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INTRODUCTION 
Throughout, Rrepresents an associative ring with identity and ℛ -modules are unitary left ℛ -modules. For 

an ℛ-modules ℳ and  𝒩, 𝐻𝑜𝑚ℛ ℳ, 𝒩 will denote the set of ℛ -module homomorphisms from ℳ to 

𝒩. The kernel of any 𝛽 ∈ 𝐻𝑜𝑚𝑅(ℳ, 𝒩)is denoted by 𝑘𝑒𝑟(𝛽) and its image by𝛽(ℳ). 𝑆 =

𝐸𝑛𝑑𝑅(ℳ)will denote the ring of ℛ-endomorphisms of ℳ [1]. A submodule 𝒩 of ℛ -module ℳ is said to 

be  an essential submodule of an ℛ -module ℳ, if 𝒩 has nonzero intersection with every nonzero sub 

module of ℳ [2]. A sub module 𝒩 of ℛ -module ℳ is said to be a closed in ℳ, if 𝒩 has no proper 

essential extensions in ℳ ([3], P.5).   We shall use 𝜗(ℛ) to stand for the set  of all essential right ideals of 

the ring ℛ . Given  any ℛ -module ℳ, we set   𝑍(ℳ) = { 𝑥 ∈ ℳ| 𝑥 𝐼 =  0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐼 ∈ 𝜗(𝑅)}  

([2], P. 30). An ℛ-module ℳ, is singular provided 𝑍(ℳ) =  ℳ. At the other extreme, we say ℳ is  a 

nonsingular provided Z(ℳ)=0 ([2], P.31). A sub module 𝒩 of ℛ -module ℳ is said to be a direct 

summand of ℛ-module ℳ, if ℳ = 𝒩⨁ ℒ, for some  submodule ℒ of ℳ[2]. An R-module ℳ is said to be 

semi
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ℒ 

𝜗 

simple, if every sub module of ℳ is direct summand ([2], P.27). An ℛ -module ℳ is called CS-module 

(or extending ( (C1)-condition)), if ℳ satisfies any one of the following equivalent conditions (1) for every 

submodule 𝒩 of ℳ, there is a decomposition ℳ =ℒ⨁ℬ such that 𝒩 is essential in ℒ, (2) every closed 

submodule of ℳ is a direct summand [4]. A CS-module ℳ which satisfies (C2)-condition: every sub 

module of ℳ which is isomorphic to a direct summand of ℳ is itself direct summand, is called 

continuous[4]. Let ℳ and 𝒩 be two ℛ -modules, 𝒩 is called ℳ-injective, if for every submodule ℒ of 

ℳ, any ℛ -homomorphism  from ℒ to 𝒩 can be extended to an ℛ-homomorphism from ℳ to 𝒩 ([5], 

P.28). An ℛ -module 𝒩 is called injective, if it is ℳ -injective for all ℛ -module ℳ. A right ℛ -module 

ℳ is (minimal) quasi-injective, if every homomorphism from a (simple) submodule of ℳ to ℳ can be 

extended to an endomorphism of ℳ [6]([7]). A submodule 𝒩 of ℳ is called Quasi-closed submodule, if 

∀ x ∈ℳ with x ∉𝒩, there exists a closed submodule ℒ of ℳ containing 𝒩 and x ∉ℒ. it is clear that every 

closed submodule is a Quasi-closed –submodule[8]. Let ℳ be an ℛ-module. A submodule 𝒩 of ℳ is 

called IQC-submodule (simply 𝒩≼IQC ℳ) , if 𝒩 is ℛ -isomorphic to a Quasi-closed submodule ofℳ.   It 

is clear that, every Quasi-closed submodule (and hence direct summand) is IQC-submodule, but the 

converse generally is not true, 𝓃ℤ is IQC-submodule of the ℤ-module ℤ which is not Quasi-closed for 

each positive integer 𝓃> 2. It is easy to prove that every submodule which is ℛ -isomorphic to IQC-

submodule in ℳ is itself IQC-submodule in ℳ. Every IQC-submodule in a Quasi-closed submodule 

(direct summand) of ℳ is IQC-submodule in ℳ. Let ℳ and 𝒩 be two R-modules. If  ℒ≼IQC ℳ, then f(ℒ) 

≼IQC N where  f : ℳ → 𝒩 is an R-isomorphism [9]. An ℛ -module ℳ is fully (extending) continuous , if 

every I(QC)-submodule of ℳ  is a direct summand [9] , ([8]). 

