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Abstract.

In this paper we recall the definition of fuzzy distance space on a fuzzy set then we define a compact
fuzzy distance space and fuzzy totally bounded after that we prove that fuzzy totally bounded fuzzy
complete fuzzy distance space is fuzzy compact. Moreover we recall the definition of fuzzy continuous
and uniform fuzzy continuous function to prove that fuzzy continuous function and uniform fuzzy
continuous functions are equivalent on a fuzzy compact fuzzy distance spaces .
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1. Introduction

Theory of fuzzy sets was introduced by Zadeh in 1965 [21]. Many authors have introduced the concept of fuzzy
metric in different ways [1,2,3,7,8,9,10,13,16,17]. Kramosil and Michalek in 1975 [6] introduced the definition of
fuzzy metric space which is called later KM-fuzzy metric space .George and Veeramani in 1994[3] introduced the
definition of continuous * t-norm to modify the concept of KM-fuzzy metric space which was introduced by
Kramosil and Michalek which is called later GV-fuzzy metric space. In section two of this paper we recall the
definition of fuzzy distance space on fuzzy set [9] which is a modification of the definition GV-fuzzy metric space
after that we introduce basic definitions ,basic concepts and properties of fuzzy distance space .

In section three the notion of fuzzy compact fuzzy distance space is introduced, we try to prove results similar to
that in the ordinary case. The aim of studying a fuzzy continuous function on fuzzy compact spaces in section four
is to prove that fuzzy continuous function and uniform fuzzy continuous functions are equivalent on fuzzy compact
fuzzy distance space.

2. FUZZY DISTANCE SPACE ON FUZZY SET
Definition 2.1:[21]

Let X be a nonempty set of elements, a fuzzy set A in X is characterized by a member ship function,
Wzx(x): X— [0,1]. Then we can write & = {(X, ux(X)): xeX, 0 = uz(x) = 1}.
We now recall an example of a continuous fuzzy set.

Example 2.2:[18]

Let X = R and let & be a fuzzy set in B with membership function by: nx(x) = Tii0=

Definition 2.3:[4]
Let A and B be two fuzzy sets in X. then
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1- A c Bifand only if pnz(x) < pg(x) for all xeX

2- A= Eifand only if pi(x) = pg(x) for all xeX

3-C=AuUB ifand only if p=(X) = pa(x) v pg(x) for all xeX

4-D = A~EB if and only if pg(X) = wi(x) A ng(x) for all xe X

5- uge(X) = 1- pi(x) for all xeX

Definition 2.4:[18]

If A and B are fuzzy sets in a nonempty sets X and Y respectively then the Cartesian product
A % B of Aand B is defined by: 1z . g(X, y) = Lz(x) A ug(y) forall (x,y) eXx ¥
Definition 2.5:[20]

A fuzzy point p in X is a fuzzy set with member p(x) = a if x =y and p(x) = 0 otherwise.
For all y in X where 0< o <1. We denote this fuzzy point by .. Two fuzzy points x_, and
¥ are said to be distinct if and only if x# y.

Definition 2.6:[21]

Let x,, be a fuzzy point and A be a fuzzy set in X. then x, is said to be in A or belongs to

A which is denoted by x_ € A if and only if wz(x)> a.

Definition 2.7:[11]

Let f be a function from a nonempty set X into a nonempty set Y. If B is a fuzzy setin Y

then £ ~1(E) is a fuzzy set in X defined by:

gy (X) = (kao £)(X) for all x in X. Also if A'is a fuzzy set in X then f(A) is a fuzzy set in Y defined
by:

meeiy ) =V { ma(): xef 1 (¥) ), if fTH(y)# O and pgz, (y) =0, otherwise.

Proposition 2.8:[12]

Let f: X— Y be a function. Then for a fuzzy point x, in X, f(x,) is a fuzzy point

inY and f(x,)=(f(x)), .

Definition 2.9:[3]

A binary operation =: [0,1] x [0,1] — [0,1] is a continuous t-norm if * satisfies the following conditions:
1- = is associative and commutative.

2- * is continuous.

3-a*1=aforalla e [0,1].

4- a#b < ¢*d whenever a <c and b <d where a, b, ¢, d €[0,1].

