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Abstract.

The paper includes theorem giving the sufficient condition for existence of common point of coincidence
and common fixed point for 2n + 1 mappings in metric space.
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Introduction

Let (X,d) be a metric space. By contraction (]3], [4]) we understand a mapping F :
X — X for which there exists L € [0,1] such that d(Fz, Fy) < L-d(x,y). for all
x,y € X. The very good known Banach Fixed Point Theorem reads as follows (]3]
[4]). Let X be a complete metric space with metric d. Let F: X — X be a contraction.
The above suppositions imply the existing of a fixed point. the solution of Fo = x. The
Banach Fixed Point Theorem 1s an important tool in mathematical analvsis and has
been investigated under various conditions and developed in different directions. Among
others, many authors consider a variety of contractive conditions (see for example 5],
[6]. [7]. |8]). In the presented paper we obtain a sufficient condition for existence of
common fixed points and points of coincidence for 2n + 1 (n € N} mappings in metric
space (X.d). The condition which is given in the paper is analogous to condition
included in [2] and named by authors - Kannnan type condition. Summarizing, we
will prove theorem giving sufficient condition (Kannan type condition) for existence of
common fixed point for 2n+1.n € N mappings X — X where (X, d) is a metric space.

1 Notations, definitions, lemma

Definition 1.1. (|7]. [1]) A mapping T : X — X - for a metric space (X, d) - is called
Kanunan if there exists a € [0, %) such that for all x,y € X

d(Tx,Ty) < ald(x.Tz)+dy, Ty)]
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Definition 1.2. A point y € X is called point of coincidence of a family {T;},cs of
self-mappings on X if there exists a point = € X such that y =T,z for all j € J.

Definition 1.3. A pair (F\T') of self-mappings on X is said to be weakly compatible
if FTr =TFzx whenever For =Tz,

The lemma below is a generalization of the result from the paper [1].

Lemma 1.4. Let n € N, Let X be a nonempty set and the mappings

F. Sy, .., 8T, T,
have a unique point of coincidence vin X . If all pairs (F, ;). (F, S;). fori e {1,2....,n}
are weakly compatibles, then v is the unique cormmon fized point of mappings F, Sy, ...,.S,,.
Ty, T
Proof. Take u € X such that Fu=Siu=..=Su=Tu=..=T,u=v. By weakly

compatibility of all pairs (F.T;). (F,S;). for i € {1,2,...,n} we have

(5' v=S;Fu=FSiu=Fv, and Tyjv=T;Fu=FTyu= FI-‘) , foriel, ... n

Therefore the point w such that w = Fv = Siv=..=S,v=Tv=..=Tvis a
point of coincidence for mappings F, S, ....5.,T1,.... T, s0o w = v by uniqueness. From
the above v is a unigue common fixed point of mappings F, S,....S,. T1.....T,,. 1

Definition 1.5. Let (X, d) be a metric space. Let F, Sy, ..., 8,,T1,....,T, : X = X be
the mappings such that S;(X)UT;(X) C F(X) for i =1,..n. We define the sequence
{Zm}m>0 of elements of X as follows. Choose an arbitrary point zg in X. Let x1, 3
be the point of X such that Flzy = Tixg and Fro = Sizy. Continuing, Frg = Toxe
and Fxy = Sqrq....Fre, | =T,19, 9. Fro,, = 5, x9,,_1. Generally, if we have defined
Ty for a k€ {0,2,4, ...}, we put

Titr Tppyio, forie{1,3,..,2n —1},
Firﬂnz—l—i = 2 s ‘
Sij:f\'n—l—i—lr forie {2, 4 2-'?1}.
2

2 Main theorem
Theorem 2.1. Let n € N, Let (X, d) be a complete metric space and
F, S, ...8.,T11.....T,

be self mappings ﬂ/' the space [X d) such that F(X) is the closed subset of X and
UL, Si(X) C F(X). UL, Ti(X) C F(X). Let us suppose that the following condition

is satisfied:

d(S;x, Tyy) < Ayd(Fzx, S;z) + B;d(Fy, Tiy), fori,je{l,2,..n} (2.1)
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for all x,y € X where A;, B; are non-negative real numbers with A; + B; < 1, for
i,j € {L.2,...,n}. Then F.51....,5,,T1,..,T, have a unique point of coincidence. If
additionally all pairs (F,T;). (F.S;). for i € {1.2,....n} are weakly compatibles. then
F Sy, .. ST, ... Ty have the unigue common ficed point.