 

Quasi - IQC-injective module 

Definition(2.1): Let ℳ and 𝒩 be two ℛ -modules. ℳis said to be anIQC-𝒩-injective, if for each 

IQC-submodule ℒ of 𝒩, every ℛ -homomorphism 𝜗   from ℒ to ℳ can be extended to an ℛ -

homomorphism from 𝒩 into ℳ, see (1). The ℛ-module ℳ is called Quasi- IQC -injective, if it is IQC 

- ℳ-injective. 

 

𝒩 
 

                                               ℳ 
 
 

-(1)- 
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Examples and remarks (2.2):  

(1) Every fully continuous ℛ -module is Quasi- IQC -injective. But the converse may not be true, in 

general. 

 

(2) Every quasi-injective ℛ -module is Quasi- IQC -injective. But the converse may not be true, in general. 

For example see [10, Remark (2.9)]. It may be fully continuous (Quasi- IQC - injective) , but not quasi-

injective. 

 

(3) Let ℳ and 𝒩 be two ℛ -modules. If ℳ is an IQC -𝒩-injective, thenℳ is an IQC - ℒ -injective for 

each Quasi-closed ℛ-submodule ℒ of 𝒩. 

 

Proof: Let ℒ be any Quasi-closed ℛ -submodule of 𝒩, ℬ be any IQC -submodule of ℒ and 𝜗: ℬ → ℳ be 

any ℛ -homomorphism. Let 𝜄ℬbe the inclusion ℛ -homomorphism from ℬ into ℒ and 𝜄ℒbe the inclusion ℛ 

-homomorphism from Quasi-closed ℛ -submodule ℒ into 𝒩. ℳis  an IQC - 𝒩-injective, thus there exists 

an R-homomorphism 𝜁: 𝒩 → ℳ such that (𝜁𝜄ℒ𝜄ℬ)(b) = 𝜗(b), for all b ∈ℬ . Put 𝜓= 𝜁𝜄ℒ: ℒ → ℳ . For each 

𝑏∈ℬ , then 𝜓(b) = ( 𝜁𝜄ℒ)(b)=( 𝜁𝜄ℒ)(𝜄ℬ (b))=( 𝜁𝜄ℒ𝜄ℬ)(b)= 𝜗(b). Therefore ℳ is an  IQC - ℒ -injective ℛ -

module. 

 

(4) Let ℳ be an ℛ -module and {𝒩i}i∈Ia family of ℛ -modules. If  𝒩ii∈I is  an IQC - ℳ - injective, then 

for each iI, 𝒩iis an IQC - ℳ -injective.  

 

Proof: Put  𝒩 =  𝒩ii∈I , suppose that 𝒩 is an IQC - ℳ -injective and 𝒜 is an IQC-submodule 

ofℳ,andf: 𝒜 →  𝒩i,∀i ∈ I. There exists h∶  ℳ →  𝒩 such that hi𝒜=φίƒ where i𝒜: 𝒜→ ℳ is inclusion 

mapping and φί: 𝒩i→ 𝒩 is injection mapping. We now define h': ℳ →𝒩i, by h'(m)=πih(m),∀m ∈ ℳ 

where πi: 𝒩 →𝒩i is projection mapping, ∀ i=1,2. Then h' is an ℛ -homomorphism and if ∀a ∈ 𝒜, 

h'i𝒜(a)=πihi𝒜(a)=πiφίf(a) =f(a), this shows that 𝒩iis  an IQC - ℳ -injective.  

 

(5) Let ℳ and 𝒩ibe ℛ -modules where i ∈ I and I is finite index set, if ⊕i∈I 𝒩i is an IQC - ℳ -injective 

 ∀ i ∈ I,  then 𝒩iis  an IQC - ℳ -injective. In particular every direct summand of  IQC- 𝒩-injective ℛ -

module is  IQC- 𝒩 -injective. 