Remark 2.10:[3]

For any a> bwe can find c such that a#*c>b and for any d we can find an e such that e*e > d where a, b,
c.,d,e<(0,1).
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We introduce the following definition.
Definition 2.11:[14]

A triple (A,D,#) is said to be fuzzy distance space if A is a fuzzy set of the nonempty set X, * is a
continuous t- norm and D is a fuzzy set on A* satisfying the following conditions:

(FD;) D(x,.¥g)>0forall x,,yp € A

(FDy) D(x,.¥g) = 1ifand only if %=y

(FD3) D(x,,¥g) = D(vg, %,) for all x,, vz €A

(FD4) D(x4,2,) > D(%,¥p) * D(va, 2,) for all x,,ygandz, € A
(FDs) ﬁ(x:,}rﬁ) is a continuous fuzzy set

Example 2.12:[14]

Let X= M, and let A be a fuzzy set in X. Suppose that a=b = a.b for all a, b [0,1].

Define ﬁ(xg,}rﬁ) = 3 If x<yand ﬁ(xa,}rﬁ) =¥ If y<x, forallx,y eN.

Then (A,D,#) isa fuzzy distance space.
Example 2.13:[14]
Let X=R and let A be a fuzzy set in X. Suppose that a*b = a.b for all a, b e [0,1].

Define D(x,.¥g) = ﬁ forallx,, yg € A,
e

Then (A,D,*) isa fuzzy distance space.

Definition 2.14:[14]

Let (A,D,*) be a fuzzy distance space then D is continuous fuzzy set if whenever (%,,ct,)— %, and
(}FniBn)_’ FE in A then ﬁ((xﬂ’ CIH),( ¥ Bn)) - ﬁ(xc:v FE) that is hmn —}acﬁ((xn’ an)v( ¥ Bn))

=D(x., ¥g) -

Lemma 2.15:[14]

Suppose that (X,d) is an ordinary metric space and assume that A is a fuzzy set in X. Define d(x, ¥p) =
d(%, y) for all %, yae A. Then (A, d) is a metric space.

Example 2.16:[14]

Let X= R and let A=[2,52] be a fuzzy set in X. consider the mapping D : A xA— [0, 1]
defined by :

_— . _— 1 1 .

D(aqbg)=1ifa=band Dlagbg)= ().a+@).B ifa#b, where

a* B=aq.p forall a, p €[0,1]

(FM,) We show that D(a,,c,) = D(a,,bg) = D(bg, c,) is not satisfied for all a,, bg, ¢, e A,
Let a=10, b = 3 and c= 100 where a{ B= % '
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0=% Sincea#b#c

Then D(ag, b)=(D).a+ (1) .B =%+ 5 = = +2=0,01+0.111=0121

And B(og.c)= (1)-B+(2).0=5 + 5 =1 + ——=0111+00001= 0.1112

D(agca)= (D)-a+(1).0 =% + 5 =2+ ——=0,01+0.0001= 00101

Therefore D(a,, bg) = D(bg,c,) = D(ax.c,)=(0.121)+(0.1112) =0.0134552 >0.0101

Thus (A,D,*) is not a fuzzy distance space ®
Proposition 2.17:[14]

Suppose that (X,d) is an ordinary metric space and assume that a=b = a.b for all a, be[0,1].

Then by lemma 2.15, (A, d) is a metric space. Define D 4(x,, ¥g) = S then (A,D 5,*)
B

t+d(xgw
is a fuzzy distance space and it is called the fuzzy distance on the fuzzyset A induced by d.

Definition 2.18:[14]
Let (A,D,*) be a fuzzy distance space on the fuzzy set A, we define B(x,.r) = {yg €A:

D(%g, ¥g) = (1- 1) } then B(x,,r) is called an fuzzy open fuzzy ball with center the

fuzzy point x_ A and radius 0 < r < 1.

Proposition 2.19:[14]
Suppose that B(x,,r;) and B(x%,,r,) be two fuzzy open fuzzy balls with the same center %, A

and with radiuses r4,r; € (0,1). Then we either have B(x,,r;)cB(%,,r';) or B(%,,T2)cB (X, T1).

Definition 2.20:[14]
A sequence {(x,,. o,,)} of fuzzy points in a fuzzy distance space (A,D,*) is called fuzzy

converges to a fuzzy point x_ €A if whenever 0 <s< 1, we can find a positive integer K
with, D((%,,. &t,,), %) > (1-£) whenever m > K.

Definition 2.21:[14]

A sequence {(x,,a,)} of fuzzy points in a fuzzy distance space (A,D,*) is called fuzzy
converges to a fuzzy point % A if lim, . D((x,.0,), %) = 1.

