(b),0))=f(b). Therefore L is an IQC-N -injective R -module.
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(6) Let M be an R -module and {N;}i¢; a family of R -modules. ifM is IQC -@;¢; N; -injective Vi€ I,

then M is IQC -JV; -injective.

Proof:Suppose that M is an 1QC — @;_, V;-injective R -module. Let A is an 1QC-submodule of ;
(inclusion homomorphismi : A—N; )and w: A—M be an R-homomorphism. By (. :NV; = @iV is
inclusion homomorphism and hypothesis , there exists R-homomorphism y:@®iL;N; — M such that
Yin, (q= . PUt g=vyiy,: N > M such that gi 4= p.

(7) Isomorphic to Quasi- 1QC -injectivity is Quasi- IQC -injectivity.

(8) Let V" be any 1QC -submodule of £ such that V" is IQC -M -injective. Then everyR -monomorphism
from V" into M splits. In particular, if M is an R -module whose Quasi-closed submodules are 1QC -M -
injective, then M is fully extending module.

Proof:Lety: ' — M be an R-monomorphism, andy =% y(N)— N. As NV is an IQC - M -injective
module, there exists an R-homomorphismf: M — N, such that By = ;.. For me M then (m) € IV, there
exists y(n)e y(V) such that y-(y(n))= B(m)= B(y(n)) and hence m-vy(n) € ker(B). It follows that m
=vy(n) + (m— y(n)) € y(N) + ker(B). Moreover,y(N) nker (B) =ker(y-') =0. Thus M=
Y(NV)@ker(B).

(9) If M is Quasi- 1QC -injective R-module then any R-monomorphism y: M — M splits.

Proposition(2.3): Every Quasi-IQC-injective R -module M has Cz-condition.

Proof: Let M be a Quasi- IQC -injective R -module, A and B two sub modules of M with A is a direct
summand in M and B is R -isomorphic to A. Let f: B — A be an R -isomorphism. Then A is an 1QC -
M -injective, Examples and remarks (2.2), Bis an IQC - M -injective. The inclusion mapping iz: B —
M, there exists an R -homomorphism g: M — B such that giz = Iz. Then M’ = B®Kker(g). That is; B
is a direct summand in M, then M has C,-condition.

The submodulenZ (wheren > 2) ofZasZ -module which is isomorphic toZ is not a directsummand in Z as
Z -module.

Corollary(2.4):Let M be a Quasi-IQC-injective R-module. Then every submodule of M whichis R -
isomorphic toM is a direct summand in M.

Proposition(2.5): Let Mbea Quasi- 1QC -injective R- module. Then every submodule ofMwhich is
isomorphic to closed submodule in M is closed in M.

Proof: Let M be a Quasi- IQC — injectiveR - module, & a closed in M and A a submodule of M
with An R - isomorphism f : A — K. Consider the following diagram where 14: A > M, 130:K > M
are two inclusion homomorphism. Then f extends to some g in End()M) such that 15 f = g14, by a
Quasi -IQC - M - injectivity of M. Now let Q be collection of the set of all essential extension of A in
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M. Q # ¢, sinceA €Q.By Zorn's lemma , there exists maximal essential member A'. That is;A'

ismaximal essential extension sub module in M, which is evidently, it is closed submodule of M. Thus
Ji, 1s an R -homomorphism. Since g(A) = f(A), hence K = g(A) is essential in g(A’), by A is
essential sub module in A'. Since XK is a closed in M. This impliesX = g(A), whence A = A'. The
conclusion follows.

An R- module M is multiplication, if each submodule is of the form MA for some rightideal A of R
[13].

Proposition(2.6): Every Quasi - closed submodule of a multiplication a Quasi — IQC -injective is aQuasi
- 1QC - injective.

Proof: Let £ be an IQC- submodule of a Quasi- closed submodule ' of M and letd :£L— N'be

anR -homomorphism. Since Nis an Quasi - closed submodule of R -module M. By hypothesis,there
exists &: M—M, by multiplication property of M , then ' = M'A for some right ideal Aof R, &|5=
EWV)=EMA) =EM)ASMA =N

In the following, we characterize fully continuous modules in terms of IQC -M-injectivity.
Proposition(2.7): The following statements are equivalent for an R -module M::

(1) M is fully continuous.