 

Proof:Let ℳ be any IQC- 𝒩-injective ℛ -module and ℒ be any direct summand ℛ -submodule of ℳ. 

Thus there exists an ℛ -submodule 𝒜 of ℳ such that ℳ = ℒ⨁𝒜. Let ℬ be any IQC-submodule of 𝒩 and 

𝑓: ℬ → ℒ be any ℛ-homomorphism. Define g: ℬ→ℳ= ℒ⨁𝒜 by g(b)=(f(b),0), for all b∈ ℬ. It is clear that 

g is an ℛ -homomorphism, since ℳ is an IQC- 𝒩-injectiveℛ -module, thus there exists an ℛ -

homomorphism 𝑕: 𝒩 → ℳ such that 𝑕(𝑏) = g(𝑏) for all b ∈ ℬ. Let 𝜋ℒ be the natural projection ℛ-

homomorphism of ℳ= ℒ⨁ 𝒜into ℒ. Put h1=𝜋ℒh: 𝒩 →ℒ. Thus h1 is anℛ -homomorphism and for each 

b∈  ℬ, then h1(b)=(𝜋ℒh)(b)=𝜋ℒ(g (b))=𝜋ℒ((f(b),0))=f(b). Therefore ℒ is an IQC-𝒩 -injective ℛ -module.  
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(6) Let ℳ be an ℛ -module and {Ni}i∈I  a family of ℛ -modules. ifℳ is IQC -⊕i∈I 𝒩i  -injective  ∀ i ∈ I,  

then ℳ is IQC -𝒩i -injective. 

 

Proof:Suppose that ℳ is an IQC − ⨁i=1
n 𝒩i-injective ℛ -module. Let  𝒜 is an IQC-submodule of 𝒩i 

(inclusion homomorphismί𝒜 : 𝒜→𝒩i )and μ: 𝒜→ℳ be an ℛ-homomorphism. By ί𝒩i
:𝒩i → ⨁i=1

n 𝒩i  is 

inclusion homomorphism and hypothesis , there exists ℛ-homomorphism γ:⨁i=1
n 𝒩i ⟼  ℳ  such that 

γί𝒩i
ί𝒜= μ. Put g= γί𝒩i

: 𝒩i → ℳ  such that gί𝒜= μ. 

 

(7) Isomorphic to Quasi- IQC -injectivity is Quasi- IQC -injectivity. 

 

(8) Let 𝒩 be any IQC -submodule of ℒ such that 𝒩 is IQC -ℳ -injective. Then everyℛ -monomorphism 

from 𝒩 into ℳ splits. In particular, if ℳ is an ℛ -module whose Quasi-closed submodules are IQC -ℳ-

injective, then ℳ is fully extending module.
 

 

Proof:Letγ: 𝒩 → ℳ be an ℛ-monomorphism, andγ  γ(𝒩)→ 𝒩. As 𝒩 is an IQC - ℳ -injective :¹ ־

module, there exists an ℛ-homomorphismβ: ℳ→ 𝒩, such that βγ = I𝒩. For m∈ ℳ then β(m) ∈ 𝒩, there 

exists γ(n)∈ γ(𝒩) such that γ¹־( γ(n))= β(m)= β(γ(n)) and hence m- γ(n) ∈ ker(β). It follows that m 

= γ(n) + (m −  γ(n)) ∈ γ(𝒩) +  ker(β). Moreover,γ(N) ∩ ker (β) = ker (γ ¹־) = 0. Thus ℳ= 

γ(𝒩)⨁ker(β). 

 

(9) If ℳ is Quasi- IQC -injective ℛ-module then any ℛ-monomorphism γ: ℳ → ℳ  splits. 

 

Proposition(2.3): Every Quasi-IQC-injective ℛ -module ℳ has C2-condition. 
 