Theorem 2.22:[14]
Definition 2.21 and definition 2.20 are equivalent.
Proposition 2.23:[14]

Suppose that (X,d) is a metric space and assume that (A,D 4,%) is the fuzzy distance space
induced by d. Let {(x,, )} be a sequence of fuzzy points in A. Then {(x,, &)}
converges to x, €A in (A, d) if and only if {(x,, ct,)}uzzy converges to % in (A,D 4,*).

Definition 2.24:[14]
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A fuzzy subset € of a fuzzy distance space (A, D,*) is called fuzzy open if for each x, € €
there is B(%,,9) © C with 0 <q < 1. A fuzzy set E € A is said to be fuzzy closed if its
complement is fuzzy open that is E° = A\ E is fuzzy open.

Theorem 2.25:[14]
If B(x,,q) is fuzzy open fuzzy ball in a fuzzy distance space (A, D,*) on a fuzzy set A then

B(x%,.0) isafuzzy open fuzzy set with 0 < q < 1.
Definition 2.26:[14]

Suppose that (A, D,*) is a fuzzy distance space on a fuzzy set A and let C—A then the
fuzzy closure of C is denoted by Cor FCL(C) and is defined to be the smallest fuzzy closed
fuzzy set contains C.
Definition 2.27:[14]

A fuzzy subset € of a fuzzy distance space (A, D,*) on a fuzzy set A is said to be fuzzy
dense in A if €= A.

Lemma 2.28:[14]

Let € be a fuzzy subset of A and let (A, D,*) be a fuzzy distance space on the fuzzy set A
then a:eE if and only if there is a sequence {(a,,,e,)} in C such that (a,,c,)— a,,
where a,ct,, €[0,1].

Theorem 2.29:[14]
Suppose that € is a fuzzy subset of a fuzzy distance space (A, D,*) then C is fuzzy dense in

A'if and only if for every x_ €A there isageC such that D(x,, ag) = (1- £) for some
0=<e=1.

Definition 2.30:[14]

A sequence {(x,, &)} of fuzzy points in a fuzzy distance space (A, D,*®) is said to be fuzzy
Cauchy if whenever 0 < £ < 1 we can find K with D((%,. ) , (X4, @) ) = (1-€) foralln,
m =K.

Theorem 2.31:[14]

Let (A, D,*) be a fuzzy distance space on the fuzzy set A if {(x,, &)} is a sequence of fuzzy
points in A that is fuzzy converges to x_ e A then {(x_, ct_ )} is fuzzy Cauchy.
Proposition 2.32:[14]

Suppose that (X,d) is a metric space and let D (x:,ygj= }where t= min{a,p}.

i+ d':x:céf'ﬁ

Then {(x_, e, )} is a Cauchy sequence in (&,d) if and only if {(x_, &)} is a fuzzy
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Cauchy sequence in (A, D a%).

Definition 2.33:[14]

Suppose that (A,D,*) be a fuzzy distance space. A fuzzy subset C of A is called fuzzy
bounded if we can find 0 < q < 1 with, D(x,,¥g) = (1—q), whenever x, ygeC.
Proposition 2.34:[14]

Let (X,d) be a metric space and let D (¥ ve) = where t = o A B then a fuzzy subset C

of A is fuzzy bounded if and only if it is bounded.
Definition 2.35:[14]

Let (A,D,*) be a fuzzy distance space, then we define a fuzzy closed fuzzy ball with center
x eAandradiusr, 0 <r < 1by B[x,,1 = {ygeX: D(x,¥g) = (1-nN}
Lemma 2.36:[14]

If B[x,,q] is fuzzy closed fuzzy ball in a fuzzy distance space (A, D,*) on a fuzzy set A
then B[x,.q] is a fuzzy closed fuzzy set with 0 < q < 1.

Theorem 2.37:[14]

Suppose that (A,D,*) is a fuzzy distance space . Put = {CcA : %, <C if and only if there is
0 = q < 1 with B(x,, q)cC}.Then T4 is a fuzzy topology on A.

Proposition 2.38:[14]

t

Suppose that (X,d) is an ordinary metric space. Let D 4 (%o ¥p)= 3 be the fuzzy
B

t+d(xgy
distance induced by d. Then the topology T4 induced by d and the fuzzy topology T,
induced by D4 are the same. That is T4 = Tg,.