Proof. Firstlv, we will prove that, if F.5,...,5,.T},....T,, have a point of coincidence,
then it is unigue. Assume that v, v* are two distinet point of coincidence for mappings

F. S5, ....5,.11.....7,,. Then, there exists u, u* such that
Fu=Su=..=Su=Twu=..=T,u="v
and
Fur=5Su"=..=5u"=Tu =..=Tu =v".

By (2.1) we have

d(v,v") = d(Siu, Thu™) < A1d(Fu, Siu) + Bid(Fu™, Tiu™) = 0,

so v = v*. We will prove the existence of a point of coincidence of mappings F\ Sq, ..., Sq,
Ty, ...,T,,. Choose an arbitrary point xg in X. The sequence {z,,},,>0 of elements of
X is defined by Definition 1.5. Let us consider two cases:

a) there exists k € {0,2,4, ...} for which Fry, = Fap,q1.
b} for every k € {0,2,4, ...} Frp, # Frp,,.
In the case a) - by (2.1) - for every i € {1,2,...,n} - we have

A(Sixkn, Frrn) = d(Sitkn, Frint1) = d(Sithn, T1Tkn)
< Ad(F g, Sizpn) + Brd(F g, T1 k)
= A, d(F'r;.,,, Si;r;m) =+ Bld[F:Ekn, F.‘l‘kn+1]
= Aid(ka'rw SiThn)

and

A(F2ip, Titgn) = d(SpTrn, Tizgn) =
< And(kane Sn-'rkn) + B{d(Fﬂf;\-n, Exkn)
= Bid(F i, TiTin).-

This yields that the point y defined as

Y= Frg, = 5124, = S92, = ... = Sy 2, = Dag, = Thwy, = ... = T,1p,
is the required unigue point of coincidence for mappings F, Sy, ....5,.7y.....T,.

In the case b) the reasoning is as follows. Let k& € {0,2,4,...}. We have Fry, #
Frrap1. By (2.1) we get

d(Fl’knaFifkn—l—l) — d(sﬂ.:rkn—la Tlifﬁc-n)
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< And(F?rkn—b Sn :Ek-n—l) + Bld(FIknw Tl-'rkn)
= And(F:rkn—leFIkn} + Bld(F:rknakan—l—lj'

Hence 4
(E(FlfknaFirk-n+l} < - d(FIkn—lerkn)
1- B
= A(E(Flfkn—laFIkﬂ}w
where 4 B
0<X:i= maar{ T EIBJ-’ 1 —{45 Ci,7=1,2, ...-n} < 1.

Moreover
d(FIkn‘FIkn—l) = d(SnIkn—l‘Elxkn—Q)

S And(FIkn—lw Snxkn—l) + Bnd(FIkn—Bw I":?,Ikn—Z)
= Apd(Frpp_1, F2p,) + Bpd(Fzpy 9, Frp,_q).

Therefore

B,
1 - An
< AM(Frpn—1, Frg,._2).

d(FIknwFIkn—l) < (E(Frkn—lerkn—Z)

From the above we get easily for any m € N
d(Fzp,, Fr,,q) < AN"d(Frg, Fry)
and for any mey > my
Ad(Fxp, Fry,) <d(Fry,  Frp, )+ dFep, 1. Fep o)+ o+ d(Frp,_ 1, Fay,, )

< [N NmFL L A™2)d(Frg, Fry)

A
< L _A}d(F:rD,FrlJ‘

80 (Fz,, )men 18 @ Canchy sequence. Let us define v i=limy, oo £ . Since F(X) is a
closed subset of X then there exists u € X such that F(u) = v. Let j € {1,2,...,n}.
We have for a k € {0,2,4,...} and ip € {2,4,...,2n}

d(Fu, Tiu) < d(Fu, FTryig) + d(FTrpgig, Tiu)
=d(Fu, Fryg, )+ d(S%nilfknJréo_lw Tu)
< d(Fu, Fay,qq,) + A%ud[:FIkn+ig—1s -9%01?kn+ig_1)