Proof: Let ℳ be a Quasi- IQC -injective ℛ -module, 𝒜 and ℬ two sub modules of ℳ with 𝒜  is a direct 

summand in ℳ and   ℬ is ℛ -isomorphic to 𝒜. Let f: ℬ → 𝒜 be an ℛ -isomorphism. Then 𝒜 is an IQC -

 ℳ -injective, Examples and remarks (2.2), ℬis an IQC - ℳ -injective. The inclusion mapping  ίℬ: ℬ →

ℳ,  there exists an ℛ -homomorphism g: ℳ → ℬ such that gίℬ = Iℬ. Then ℳ =  ℬ⨁ker(g). That is; ℬ 

is a direct summand in ℳ, then ℳ has C2-condition. 

 

The submodule𝓃ℤ (where𝓃 ≥ 2) ofℤasℤ -module which is isomorphic toℤ is not a directsummand in ℤ as 

ℤ -module. 

 

Corollary(2.4):Let ℳ be a Quasi-IQC-injective ℛ-module. Then every submodule of ℳ whichis ℛ -

isomorphic toℳ is a direct summand in ℳ. 

 

Proposition(2.5): Let ℳbea Quasi- IQC -injective ℛ- module.  Then   every  submodule ofℳwhich is 

isomorphic to closed submodule in ℳ is closed in ℳ. 

 

Proof: Let ℳ be a Quasi- IQC – injectiveℛ - module,  𝒦  a closed  in  ℳ and  𝒜  a submodule of ℳ 

with An  ℛ - isomorphism f ∶ 𝒜 → 𝒦. Consider the following diagram where ı𝒜: 𝒜 → ℳ,  ı𝒦:𝒦 → ℳ 

are two  inclusion homomorphism. Then   f  extends to some g in End(ℳ) such that  ı𝒦 f  =  gı𝒜 ,  by a 

Quasi -IQC - ℳ - injectivity of ℳ. Now let Ω be collection of the set of all essential extension of 𝒜 in  
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ℳ.  Ω ≠   , since𝒜  Ω.By Zorn ̉s lemma , there exists maximal essential member 𝒜'. That is;𝒜' 

ismaximal essential extension sub module in ℳ, which is evidently, it is closed submodule of ℳ. Thus 

𝑔|𝒜′
 is an ℛ -homomorphism. Since g(𝒜)  =  f(𝒜), hence 𝒦 = g(𝒜) is essential in g(𝒜'), by 𝒜 is 

essential sub module in 𝒜'. Since 𝒦 is a closed in ℳ. This implies𝒦 = g(𝒜), whence 𝒜 = 𝒜'. The 

conclusion follows. 

 

An  ℛ- module  ℳ  is multiplication,   if  each submodule is of the form  ℳ𝒜  for some rightideal 𝒜 of ℛ 
[13]. 

 

Proposition(2.6):  Every Quasi -  closed submodule of a multiplication  a Quasi – IQC -injective is aQuasi 

-  IQC - injective. 

 

Proof: Let ℒ be an IQC- submodule of a Quasi- closed submodule 𝒩 ofℳ and let𝜃 :ℒ→ 𝒩be 

anℛ -homomorphism. Since 𝒩is an  Quasi - closed submodule of ℛ -module ℳ. By hypothesis,there 

exists 𝜉: ℳ→ℳ, by multiplication property of ℳ , then 𝒩 = ℳ𝒜 for some right ideal 𝒜of ℛ , 𝜉|𝒩= 

𝜉(𝒩) = 𝜉(ℳ𝒜) = 𝜉(ℳ)𝒜⊆ℳ𝒜 = 𝒩. 

 

In the following, we characterize fully continuous modules in terms of IQC -ℳ-injectivity. 

 

Proposition(2.7): The following statements are equivalent for an ℛ -module ℳ: 

 

(1) ℳ is fully continuous. 

 

(2) Every ℛ -module is  IQC - ℳ - injective. 

 

(3) Every IQC-submodule of ℳ is IQC - ℳ - injective. 

 

(4) Every Quasi-closed submodule of ℳ is IQC - ℳ - injective. 

 

Proof: (1) ⇒ (2) ⇒ (3) ⇒ (4) It is clear. (4) ⇒ (1). Let 𝒦 be any submodule of ℳ which is isomorphic to 

Quasi-closed submodule ℒ of ℳ. By (4) ℒ is IQC − ℳ −injective. Then 𝒦 is IQC -ℳ-injective The 

identity mapping i𝒦: 𝒦 → 𝒦, there exists an ℛ -homomorphism 𝔊 ∶  ℳ → 𝒦 such that𝔊i𝒦 = I𝒦 . Then 

ℳ = 𝒦⨁ ker(𝔊). That is;𝒦 ≼⨁ ℳ. 

