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Abstract. This paper deals with the oscillatory behavior of solutions of second order neutral type differential
equations. The results obtained here extend some of the existing results. Examples are provided to illustrate
the main results.
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1. Introduction
In this paper, we investigate the oscillatory behavior of solutions of second order quasilinear neutral differential equation
of the form

(L.1) (r(t)(z'(t))“)'+q(t)f (x(o(®))=0, t=t,

where Z(t) = X('[)+Z::i1 P, (1)X(7,(t)), m>0 is an integer. We assume that the following conditions hold

without further mention:

(Cl) qeClty, o), p;, 7;, o €C'[ty,);
(C,) r()>0, q(t)>0,0<p,(t)<b <o fori=12, ..., m

(C))limo(t)=w, rjeo=007, 7;'(t)2 A4 >0 fori=12,..., m

t—o0

(C4) fe C(]R,R) is nondecreasing with uf (u) >0 and L/lj) >M >0;
u

(C5)a and [ are ration of odd positive integers;

t

(Co) RO =]

b

S
——— > as t >,
rl/a(s)
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By a solution of equation (1.1), we mean a real valued function X C[Tx,oo), T, =t which has the property

r(t)(z '(t))a € C'[T,,0), and satisfies equation (1.1) on the interval [T,,00). We consider only those solutions X
of equation (1.1) which satisfy the condition SUp{| X(t)|:t=T}>0 forall T >T,. We assume that equation (1.1)

posses such solutions. A solution of equation (1.1) is called oscillatory if it has infinitely many zeros on [I'X,oo);
otherwise it is said to be nonoscillatory.

Neutral differential equations arise in modeling several real world problems occurring in physics, engineering,
biology, etc., see for example [2, 4, 5], and the references citied therein. Determining oscillation criteria for natural type

differential equations received great interest in recent years, see for example [1, 3, 6, 8, 9], and the references contained
therein.

In [8], the author has established some oscillation criteria for the following equation

(1.2) (r(t)(x'(t))“)'+q(t)x/’(a(t))=o, t>t,

o0

1
under the condition J.T dt =0
L)

In [9], the authors considered the equation of the form

(1.3) (r(t)(z'(t))”’)'+ anx” (o(t)) =0, t=t,

where z(t) = x(t) +ZL p, )X(z; (t)), m>0 and J.I’l%(t)dt =00
t

Motivated by the results concerning equations (1.2) and (1.3), we study the oscillatory behavior of equation
(1.1). The results obtained here reduce to those presented in [1] for the case when m=1 and & = £ =1, and in [9] for

the case & = 3.

In Section 2, we present sufficient conditions for the oscillation of all solutions of equation (1.1) and in Section
3, we provide some examples to illustrate the main results.

2. Oscillation Results

In this section, we establish some new oscillation criteria for the equation (1.1). Without loss of generality, we can only
deal with positive solutions of equation (1.1). We begin with the following lemma.

Lemma 2.1. Let X be a positive solution of equation (1.1). Then the corresponding function Z satisifies
z(t)>0, z'(t)>0 and (r(t)(z '(t))” )' < 0 eventually.

Lemma 2.2. Assume that X, >0 for i=12,3,...,m, andlet y >1. Thus

m ™43
The proof of Lemmas 2.1 and 2.2 can be found in [9].

In the sequel, we use the following notations:
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Q(t)=min{q(t),a(z (), a(z®), - .., a(z,®)},
and  Q(t,t,)=Q)(R(e()-R())’

where t >t >t is sufficiently large.