Theorem 2.39:[14]

Every fuzzy distance space on a fuzzy set is a fuzzy Hausdorff space.

Definition 2.40:[14]

Suppose that (A, Dj,*) and (E, Dy, *) are fuzzy distance spaces and € < A.The mapping h:

C —E is said to be fuzzy continuous at ageC, if whenever 0 < £<< 1, we can find 0 < & < 1,
with Dg(h(x,).h(ag)) = (1- £) whenever x, € and D;(x,, ag) = (1- 8). When f is

fuzzy continuous at every fuzzy point of C, then it is called to be fuzzy continuous on C.
Theorem 2.41:[14]

Let (A, Dz,*) and (E, Dg,*) be fuzzy distance spaces and € = A. The mapping h: € —E is
fuzzy continuous at ag eC if and only if whenever a sequence of fuzzy points {(x,, @)}

in C fuzzy converge to ag, then sequence of fuzzy points {(h(x,., e,))} fuzzy converges to
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h(ag).
Proposition 2.42:[11]
Let A be a fuzzy set in X and let B be a fuzzy setin Y. let f: A —B be a function and

let € c Aand E < B.Then f(€) c E ifand only if & <f*(E).
Theorem 2.43:[14]

A mapping f: A —E is fuzzy continuous on A if and only if the inverse image of C is fuzzy open
in A for all fuzzy open fuzzy subset C of E. Where A and E are fuzzy distance spaces.

Theorem 2.44:[14]
A mapping f: A —E is fuzzy continuous on A if and only if the inverse image of C is fuzzy

closed in A for all fuzzy closed fuzzy subset & of E.

3. FUZzZY COMPACT FUZZY DISTANCE SPACE
Definition 3.1:

Suppose that (A,D,#) is a fuzzy distance space and F c A. Let C= { E: E is a fuzzy open fuzzy
sets in A } such that F < U _E. That is for each t,, e there is E<C such that t, <E. Then C is

said to be a fuzzy open fuzzy cover of F.
Definition 3.2:
A fuzzy distance space (&, D,*#) is called fuzzy compact if for all fuzzy open fuzzy covering C
of & we can find {E, .E, E......E.} c C such that & = U~, E,.
Definition 3.3:
Suppose that (&,D,#) is a fuzzy distance space and F < A with F # @ is called a fuzzy compact
if E is fuzzy compact with the fuzzy distance induced on it by D.
Example 3.4:
Let X= R and let A be a fuzzy set in X. let B ={((0,1), 1g)} be a fuzzy subset of A. then the

fuzzy set B in the fuzzy distance space (&,D 3,%) where D 4(%,,vg) = ﬁ ,a*b = a.b for
o~ ¥

all a, be[0,1], is not fuzzy compact. The fuzzy open fuzzy covering {( i%): n=2,3.} ofB

does not contains a finite set that we can cover B .
Remark 3.5:

Suppose that (A, D,*) is fuzzy distance space and assume that E S A. If E is finite then E is

fuzzy compact.
Definition 3.6:

Suppose that (A, D,*) is fuzzy distance space and F = { Ej :j €1} where Ej are fuzzy sets in
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A Then F is said to has the finite intersection property if for every E,, E,,... E_ [finite],
we have N2, E; # 0.

Definition 3.7:

Suppose that (&, D,*) is a fuzzy distance space and § S A. Then § is said to be fuzzy

totally bounded if for each 0<< r =<1, we can find a finite fuzzy set of fuzzy points {(t4,3,),
(t5,B5), (t3,B3),....., (t, ,B,)} < 5 with the property for any z, in §, D(z,,(t;,B;))=(1- r) for
some (t;,B;) € {(t1,B1), (t2,B2), (t3,B3),....., (t5 ,By)}.This fuzzy set of fuzzy points {(t, ,B,),
(t2,B2), (t3,B3)...(t, ,B,)} is called fuzzy r-net.

Proposition 3.8:

Suppose that (&, D,*) is a fuzzy totally bounded fuzzy distance space. Then A is fuzzy bounded.