 

An  ℛ -module ℳ is said to be fully IQC- stable, if every IQC-submodule of  ℳ  is  stable [9]. 

 

Proposition(2.8): Every multiplication Quasi-IQC-injective is a fully IQC- stable. 

 

Proof: Let 𝒩 be an IQC-submodule of ℳ and an ℛ-monomorphism g: 𝒩 → ℳ. Since M is 

multiplication, then 𝒩= ℳ𝒜 for some ideal 𝒜ofℛ. Then g can be extended to an ℛ- homomorphism h: 

ℳ → ℳ, since ℳ is Quasi-IQC -injective. Now g (𝒩) = h(𝒩)= h(ℳ𝒜) = h(ℳ)𝒜⊆ℳ𝒜 = 𝒩. 

 

Proposition(2.9): If ℳ is a fully extending and fully IQC-stable, then ℳis Quasi- IQC – injective 

module. 
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Proof: It follows by [ 9 ,Proposition(2. 10)] and Proposition(2.3). 

 
Theorem(2.10): The following statements are equivalent for an ℛ -module ℳ: 

 

(1) ℳ is fully continuous. 

 

(2)ℳ is Quasi- IQC - injective module and fully extending. 

 

Proof: (1) ⟹ (2). By Examples and remarks (2.2).(2) ⟹ (1). By Proposition(2.3). 

 

According to the definition of  anIQC-injectivity, every R-homomorphism of IQC-submodule of ℳ to ℳ 

is extendable to all ℳ. In the following, we consider a direct sum of IQC-submodules instead of 

individual IQC-submodule. 

 

We consider the following condition for an ℛ -module ℳ and a positive integer n. 

 

(𝜔𝑛 ) : For any submodule K of ℳ such that K =K1⨁K2⨁…⨁K𝑛  where K𝑖  is IQC-submodule of ℳ,  ∀ 

i=1,2, ... ,n, every ℛ-homomorphism   𝜗: Κ → ℳ can be extended to an ℛ -endomorphism of ℳ.   It is 

clear that, if ℳ satisfies (𝜔𝑛 ), then ℳ satisfies (𝜔𝑛−1) ,∀ 𝑛 ≥ 2. 

 

Theorem(2.11):The following statements are equivalent for a fully extending module ℳ: 

 

(1) ℳ is fully continuous.  

 

(2) ℳsatisfies (𝜔𝑛 ) ∀ 𝑛 ∈  Ζ+. 

 

(3) ℳsatisfies (𝜔𝑛 ) ∀ (𝑛 ≥ 2)  ∈  Ζ+. 

 

(4) ℳsatisfies (𝜔2). 

 

(5) ℳisQuasi- IQC-injective. 

 
Proof: (1) ⟹ (2).  [  9 , Definition (2.2)] implies that Kiis direct summand of ℳ for each i=1,2, ... ,n. So  

Kis direct summand of M, Theorem(2.10) and hence each ℛ -homomorphism from K into ℳ can be 

extended to an ℛ -endomorphism. 

(2) ⟹ (3) ⟹ (4) ⟹ (5). It is clear. (5) ⟹ (1): It follows from Proposition (2.3).  

 

An ℛ-module ℳ is said to be co-Hopfian if every injective endomorphism f: ℳ → ℳ is an 

automorphism [14]. An ℛ -module ℳ is directly finite, if fg = 𝐼ℳimplies  thatgf = 𝐼ℳ for all f ;  g ∊

 End(ℳ) ([2], Lemma (6.9)). An ℛ -module ℳ is called weakly co-Hopfian, if any injective ℛ -

endomorphism f: ℳ → ℳ  is essential, that is; f(ℳ) is an essential submodule of ℳ [15]. In the 

following proposition, a sufficient condition for Quasi- IQC -injective modules to be co-Hopfian  is given. 