(2) Every R -module is 1QC - M - injective.

(3) Every 1QC-submodule of M is IQC - M - injective.

(4) Every Quasi-closed submodule of M is IQC - M - injective.

Proof: (1) = (2) = (3) = (4) Itis clear. (4) = (1). Let K be any submodule of M which is isomorphic to
Quasi-closed submodule £ of M. By (4) £ is IQC — M —injective. Then ¥ is IQC -M-injective The
identity mapping is: K — XK, there exists an R -homomorphism ® : M — XK such that®iy = I . Then
M = K ker(6). That is; X <® M.

An R -module M is said to be fully IQC- stable, if every IQC-submodule of M is stable [9].
Proposition(2.8): Every multiplication Quasi-1QC-injective is a fully IQC- stable.

Proof: Let & be an 1QC-submodule of M and an R-monomorphism g: N — M. Since M is
multiplication, then V= MA for some ideal AofR. Then g can be extended to an R- homomorphism h:
M — M, since M is Quasi-1QC -injective. Now g (V) = h(V)= h(M A) = h(M)ASMA =N

Proposition(2.9): If M is a fully extending and fully IQC-stable, then Mis Quasi- IQC — injective
module.
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Proof: It follows by [ 9 ,Proposition(2. 10)] and Proposition(2.3).

Theorem(2.10): The following statements are equivalent for an R -module M':
(1) M is fully continuous.

(2)M is Quasi- 1QC - injective module and fully extending.

Proof: (1) = (2). By Examples and remarks (2.2).(2) = (1). By Proposition(2.3).

According to the definition of anlQC-injectivity, every R-homomorphism of 1QC-submodule of M to M
is extendable to all M. In the following, we consider a direct sum of IQC-submodules instead of
individual 1QC-submodule.

We consider the following condition for an R -module M and a positive integer n.

(wy,) : For any submodule K of M such that K =ZK;®K,®---®K,, where K; is IQC-submodule of M, V

i=1,2, ... ,n, every R-homomorphism 9:K —» M can be extended to an R -endomorphism of M. It is
clear that, if M satisfies (w,,), then M satisfies (w,_1) ,¥n > 2.

Theorem(2.11): The following statements are equivalent for a fully extending module M:
(1) M is fully continuous.

(2) Msatisfies (w,) Vn € Z%.

(3) Msatisfies (w,)) V (n = 2) € Z*.

(4) M satisfies (w-).

(5) MisQuasi- 1QC-injective.

Proof: (1) = (2). [ 9, Definition (2.2)] implies that Kjis direct summand of M for each i=1,2, ... ,n. So

Kis direct summand of M, Theorem(2.10) and hence each R -homomorphism from K into M can be
extended to an R -endomorphism.
(2) = (3) = (4) = (5). Itisclear. (5) = (1): It follows from Proposition (2.3).

An R-module M is said to be co-Hopfian if every injective endomorphism f:M — M is an
automorphism [14]. An R -module M is directly finite, if fg = Isimplies thatgf = I, for all f; g €
End(M) ([2], Lemma (6.9)). An R -module M is called weakly co-Hopfian, if any injective R -
endomorphism f: M - M is essential, that is; f(M) is an essential submodule of M [15]. In the
following proposition, a sufficient condition for Quasi- 1QC -injective modules to be co-Hopfian is given.

Proposition (2.12): A Quasi- IQC-injective R -module M is directly finite if and only if it is co-Hopfian.
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Proof: Let f be injective R-endomorphism of M and I,,: M — Mthe identitymap. Since M is a Quasi-

IQC -injective, there exists a map g: M — M such that, gf = [,, . By directly finite of M , we have
fg = Iywhich shows that f is an automorphism. Hence M is co-Hopfian. The converse is clear.

In the following proposition, we give a condition for weakly co-Hopfian modules to be co-Hopfian.

Proposition (2.13): The following conditions are equivalent for a Quasi-1QC-injective R -module M:
(1) Mis weakly co-Hopfian .
(2) Mis co-Hopfian.