Proof:

For 0= q =<t1 we can find a finite fuzzy g- net for &, say €. Since € is a finite fuzzy set of
fuzzy points 0 < D(C) < 1, where D(C) = sup{D(¥g.Z,): ¥g, Z,€C}. Now let (x;, e, ) and
(x,, @) be any two fuzzy points of A. There exists fuzzy points Vg and z; in C such

that D((x4,24), ¥g) = (1—q) and D((%2, @) ,2,) = (1—q) . Now for D(T) and q there is
(1—r), where 0 < r <1 such that D(C) = (1—q) = (1—q) = (1—r). It follows that D((x,, e ),
(35, @) = D((x1, @, ),¥)* D(¥g.25)* D(zo. (%2, 27))= (1—0q) = D(C)*(1—q) > (1) So,
D(A)= sup{D[(xy, 04 ), (%5, 0t )]: (x4, 0ty ), (%5, €05 ) €A} = (1—r). Hence, A is fuzzy bounded m

Theorem 3.9:

Suppose that (&, D,*) is fuzzy metric space and assume that E S A. Then E is fuzzy
totally bounded if and only if for all {(x,, B,)} in E has {(®q,, B, )} which is a fuzzy Cauchy.

Proof:

Let E be a fuzzy totally bounded. Suppose that {(x,,. B,,)} be a sequence of fuzzy points in E.
Take fuzzy Z et {(ty, @q), (5, €0),...(t,, @)} in E. Choose ﬁ(tl,%) then E(tl,%)
contains {(x5,BL™)} of {2, Ba)}. Nowtake fuzzy T —net {(ty, ay), (£, &y),...(tp 05)}
— ! ! } 2y A02) (1) H(1)
in E. Choose B(t;,7) then B(t;.7) contains {(x,, B, )} of {(x, ", B, )} After kth steps we
(k) (k). . . =, 1 (n) Alnl, .
have {(x, B, )} is in the fuzzy ball B(t;,=5). Now {(x,, ,B, )} is a subsequence of {(x,, B,)}.

Let 0 < £ =X 1 be given. Choose K so large that (1- %) ® (1- ﬂn1+._) . #(1- Fl_._) =

(1- £). Whenever m == n = K, we have
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(n+1) I3|:|:'J+1]|

(n+1) L(n+1)
B n+l ‘Fn+l 1

w e (8) oin) (m) o(m) e (7)) oin)

DlGs Ba ). (5m Bl = DIGTBT) (5ol By )]
(n+2) L(n#+2),. =, (m-1} Li{m-1} (m) (m)

(%pao o Bors % DIy By ) B )]

2 (130 * (- 550) * - (- 3m=1) > (1-9)

* Bl

Hence {(xi”},Bin})} is a fuzzy Cauchy sequence.

For the converse, suppose that every {(x,, B,)} in E contains {(xnk,ﬁnk)} which is a fuzzy
Cauchy.We will prove that E is fuzzy totally bounded. Assume that 0 << £ < 1 and let (x4, ;)
eE. If E\B((x4. B4),€) = @, we get a fuzzy =-net, which is, the fuzzy set {(x,, B,)}. If it is not
take (X4, B) e E\B((¥y, By),2). If E\[B((x1, By),£) U B((%2, B,),2)]= @. We get a fuzzy £-net, which
is {(x4. B1),(x2. B2)}. After finite steps this process stop. If it dose not stop, we will get an
infinite sequence {(x,. B,)} with property that D[(%,,, By), (& Bm)] = (1- £), n # m.
Consequently, the sequence {(x,,, ,,)} does not contains a fuzzy Cauchy subsequence of

fuzzy points, this is a contradiction. ®

Proposition 3.10:

Suppose that (A, D,#) is a fuzzy compact fuzzy distance space. Then A is fuzzy totally bounded.
Proof:

Whenever 0 < 1 < 1, the set { B(x,r) : x, €A } is a fuzzy open fuzzy cover of A, But & is
fuzzy compact we have { B(x;,r): j=1,2,...n} with A = UL, B(x;,r). Hence the
centers (4, &ty),(¥2, &5),...(%,, @, )} form a finite fuzzy r-net for A. Therefore, A is fuzzy

totally bounded. m

Proposition 3.11:

If (&, D,*) be a fuzzy compact fuzzy distance space. Then (&, D,*) is fuzzy complete.
Proof:

Let (&, D,*) be a fuzzy compact fuzzy metric space and A is not fuzzy complete. So we can
find a fuzzy Cauchy sequence {(x,. @, )} of fuzzy points in (&, D,*) not having a fuzzy limit
in A Let Ve eA, since {(x,, ;)] dose not fuzzy converge to ¥g there exists 0 < r <1 such
that D((x,, &,),¥g) = (1- ) for infinitely many values of n, since {(x,. &, )} is fuzzy Cauchy,
we can find K with k, j = K. With D((x, 04 ),(, 5 ))> (1-1) . Choose k = K for

which D((x. e, ),¥g) = (1- £) . So, the fuzzy open fuzzy ball B(vg,£) contains a finite number
of (x,, e, ). In this step, we can put for each x_eA a fuzzy ball B(x_,r(x,)) ,where 0 < r(x_)

< 1 depends on %, and the fuzzy ball B(x,,r(x,)) contains a finite number of (x,, e, ). Notice
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that A =U,_e 2 B(%4.r(x,)) which means that {B(x,,1(%)):X, €A} is a fuzzy covering of A. But
A is fuzzy compact so we can find B((v; ,B:),2(v:.B;)), i =1,2, ..., n. But each fuzzy
ball has finite number of (¢, &, ), hence, A, will contains (x,, e, ) for only a finite number
of values of n. This is impossible. Therefore A is a fuzzy complete ®
Theorem 3.12:
If (A, D,*) be fuzzy totally bounded and fuzzy complete fuzzy metric space then (A, D,*) is

fuzzy compact.
Proof:

Let (&, D,*) be fuzzy totally bounded and fuzzy complete but not fuzzy compact. So we can
find a fuzzy open fuzzy cover {G,: AeA} of & dose not have a finite fuzzy subcovering.
But (&, D,*) is fuzzy totally bounded, hence it is fuzzy bounded, so for some 0 < r < 1 and
some x, A, we have A c B(x,.r). Observe that A = B(x,,r) implies A = B(x,,r).

r

Let £,=— . Now B((x4,0t;), £1) is fuzzy totally bounded ["any nonempty fuzzy subset of

a0
&=

fuzzy totally bounded fuzzy set is fuzzy totally bounded"], then there exists (%,,ct,) € B[(%4,2 ). £4] such
that B[(x,,ct, ), 5] cannot be fuzzy covered

by a finite number of fuzzy sets G;. By this process, a sequence of fuzzy

points {(x,., e, )} can be found with the conduction that for all n, B((x,,a,). £,) will

not be fuzzy covered by a finite number of fuzzy sets G;,

and (¥,41,0,41)€B((%,,%, ), £,).We next show that the sequence of fuzzy

points {(x,. o)} is fuzzy convergent.

Since(Xps1,0n41) € B((%y, 0, ), £,) it follows that D((x,,0,),(¥pe1,0041)) = (1- 25).

Let 0 <e< 1 such that (1- £,) * (1- €444 ) *....%(1- £, ) = (1- £)

Hence D((%,, &, ), (¥ms @)= D((%n,00),(Kpe1 @+ 1))* oo ® D((Emo1,0m 1), (K, 0)) =
(1-£,) * (1- 424 ) %=....%(1-£,) =(1-€)

So {(x,, ot )} is a fuzzy Cauchy sequence in A but A is fuzzy complete, so A fuzzy converges
to yg eA. Since yg A we can find A5 € A such that yg Eﬁ;hn- Because ﬁ;hn is fuzzy open it
contains B(yg,5) for some 0 < & < 1. Choose N so large that, D((x,, o, ),¥g) > (1- 8) and
(1- £,) = (1- §). Then, for any x eA such that D (xg, (%, ,)) > (1- £,).1t follows that
D(%,, ¥p) = D(xe, (¥4, 0,)) * D((%5. @) ¥p) = (1- 8) = (1- §)= (1-1), forsome 0 < r < 1.

So that B((x,,t, ), £,)< B (va.r). Therefore B((x,,e,). £,) have a finite fuzzy subcovering,
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defined by the fuzzy set E;LD. But this contradicts B((x,,o, ), £,) will not be fuzzy covered
by a finite number of fuzzy sets G,. ®
Theorem 3.13:

(X,d) is a compact metric space if and only if (&,D 4-%) is a fuzzy compact fuzzy distance

space where D 5(%,,¥g) = Fdlxgrg)

Proof:

Suppose that (X,d) is compact. Let {(x,. e, )} be a sequence of fuzzy points in (4,0 3%) then
(%) is a sequence in (X,d). But (X,d) is compact hence (x,) has a convergent subsequence.
Then {(%,. ct,)} hasa convergent sequence in (ﬁ,ﬁd,*) by Proposition 2.23. Hence (ﬁ,ﬁd,*)
is fuzzy compact. In similar way we can prove that if (ﬁ,ﬁd,*) is fuzzy compact then (X,d)

is compact by using Proposition 2.23m

Proposition 3.14:
Suppose that (&, D,*) is a fuzzy distance space. Then

(i) For any {(x,,, @)} in & there is x, € A such that (x,, &t )— %,.