 

Proposition (2.12): A Quasi- IQC-injective ℛ -module ℳ is directly finite if and only if  it is co-Hopfian. 
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Proof: Let f  be injective ℛ-endomorphism of ℳ and Iℳ: ℳ → ℳthe identitymap. Since ℳ is a Quasi- 

IQC -injective, there exists a map g: ℳ →  ℳ such that, gf = Iℳ . By directly finite of  ℳ , we have 

fg = Iℳwhich shows that f is an automorphism. Hence ℳ is co-Hopfian. The converse is clear.   

 

In the following proposition, we give a condition for weakly co-Hopfian modules to be co-Hopfian. 

 

Proposition (2.13): The following conditions are equivalent for a Quasi-IQC-injective ℛ -module ℳ: 

(1) ℳis weakly co-Hopfian . 

(2) ℳis co-Hopfian. 

 

Proof: (1) ⟹(2) Let f: ℳ → ℳ be an ℛ -monomorphism. By(1) we have   f(ℳ)is essential in ℳ.f splits 

and hence f(ℳ) is a direct summand of ℳ, since ℳ is a Quasi- IQC -injective. Therefore f(ℳ) = ℳ. 

This shows  thatℳ is co-Hopfian. (2) ⟹ (1) is obvious. 

 

It is well-known that an ℛ -module ℳ is injective if and only if ℳis 𝒩-injective for each ℛ-module 𝒩.  

 

Proposition(2.14): The following statements are equivalent for an ℛ -module ℳ : 

(1) ℳ is injective. 

(2) ℳis IQC - 𝒩 -injective, for each ℛ -module 𝒩. 

 

Proof: (1) ⟹ (2): Obvious, (2) ⟹ (1): Let 𝐸 = 𝐸(ℳ) be the injective hull of ℳ. Let ί: ℳ → 𝐸 be the 

inclusion mapping and j: E → ℳ⨁E the natural injection. By IQC -ℳ⨁E – injectivityof ℳ , implies that 

the identity mapping Iℳ of ℳ,  can be extended to an ℛ-homomorphism f: ℳ⨁E → ℳ such that gί = Iℳ 

where g = fj . Then E = ℳ⨁ker(g), then ℳ =E, hence ℳ is injective.   

 

 It is well-known that if ℛ is a semi simple Artinian ring , then every ℛ -module is injective  ([2], 

Theorem(1.18)). Also,  Osofsky  in [16]  a   proved that ring ℛ is semi simple Artinian if and only if  

every cyclic ℛ -module is injective. ℛecall that  ℛ is a right V-ring, if  every simple ℛ -module is 

injective [17].We now provide a characterization of  semi simple Artinian  rings in terms of Quasi- IQC -

injective modules.    . 

 

Theorem (2.15) :The following conditions are equivalent for a ring ℛ.       

(1) ℛis semi simple Artinian,                                                                         

(2) ℛis a right V-ring and every minimal quasi-injective right ℛ -module   is Quasi- IQC -injective, 

(3)  Every ℛ -module is  Quasi- IQC -injective,      
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(4) The direct sum of every two Quasi- IQC -injective modules is Quasi- IQC - injective. And every cyclic 

ℛ -module is Quasi- IQC -injective, 

 

Proof:(1)⟹(2).It follows from([2],Theorem(1.18)). (2) ⟹ (3). Since ℛ is a right V-ring, every simple ℛ -

module is injective and hence every simple right ℛ -module is a direct summand of each module 

containing it. So every ℛ -module is minimal quasi-injective, hence is Quasi- IQC -injective ℛ -

module.(3) ⟹(4).It is clear. (4) ⟹ (1). Let ℳ be Quasi- IQC -injective module and E the injective hull of 

ℳ . By(4)  ℳ⨁E is Quasi- IQC -injective. Then Examples and remarks (2.2), ℳis IQC -ℳ⨁E-injective 

and Proposition (2.14), hence ℳ is injective. By every cyclic ℛ -module is Quasi- IQC -injective, then 

every cyclic ℛ-module is injective , that is; ℛ is semi simple Artinian , by  Osofsky’s theorem in [16].  