Proof: (1) =(2) Let f: M - M be an R -monomorphism. By(1) we have f(M)is essential in M .f splits
and hence (M) is a direct summand of M, since M is a Quasi- IQC -injective. Therefore f(M) = M.
This shows thatM is co-Hopfian. (2) = (1) is obvious.

It is well-known that an R -module M is injective if and only if Mis NV -injective for each R-module V.

Proposition(2.14): The following statements are equivalent for an R -module M :
(1) M is injective.
(2) Mis 1QC - IV -injective, for each R -module V.

Proof: (1) = (2): Obvious, (2) = (1): Let E = E(M) be the injective hull of M. Let : M — E be the
inclusion mapping and j: E - M @E the natural injection. By IQC -M @E — injectivityof M , implies that
the identity mapping I,, of M, can be extended to an R-homomorphism f: M@E — M such that gi = I,
where g = fj. Then E = M @ker(g), then M =E, hence M is injective.

It is well-known that if R is a semi simple Artinian ring , then every R -module is injective ([2],
Theorem(1.18)). Also, Osofsky in [16] a proved that ring R is semi simple Artinian if and only if
every cyclic R -module is injective. Recall that R is a right V-ring, if every simple R -module is
injective [17].We now provide a characterization of semi simple Artinian rings in terms of Quasi- 1QC -
injective modules.

Theorem (2.15) :The following conditions are equivalent for a ring R.

(1) Ris semi simple Artinian,
(2) Ris aright V-ring and every minimal quasi-injective right R -module is Quasi- IQC -injective,

(3) Every R -module is Quasi- IQC -injective,
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(4) The direct sum of every two Quasi- IQC -injective modules is Quasi- IQC - injective. And every cyclic

R -module is Quasi- IQC -injective,

Proof:(1)=(2).1t follows from([2], Theorem(1.18)). (2) = (3). Since R is a right V-ring, every simple R -
module is injective and hence every simple right 2 -module is a direct summand of each module
containing it. So every R -module is minimal quasi-injective, hence is Quasi- IQC -injective R -
module.(3) =(4).1t is clear. (4) = (1). Let M be Quasi- IQC -injective module and E the injective hull of
M . By(4) ME is Quasi- 1QC -injective. Then Examples and remarks (2.2), M'is IQC -M @E-injective
and Proposition (2.14), hence M is injective. By every cyclic R -module is Quasi- 1QC -injective, then

every cyclic R-module is injective , that is; R is semi simple Artinian , by Osofsky’s theorem in [16].

Theorem (2.16): The following statements are equivalent for aring :

(1) Ris a semi-simple Artinian ring .

(2) For each R -module , if V; and 2V, are Quasi- IQC -injective R -submodules of M , then Ny N V5 is
a Quasi- 1QC -injective R -module .

(3) For each R -module , if N and 2V, are quasi-injective R -submodules of M, then V; N IV; is a Quasi-
IQC-injective R -module.

(4) For each R-module , if A and 2V, are injective R -submodules of M, then Ny N 2V, is a Quasi- 1QC -
injective R -module.

Proof: (1)=(2).1t follows from Theorem (2.15). (2) =(3) and (3) = (4) are obvious. (4) =(1)Let M be
any R-module and = =E(M) is the injective envelope of M ,let 9=E@®Z , K={(x, x) € Q |x € M} and let
Q=09 /X .Also, put Mi={ Y+K € Q |ye E&(0)} and Mr,={ Y +K € Q | ye(0) ®Z= }. It is clear that Q =
M+ M, Define t1: E ->M;by 11 (y) =(y,0) + K , forally € Z and 15: E ->M, by 12(y) = (0,y) + K, for
all y € £ .Since (E(0))n K=(0) and ((0) & = )n K =(0) , thus we have t;and t,are R-isomorphisms.
Since Z is an injective R -module , therefore M;is injective R -submodule of Q, for i=1,2. Thus by (4) ,
we have M; N M, is a Quasi- IQC -injective R -module. Define f: M—M; N M, by f(m)=(m,0)+ X ,
for all me M. Since M; N M,={Y+XK € Q |[ye MP(0)}, thus it is easy to prove that f is an R -
isomorphism. Thus M is a Quasi- 1QC -injective R -module, by remark ((2.2),7) . Hence every R-module
is Quasi- IQC -injective and this implies that R is a semi-simple Artinian ring , by Theorem (2.15).