+Bjd(Fu., Tju).
Then
d(Fu,Tiju) <

=5 d(Fu, Frynai,)
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A'.E,O

+ 1-— QJBJ' (E(F37k11+io—1 i FL17k11+2'D )‘

so for suflicently large k - the distance d(Fu,Tju) can be arbitrarily small, then Tju =
Flu, for any j € {1,2,...,n}. Moreover

d(Fu, Sju) = d(S;u,Tju) < Ajd(Fu, Sju) 4+ B;d(Fu,Tju) = A;d(Fu, Sju),

whence Sju = Fu, for any j € {1,2,...,n}. We have proved that v is a unique point of

coincidence of mappings F, Sy, ..., 8., 11, ..., T,,. Il additionally all pairs (F,T}), (F.S;),
for i € {1,2....,n} are weakly compatibles, then by Lemma 2.1, F, Sy, ..., 5., 11..... T},
have the unique common fixed point. ]

3 Examples

Example 3.1. Let X = [0,00[ and d be the Enclidean metric on X. Let n = 2. We
define the mappings F, 51, 99,11, T 0 X — X as follows:

_%I +21, forx € [0,4],
) for z € [4,7],
F(z) = —%I + ‘):2—1 for = € [7,21],
0. for € [21, o0

and for 1 = 1,2
(1+2)z+1i, forze[0,4],

Si(x) = { 7, for € [4, 00],

{ lovidd forre [0, 4],

o ) T
Ti(z) = 7, for x € [4, 00].

We have F(X) = [0,21]. 5;(X) = [i,7]. T;(X) = [i +4.7]. for i = 1,2, We put
I

Ay = Ay = L and By = By = 1. One can easily observe that the condition (2.1)

2 3 - J
is satisfied. For g = 2 - by Definition 1.5 - we get the sequence (F'a,,),, oy as fol-
lows: —14,6,7,7,7..... So v =1m Fr,, = T7is a unique point of colncidence of

m—oo m | [

mappings F, S, 52,71, Ty. Since all pairs (F,T;), (F,S;), for i € {1,2} are weakly com-
patibles, then - by Lemma 2.1 - v = 7 is the unique common fixed point for mappings
F, 51,855,171, T5. Moreover, let us remark that if we change definition of the function F

as follows

[0,4],
for = € [4,7],

7,
F(x)=<¢ 6, forx =1,
—%;r -+ ‘):2—1 for = €]7,21],
0, for = € [21, 00,

then there is no common fixed point for mappings F, S1, 82,71, 7. Since 7 = F(4) =
S1(4) = S2(4) =T1(4) = Tu(4), the point Tis only the point of coincidence of a family
F. 81,85, T1,T5. In this case the condition (2.1) is still satisfied but all pairs (F,S;),
(F.T;) for i € {1,2} are not weakly compatibles.
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Example 3.2, Let X = [0,0¢] and d be the Euclidean metric on X. Let n =3, We
define the mappings F, S1, 59, 53,711,715, T3 : X — X as follows:

Flry=z, forze X.
and for i =1,2.3
3— 2 forz € [0,1],
Si(z) = { 2, for = > 1.

g a4
Tim—{"’ i, for 2 € [0,1]

2, for z > 1.
We have F(X) =X, S;(X)=T;(X)=[2,3], fori=1,2,3. Weput A = Ay = A3 = %
and By = By = 83 = % One can easily observe that the condition (2.1) is sat-
ihfiul For zp = % - by Definition 1.5 - we get the sequence (Furp),, oy as follows:
95.2,2.2,.... So v = limMyy_se0 FTym = 2 is a unique point of coincidence of mappings

2 320
F, 51, qQ,Sg,Tl,TQ,Tg. Since all pairs (F,T;), (F,S;), for i € {1,2,3} are weakly com-

patibles, then - by Lemma 2.1 - v = 2 iz the unique common fixed point for mappings

F,S51,89,83,T1,15,T5.
Example 3.3. Let X = [%4] and d be the Eunclidean metric on X', Let n = 2. We
define the mappings F, S1,59,71,T5: X — X as follows:

1
F(r)= . forre X

and for i =1,2
1 1
Si(z) =xz#3,  Ti(xr) =1,
JLll the pairs (F,T;), (F,S;). for i € {1,2} are weakly compatibles. If we put 4; = Ay =
1 Land By = By = 3 then the condition (2.1) is satisfied. By Definition 1.5 starting from

. 1 1 1
ry = 2 we obtain the sequence (FIm}meN as follows: % 22 278,221, 27120, ... whence
v = liMy, 00 F2y, = 18 the unique common fixed point for mappings F, Sy, 52,77, T5.
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