 

Theorem (2.16): The following statements are equivalent for a ring  : 

(1) ℛis a semi-simple Artinian ring . 

(2) For each ℛ -module  , if 𝒩1 and 𝒩2 are Quasi- IQC -injective ℛ -submodules of ℳ , then 𝒩1 ∩ 𝒩2 is 

a Quasi- IQC -injective ℛ -module . 

(3) For each ℛ -module  , if 𝒩1 and 𝒩2 are quasi-injective ℛ -submodules of ℳ, then 𝒩1 ∩ 𝒩2 is a Quasi- 

IQC-injective ℛ -module. 

(4) For each R-module  , if 𝒩1 and 𝒩2 are injective ℛ -submodules of ℳ, then 𝒩1 ∩ 𝒩2 is a Quasi- IQC -

injective ℛ -module. 

Proof: (1)⟹(2).It follows from Theorem (2.15). (2) ⟹(3) and (3) ⟹ (4) are obvious. (4) ⟹(1)Let ℳ be 

any ℛ-module and Ξ =Ξ(ℳ) is the injective envelope of ℳ ,let 𝒬=Ξ⨁Ξ , 𝒦={(𝓍, 𝓍) ∊ 𝒬 |𝓍 ∊  ℳ} and let 

𝒬 = 𝒬 / 𝒦 .Also, put ℳ1={ 𝒴+𝒦 ∊  𝒬 |y∊ Ξ⨁(0)} and ℳ2={ 𝒴 +𝒦 ∊  𝒬 | y∊(0) ⨁Ξ }. It is clear that 𝒬 = 

ℳ1+ ℳ2Define τ1: Ξ →ℳ1by τ1 (y) =(y,0) + 𝒦 , for all y ∊ Ξ and τ2: Ξ →ℳ2 by τ2(y) = (0,y) + 𝒦 , for 

all y ∊ Ξ .Since (Ξ⨁(0))∩ 𝒦=(0) and ((0) ⨁ Ξ )∩ 𝒦 =(0) , thus we have τ1and τ2are ℛ-isomorphisms. 

Since Ξ is an injective ℛ -module , therefore ℳ𝑖 is injective ℛ -submodule of 𝒬, for i=1,2. Thus by (4) , 

we have ℳ1 ∩ ℳ2 is a Quasi- IQC -injective ℛ -module. Define f: ℳ→ℳ1 ∩ ℳ2 by f(m)=(m,0)+ 𝒦 , 

for all m∊ ℳ. Since ℳ1 ∩ ℳ2={𝒴+𝒦 ∊ 𝒬 |y∊  ℳ⨁(0)}, thus it is easy to prove that f is an ℛ -

isomorphism. Thus ℳ is a Quasi- IQC -injective ℛ -module, by remark ((2.2),7) . Hence every ℛ-module 

is Quasi- IQC -injective and this implies that ℛ is a semi-simple Artinian ring , by Theorem (2.15). 

 

ℛecall that an ℛ -module ℳ is direct injective, if given any direct summand A of ℳ, an injection i
A
: 𝒜 

→ ℳ and every ℛ -monomorphism  𝑓 ∶  𝒜 → ℳ, there is an ℛ -endomorphism g of ℳ such that 𝑔𝑓 =

𝑖
A
 [18]. 
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Nicholson  in( [19],  Theorem(7.13))  proved that  direct injectiveℛ -module is equivalent  to C2-condition.  

Proposition(2.3) shows that every Quasi- IQC injective ℛ -module is a direct injective and every direct 

injective ℛ -module is divisible [18]. Then we have the following: 

 

Proposition(2.17): Every Quasi- IQC -injective ℛ -module is divisible. 

     The converse of Proposition(2.17) may not be true.  

Quasi- IQC - injectivity is not closed under direct sums in general, as we see in the following  

ℛ= 𝐹     𝐹
0      𝐹

 , 𝒜=  0     0
0      𝐹

 , ℬ=  𝐹     𝐹
0      0

  , C=  0    𝐹
0     0

 Where 𝐹 =
𝑍

2𝑍
 . It Is easy to see that the ℛ -modules 𝒜 and 

ℬ are quasi-injective. And hence by Examples and remarks (2.2), they are Quasi- IQC -injective. However 

ℛ = 𝒜⊕ℬ is not Quasi- IQC -injective, since otherwise R satisfies (C2)-condition, by Proposition(2.3). 