Theorem 2.1. Assume that 1<a < fand b <1 forall i=1,2,3,...,m. If the first order neutral differential
inequality
tt)
@) [y<t>+z (5(1) ] (Q( 1)31 Y (o (1)) <0
i=1 |

has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof: Let X be an eventually positive solution of equation (1.1), then we

m l m ﬁ
22  xP(o@t)+ ;biﬂxﬂ (r; (o)) 2 D (X(a(t)) +§bi X(; (a(t)))J > i 27 (o (t))
where we have used Lemma 2.2, and condition p,(t)<b, i=12,..., m. From (1.1) and (C4) , we have
23) (r®@®))+Ma@®)x’ (o(®) <O,
which yields
ir :t) (r(z;(@))(z'(z, (1)) +M2b" (z. )X’ (o(7; (1))
or
(2.4) 0> Zm:% r(r, (t)) z'(z, (t)) +M Zb“q(r (t)x” (0'(2' (t)))

Inview of (2.3) and (2.4), we obtain

(r @) )‘+i3i(r(ri ))(2'@ )" +M ibﬁq(n D)X’ (o(z,®)) + Ma®)X” (o (1)) <0.

i=1 74

From the last inequality we have

@5 (re)E ) )+, ii r(z,(1))(z' (7 1)) +MQ(t)(Zb“xﬁ o(z (1)) + xﬂ(a(t))JSO-

Using (2.2) and 7; o0 = o o 7;in (2.5), we obtain
(2.6) (ry'®))+ ibi(r(r. M) (z'( )" +M _Q® (o(t)) <0.
i A I I (m+1)~* -

Since y(t) =r(t)(z'(t))* >0 is decreasing, and so
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@7) 2(0)2 | (r(s)l(:/;( 2;)

Therefore from (2.6) and (2.7) we have y(t) is a positive solution of the equality

ds > y/“(t) (R(t) - R(t,)).

[ (t)+i'fy r(t)] e Q(l))ﬁl(R(o(t» R(o, 1))y (1)) <0,

which is a contradiction. This completes the proof.

Theorem 2.2. Assume that 1< f<aand 1< p (t)<b for all 1=12,3,...,m. If the first order neutral
differential inequality

(2.8) ( (t)+z (7 (1) J (Q( 1;13 -y (o(t)) <0

has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof: The proof is similar to that of Theorem 2.1, and hence the details are omitted.

Remark 2.1. If o = 3, then Theorems 2.1 and 2.2 reduces to Theorem 1 of [9], and to Theorem 1 of [1] when m =1
and o = =1.

Theorem 2.3. Assume that 1< < f, b <land 7;(t) >t forall 1=123,...,m. If the first order neutral
differential inequality

2.9) W'(t)+ M Qt.t) W (o (t) <0

m Al
(m+1)7* (1+ Zi}

i=1
has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof: Let X be an eventually positive solution of equation (1.1). Then it follows from the proof of Theorem 2.1 that
y(t) =r(t)(z'(t))” > 0 is decreasing, and satisfies the inequality (2.1). Define

(2.10) w(t) = y(t)+ Zm: tj y(7; (1))
Since 7;(t) >t, we have
m ba
w(t) < y(t) (1+ ZTJ

Using the last inequality into (2.1), we see that W is a positive solution of equation (2.10). This contradiction completes
the proof.

Theorem 2.4. Assume that 1< f<aand 1< p,(t)<b for all i=12,3,...,m. If the first order neutral
differential inequality
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2.11) W)+ M Qt.t) W (o (1)) <0

paf b )
(Mm+1) (MZA)

i-1 4
has no positive solution, then every solution of equation (1.1) is oscillatory.
Proof: The proof is similar to that of Theorem 2.3, and hence the details are omitted.

Remark 2.2. Theorems 2.3 and 2.4 reduces to Theorem 2 of [9] for & = /3.

Corollary 2.1. Assume that 1<a = fand 7,(t) >t forall i=12,3,...,m. If o(t)<t, and

(m+l”‘l[1+ibiaJ
liminf [ Q(s)R”(o(s))ds > B
2.12) lim in L(t) o VP ,

then every solution of equation (1.1) is oscillatory.

Proof: Since & = f#, from Theorem 2.1.1 of [5] and condition (2.12), we see that the inequality (2.9) has no positive
solution. The result now follows from Theorems 2.3 and 2.4.