(ii) For any {(x,,, &)} in A there is {(x,,_, @, )} and %, € A such that(x,,_, &, )= X,
are equivalent

Proof of (ii):

Suppose that {(x,,, @)} is a sequence of fuzzy points in A. If the fuzzy set{(x,a ), (%, &),
....,; is finite, then the sequence of the fuzzy points, (%5, 0ty),(¥y, ¢ty),... or (Xg, 05),(¥4, 3),...
or (x;, a;),(%;, o) are all constant sequences which is a subsequences of
{(xq.0t0), (%5, @5),....,} fuzzy converges. Suppose that the fuzzy set {(%y, ¢ty ), (X, 05),....,} .
By (i), the fuzzy set {(x=y,0), (X4, @,).....,} have a fuzzy limit fuzzy point X €A. suppose

n; € M with ﬁ((xn:, can],x:) > 0.Having defined mny, let ny .4 be the smallest integer such

1

that ny .y >n And D((x k+1

n, . Oy, . ) %) & (1- 25)- Then the sequence {(x,, . ct, )} of fuzzy
points fuzzy converges to x, W
Proof of (i):

Suppose that E € A and E is infinite fuzzy set. Now we can find a sequence {(¥,., B,)} of
fuzzy points in & of distinct terms. By (ii) {(¥. B,)} contains {(¥s,» P} such that
{¥a,: B”l)} — yg and ¥g eA. So every ﬁ(}rﬁ, r) contains an infinite number of {(v. Bﬂl)}'

But the terms are distinct; hence every ﬁ(}rg, r) contains an infinite number of fuzzy points
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of E. Hence ygeA is a fuzzy limit
point of Em
Theorem 3.15:

A fuzzy distance space (&, D,*) is fuzzy compact if and only if every sequence {(x,,m,)} in

A has {(,,, @,)} such that (%, , &) = %, € A,
Proof:

Let & be a fuzzy compact and let {(x,,, e_)} be any sequence of fuzzy points in A. Since
A s fuzzy totally bounded, it follows, using Theorem 3.9, that {(x,,, &)} contains a fuzzy
Cauchy subsequence {(xy,, ot )}. But {(x,, &t )} fuzzy converges to a fuzzy point x_cA
because A is fuzzy complete.
Conversely, suppose that every sequence {(x,. &)} in A has {(n,r 2t0)}
such that (x, , ot;)) = % € A, Suppose that {(x,. o)} is a fuzzy Cauchy sequence of fuzzy
points in A.By assumption {(x,,, @, )} has a subsequence {(%q,, ;) } that fuzzy converges to
a fuzzy point x eA. We shall show that (x,, e, )—x,. Let0< g < 1 be given by Remark
2.5,thereis0 = p = 1with (1-p) =(1-p) = (1-q) .
Now (x,, , &, )=, there exist Ky such that D((xy,, 0t ), %) > (1- p) for all n; = K, .Since
the sequence of fuzzy points {(x,,, c,,)} is fuzzy Cauchy, there exists K, with D((x,, ct,, ),
(% 0n)) = (1-p) forall m, n = K. Let K= min{K; ,K,} then

B((%0r ) %) = D% ), (% ) * D((apr &)%) > (1-p) *(1-p) > (1-0) withn = K.m
The results of this section can be summed up as follows:
Corollary 3.16:

Suppose that (A, D,#) is a fuzzy compact fuzzy distance space, and ES A IfEisa
fuzzy closed fuzzy then E is fuzzy compact.
Proof:

Let {(v,. B,)} be a sequence of fuzzy points in E. Then {(v,.. B,)} is a sequence of fuzzy points
in A, contains {(x,,, &, )} such that (x,,, &, ) = %, € A. But then x, <E since E is a fuzzy
closed. But {(v,, B,)} was arbitrary in E. By Theorem 3.15 E is a fuzzy compact =

Theorem 3.17:
Suppose that (A, D,*) is a fuzzy distance space, and E € A If E is fuzzy compact then E

is a fuzzy closed.