Recall that an R -module M is direct injective, if given any direct summand A of M, an injection i,: A

— M and every R -monomorphism f : A — M, there is an R -endomorphism g of M such that gf =
i, [18].
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Nicholson in([19], Theorem(7.13)) proved that direct injectiveR -module is equivalent to C,-condition.

Proposition(2.3) shows that every Quasi- IQC injective R -module is a direct injective and every direct

injective R -module is divisible [18]. Then we have the following:

Proposition(2.17): Every Quasi- IQC -injective R -module is divisible.

The converse of Proposition(2.17) may not be true.

Quasi- 1QC - injectivity is not closed under direct sums in general, as we see in the following

R=(§ ), A= () 9).B=() 1).C=({ §)Where F = . It s easy to see that the R -modules A and
B are quasi-injective. And hence by Examples and remarks (2.2), they are Quasi- 1QC -injective. However
R = ADB is not Quasi- IQC -injective, since otherwise R satisfies (C2)-condition, by Proposition(2.3).
But A is isomorphic to C and C is not a direct summand in R, contradiction.

Since A and B are two divisible R -modules. And every direct sum of divisible R -modules is
divisible. That is; A@B is divisible. But it is not Quasi- 1QC -injective.

In the following, we show that the distinction between Quasi- 1QC -injectivity and divisibility vanishes
over Dedekind domain. A domain R is called Dedekind ring, if every divisible R -module is injective
([20], Theorem(4.24)). We now provide a characterizationof domainR is Dedekind rings in terms of
Quasi- 1QC -injective R -modules.

Theorem(2.18): The following conditions are equivalent for a ring R.
(1) Ris Dedekind domain,
(2) Every divisible R -module is Quasi- IQC -injective.

Proof: (1) = (2). By ([20], Theorem(4.24)). (2) = (1). Let Mbe a divisible R-module and Z(M) an
injective hull of M. By ([5], proposition (2.6)), Z(M) is divisible and by ([5], Lemma(2.5)), then M'@E is
divisible. By(2) M@E is Quasi- IQC -injective. Then Examples and remarks (2.2), Mis IQC-M@DE -
injective and Proposition(2.14). That is; M is injective, implies R is Dedekind domain [20].

Recall that a ring R is Sl-ring, if every singular R -module is injective ([3], below Corollary (7.16)).
Over non singular ring; we provide a characterization of Sl-ring in terms of Quasi- IQC -injective R —

modules.

Proposition(2.19): The following statements are equivalent for non singular ring R :
(1) Ris Sl-ring.

Volume 7, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm 889|




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218
(2) Every singular R -module is Quasi- IQC -injective,
Proof: (1) = (2) is clear.(2) = (1). Let M be a singular R -module and (M) the injective hull of M.
([2], Proposition(1.23) and (1.22)), then M@E(M) is singular. By(2) M@E is Quasi- IQC -injective.
Then Examples and remarks (2.2), Mis 1QC -M@Z -injective and Proposition(2.14), hence M is

injective. That is; R is Sl-ring .

In the next part we characterize some rings by Quasi- 1QC -injectivity. In the following, Noetherian rings
are characterize as in terms of Quasi- IQC -injective. Recall that a R -module M is F-injective, if for any
finitely generated ideal £ of R, every R -homomorphism of L into M, can be extended to an R -
homomorphism M into M [21].

Proposition (2.20) : The following conditions are equivalent:
(1) Ris Noetherianring ;
(2) Every F-injective R -modules are injective;

(3) Every F-injective R -module is Quasi- 1QC -injective.

Proof: (1) implies (2) and (2) implies (3) are evidently.

Assume (3) . Let M be a F-injective R -module, E the injective hull of M. Write Q=M @®Z is F-injective
R -module. By(3) M@E is Quasi- IQC -injective. Then Examples and remarks (2.2) ,Mis 1QC - M®E -
injective and Proposition(2.14), hence M is injective. We have shown that every F-injective R -module is
injective. Since any direct sum of F-injective R -modules is F-injective, then every direct sum of injective
modules is injective which implies that R is Noetherian, by ([20], P.82). Thus (3) implies (2) and (2)
implies (1).
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