Corollary 2.2. Assume that 1< < 3, b (t) <Land 7,(t) >t forall i=12,3,...,m and o(t) is continuously
differentiable with o '(t) > 0. Further suppose that there exists a continuously differentiable function ¢(t) such that

(2.13) ¢'(t)>0 and !Lrg #(t) = o,

(2.14) limsup aw<l,
™ 10

and

2.15) liminf [Q(t t)e_¢(t)j>0
" em)

then every solution of equation (1.1) is oscillatory.

Proof: Since é >1 by Theorem 1 of [7], conditions (2.13)-(2.15) ensure that the inequality (2.9) has no positive
a

solution. The result now follows from Theorem 2.3.
Corollary 2.3. Assume that 1< f< e, 1< p,(t) <b,and 7;(t) >t forall i=12,3,...,m .If o(t)<t, and
(2.16) jt “Q(t,t)dt = oo,

then every solution of equation (1.1) is oscillatory.

Proof: Since E <1 by aresult in [3, 5] and condition (2.16) , we see that the inequality (2.9) has no positive solution.
a

The result now follows from Theorem 2.4.
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In the sequel, we use the notation 7(t) =min{z,(t):i=1,2,3,...,m}, and 7 stands for the inverse of
the function 7 .

Theorem 2.5. Assume that 1< < B, 7(t)<tand b <1 forall i=12,3,...,m. If the first order differential
inequality
@.17) w(t)+ QUL) e (-2(o(t))) <0
(m+1)7* (1+ Zb'j
a1 A

has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof: Let X be an eventually positive solution of equation (1.1). Then it follows from the proof of Theorem 2.1 that

y(t) =r(t)(z'(t))* >0 is decreasing and satisfies the inequality (2.1). Now define W by (2.10). Since 7(t) <t, we
have

w(t) < y(z(t)) (1+ Z%j

Using the last inequality into (2.1), we obtain that w is a positive solution of equation (2.17). This contradiction
completes the proof.

Theorem 2.6. Assume that 1< f<ea, r(t)<tand 1< p,(t)<b forall 1=12,3, ...,m. If the first order
differential inequality

2.18) wi(t) + Qt.t) W (7 (o (1)) <O

A, apeY
(m+1)” £1+iz_1:/1j

1
has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof: The proof is similar to that of Theorem 2.5, and hence the details are omitted.

Remark 2.3. Theorems 2.5 and 2.6 reduces to Theorem 3 of [9] in the case a = 3, and involved Theorem 3 of [1]
when ¢ = f=1and m=1.

If o= ﬂ then one can remove the restrictions on bi fori=1,2,3,...,m imposed in Theorems 2.5 and 2.6

and obtained the Corollary 2 of [9]. For & # [3, one can obtain the following corollaries from Theorems 2.5 ad 2.6
respectively.

Corollary 2.4. Assume that 1<a < f, o(t)<7(t)<t,and b (t) <1, forall i=123,...,m .If o(t) is

continuously differentiable with & '(t) >0 and there exists a continuously differentiable function @(t) such that (2.13)-
(2.15) are satisfied, then every solution of equation (1.1) is oscillatory.

Corollary 2.5. Assume that 1< S < e, o(t) <z(t) <t,and 1< p,(t) <b forall i=12,3,...,m .If condition
(2.16) is satisfied, then every solution of equation (1.1) is oscillatory.

3.Examples

In this section, we present some examples to illustrate the main results.
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Example 3.1. Consider a second order neutral differential equation

~3Y
(3.2) L(x(t)+%x(t+27z)+%x(t+47z))] +e X°(t—27)=0,t>1.

It is easy to see that all conditions of Corollary 2.2 are satisfied and hence every solution of equation (3.1) is
oscillatory.

Example 3.2. Consider a second order neutral differential equation
A3\
(32) (((x(t) +X(t—7) +2x(t —47)) ) j +4X(t—67)=0, t>1.

It is easy to see that all conditions of Corollary 2.5 are satisfied and hence every solution of equation (3.2) is oscillatory.
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