Proof:
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Assume that x_ €A is a fuzzy limit point of E. So we can find a sequence {(v,. B,)} of

fuzzy points in E fuzzy converges to x,. But then {(v,. B,)} isa fuzzy Cauchy sequence in
E. Since E is a fuzzy complete, (v, B,) = ¥g in E. Therefore yg = x, andso x,<E. Thus

E contains all its fuzzy limit fuzzy points. Hence is fuzzy closed =

4. FUZZY CONTINUOUS FUNCTION ON FUZZY
COMPACT SPACE
Theorem 4.1:

Suppose that (&,Dz,#) is a fuzzy compact fuzzy distance space and assume that (E,Dg,*) isa

fuzzy distance space. If g:A — E is a continuous mapping then g(&) is fuzzy compact.

Proof:

Suppose that {G;: AA} is a fuzzy open covering of g(&). But g is continuous so the inverse
image of G, is fuzzy open in A. Moreover {g*(G;):A£A} is an fuzzy open covering of A.

Since A is fuzzy compact, there exists Ay, A5, A5,..., A, in A such that A= UL, g7*(G,,).

i=

Now g(&) = g(Ui;1277(Gy,)) =UiL18(g 77 (Gy,)) cUL4 Gy, So{Gy, ,i=1,2, ..., n} is a finite

fuzzy sub covering of g(&). Hence, g(&) is fuzzy compact ®

Corollary 4.2:

Suppose that (A,D 3,#) is a fuzzy distance space and assume that (E,Dg,*#) is a fuzzy distance
space. If g:A — D is a fuzzy homeomorphism. Then A is fuzzy compact if and only if E is

fuzzy compact.
Corollary 4.3:

Suppose that (A,D,#) is a fuzzy compact fuzzy distance space and assume that (E,Dg,*) isa
fuzzy distance space. If g:A — E is a fuzzy continuous function.Then g(&) is fuzzy bounded
and fuzzy closed fuzzy subset of E.

Theorem 4.4:

Suppose that (A,Dz,#) is a fuzzy compact fuzzy distance space and assume that (E,Dg,#) isa
fuzzy distance space. If g:A — E is a one-to-one, onto fuzzy continuous mapping then

g LE—=Ais fuzzy continuous and therefore, is fuzzy homeomorphism.

Proof:

Let g: A—E be one-to-one and onto. So its inverse exists. Assume that F S A and F isa
fuzzy closed. By Corollary 3.16, F is fuzzy compact. By Theorem 4.1 g(F) is fuzzy compact
and therefore, a fuzzy closed fuzzy subset of E by Theorem 3.17. Since g(F) = (27*)~*(F) and

then (g~ 1) "}(F) is fuzzy closed in E. Hence by Theorem 2.44 g1 is fuzzy continuous m
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Definition 4.5:
Let {G;: A=A} be a fuzzy open covering of the fuzzy distance space (&,Dz,*). Any number

0 < & < 1 such that for each x, €A there exists A=A(dependent on x) for which B (x,5)
<G, is said to be a fuzzy Lebesgue number of {G;: A=A}

Theorem 4.6:
Suppose that (A,D3,#) is a fuzzy compact fuzzy distance space, and assume that (E,Dg, *)

is another fuzzy distance space and g: A—E is fuzzy continuous. So forany 0 < r < 1,
there we can find a 8, 0 < & < 1 (depending on r) with g(B(x,,8)) < B(g(%,).r) for every
%, eA. Hence g is uniformly fuzzy continuous.

Proof:
Let 0 =< r << 1 such that (1- r) #(1-r) = (1- £) .The collection of fuzzy ball {E(yﬁ,r):

yg €E} constitutes an fuzzy open fuzzy cover of E. The fuzzy set {g~*(B(va.r)): ¥z <E} hence
is a fuzzy open fuzzy cover of the fuzzy compact fuzzy distance space A. Assume that & is

a Lebesgue number of {g~*(B(vg.1): ya €E}. But each B(x,,5) is a subset of g~ (B(va,1)),
50 g(B(%4,5)) = B(vg.r) for some yg <E. Because g(x,) €B(vg.r), we find for any z, e B(x,,8)
that Dz (0(2,).0(x2)) = De(0(2,).¥p) * De(¥e 0(x))=(1- 1) *(1- 1) = (1- ) i.e, 9(B(%.5))

c B(9(xs),2). =
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