But 𝒜 is isomorphic to C and C is not a direct summand in ℛ, contradiction.     

        Since 𝒜 and ℬ are two divisible ℛ -modules. And every direct sum of divisible ℛ -modules is 

divisible. That is; 𝒜⊕ℬ is divisible. But it is not Quasi- IQC -injective.  

    In the following, we show that the distinction between Quasi- IQC -injectivity and divisibility vanishes 

over Dedekind domain.  A domain  ℛ is called  Dedekind ring, if every divisible ℛ -module is injective 

([20], Theorem(4.24)). We now provide a characterizationof  domainℛ is Dedekind  rings in terms of  

Quasi- IQC -injective ℛ -modules.                                            

Theorem(2.18): The following conditions are equivalent for a ring ℛ. 

(1) ℛis Dedekind domain,  

(2) Every divisible ℛ -module is Quasi- IQC -injective. 

 

Proof: (1) ⟹ (2). By ([20], Theorem(4.24)).  (2) ⟹ (1). Let ℳbe  a divisible ℛ-module and Ξ(ℳ) an 

injective  hull of M. By ([5], proposition (2.6)), Ξ(ℳ) is divisible and by ([5], Lemma(2.5)), then ℳ⨁Ξ is 

divisible. By(2)  ℳ⨁Ξ is Quasi- IQC -injective. Then Examples and remarks (2.2), ℳis IQC-ℳ⨁Ξ -

injective and Proposition(2.14). That is;  ℳ is injective, implies  ℛ is Dedekind domain [20].   

  Recall that a ring ℛ is SI-ring, if every singular ℛ -module is injective ([3], below Corollary (7.16)). 

Over non singular ring; we provide a characterization of  SI-ring in terms of Quasi- IQC -injective ℛ −

modules. 

 

Proposition(2.19): The following statements are equivalent for non singular ring ℛ : 

(1) ℛis SI-ring.  
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(2) Every singular ℛ -module is Quasi- IQC -injective, 

 

Proof: (1) ⟹ (2) is clear.(2) ⟹ (1). Let ℳ be a singular ℛ -module and Ξ(ℳ) the injective hull of ℳ. 

([2], Proposition(1.23) and  (1.22)), then  ℳ⨁Ξ(ℳ) is singular. By(2)  ℳ⨁Ξ is Quasi- IQC -injective. 

Then Examples and remarks (2.2), ℳis IQC -ℳ⨁Ξ -injective and Proposition(2.14), hence ℳ is 

injective. That is; ℛ is SI-ring . 

. 

 In the next part we characterize some rings by Quasi- IQC -injectivity. In the following, Noetherian rings 

are characterize as in terms of Quasi- IQC -injective. ℛecall that a ℛ -module ℳ is F-injective, if for any 

finitely generated ideal ℒ of ℛ, every ℛ -homomorphism of ℒ into ℳ, can be extended to an ℛ -

homomorphism  ℳ into ℳ [21].                                                  
 

Proposition (2.20) : The following conditions are equivalent: 

(1)  ℛis  Noetherian ring ; 

(2)  Every F-injective ℛ -modules are injective; 

(3)  Every F-injective ℛ -module is  Quasi- IQC -injective. 

 

Proof: (1) implies (2) and (2) implies (3) are evidently. 

Assume  (3) . Let ℳ be a F-injective  ℛ -module, E the injective hull of  ℳ. Write Q=ℳ⨁Ξ is F-injective  

ℛ -module. By(3) ℳ⨁Ξ is Quasi- IQC -injective. Then Examples and remarks (2.2) ,ℳis IQC - ℳ⨁Ξ -

injective and Proposition(2.14), hence ℳ is injective. We have shown that every F-injective ℛ -module is 

injective. Since any direct sum of F-injective ℛ -modules is F-injective, then every direct sum of injective 

modules is injective which implies that ℛ is Noetherian, by ([20], P.82). Thus (3) implies (2) and (2) 

implies (1).   
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