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Abstract.

In this paper, we study the structure of cyclic codes of length n over the ring

F, +UF, +VF, + UVF, + U°F, +V°F, + u’v°F,. We characterize a set of generators for each cyclic code. We
study the rank for these codes, and we find their minimal spanning sets. Lee weights and Gray maps for these
codes over F, +UF, +VF, +UvF, +U’F, +V°F, + U*v’F, are also studied.
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1 Introduction

Codes over finite rings have been studied in the early 1970’s. A great deal of attention has been
given to codes over finite rings from 1990, because of their new role in algebraic coding theory and their
successful applications. The structure of cyclic codes over rings of odd length n has been discussed in
Bonnecaze and Udaya [5], Conway and Sloan [8], and Grasst [9]. Wolfmann [12], and other papers [10], [6]
presented a complete structure of cyclic codes over Z, of odd length. Calderbank [7] has shown that certain

nonlinear binary codes with excellent error-correcting capabilities can be identified as images of linear codes
over Z, under the Gray map. Cyclic codes of arbitrary length over finite chain rings in different contexts have
been studied by numerous authors [4],[1], and [2]. The structure of linear codes and cyclic codes over the ring
F, +UF, +VF, +uvF,, where u®=v?>=0 and uv=vu was studied by Yildis and Karadeniz [13], [14].
Furthermore, in [13], cyclic codes over that ring were studied by them. They showed that some good binary
codes are obtained as the images of cyclic codes over F, +uF, +VF, +uvF, under two Gray maps that are
defined. In this paper we focus on cyclic codes over the ring F, +UF, +VF, +uvF, + U?F, + V*F, + u®v’F,
which is not a chain ring. We use ideas from group rings to characterize the cyclic codes over the ring
F, +UF, +VF, + uvF, +U°F, +V2F, + u?v?F,. The remaining part of this paper is organized as follows:

In section 2, we analyze the structure of the ring and then construct the generators for cyclic codes over
thering F, +UuF, +VF, + uvF, + UF, +V?F, + u?v°F,. In section 3, we find the minimal spanning sets for these
codes. In section 4, we study the Lee weight and the Gray map of linear codes over the ring
F, +UF, +VF, + UvF, + U’F, +V°F, + UV?F,.

2 Generators for cyclic codes over F, +uF, +VF, +uvF, + u’F, +V°F, + uV’F,
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Thering R= F, +UF, +VF, + UvF, + UF, +VF, + u’v°F, is defined as a ring of characteristic two

subject to the restrictions u®*=v®*=0 and uv=vu. The ring R is local, Frobeniusring that is not chain
or principal.

Definition 2.1 AlinearcodeC of length n over the ring R = F, + UF, +VF, +uvF, + u’F, + V’F, + u®v?F, isan
R—submodule of R" =(F, +UF, +VF, +UVvF, + U*F, +V°F, +u*v’F,)".

Definition 2.2 A free module C over thering R isa module with a basis (a linearly independent spanning
setfor C).

Definition 2.3 A linear code of length n over R is cyclic if it is invariant under the automorphism o
which is defined as

0(Cy,Cyy--,Cnyg) =(Cn1,Coy---1Cpsp)-

The following proposition is the analogy of well-known result for cyclic codes over finite fields. The
proof is also similar, so we omit it here. [See ch.7 in [3]].

Proposition 2.1 Asubset C of R" is a linear cyclic code of length n if and only if its polynomial
representation is an ideal of R[x]/(x" —1).

Definition 2.4 [3] Anideal | ofaring R iscalled a principalideal if there exists an element g el such
that | =< g >, where

<g>={rg:reR}.
The element g iscalled agenerator of | and | issaid to be generated by g .
Lemma 2.2 Thering R, =R[x]/(x" —1) is not a principal ideal ring.

Proof. Let RG be any group ring, where G =<g|g" =1> is cyclic group of order n. Define Y:RG —R

by Y(a, +a,g+...+a,,9")=a,+a +...+a,,. Y is an epimorphism. Now, in our case we can define
I''R, >R as

(b, +bx+...4+0b, ,x" ) =by +b, +...+b_ .

Consider the ideal 1 =<u,v> of R. | isnota principal ideal. Let J =T"""(1). Obviously J is an ideal in
R,. Since I" is an epimorphism, so

r@)=0@*u))=1.
So, if J were principal ideal, then its homomorphic image under I" would have to be principal as well. But
['(J)=1 isnota principal ideal. Hence R, = R[x]/(x" —1) is not a principal ideal ring. O
Definition 2.5 [3] Alocalring is a ring that has a unique maximal ideal.
The following two theorems are analogous to Theorem 2.5 and Theorem 2.7 in [13].

Theorem 2.3 The ring R, is not local ring when n=2*m, where m>1 is an odd integer.

Lemma 2.4 The ring R, is alocal ring when n=2* for some keN.

Following the results in  [11], R, is isomorphic to the group ring
(F, +UF, +VF, + uvF, + u?F, +v?F, +u®v?F,)G where G=<g:g" =1> is the cyclic group of order n.
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The isomorphism is quite obvious in that we map ¢, +¢,X+...+¢, X" t0 ¢, +¢,g+...+C,,9" . Now, for
(F, +UF, +VF, +uvF, + u?F, + v*F, +u®v?F,)G we have a nice representation by matrices. For results in this

section we refer to [11]. To every element in (F, +UF, +VF, +uvF, + u?F, + v*F, + u®v®F,)G, and hence in
R, , corresponds a circulant matrix in the form :

G C C .. .Coy
Coi Co G ... Coy
o(Co+CX+...4C X" )= | ¢ 1 i1 :
¢ C Cy ... ..C

We focus at the units and zero divisors in R, . The determinant function det is a multiplicative map
from matrices over a commutative ring R tothe ring R. The results in [11] for general group rings imply that
a e R, isaunitif and only if det(c(c)) is a unit in F, +UF, +VF, + uvF, +u’F, +Vv2F, + u®v?F,. So, we
have the following corollary:

Corollary 2.5 An element o =c, +CX+...+C, X"

isaunitin R, ifandonly if det(c(«)) isaunitin
F, +UF, +VF, + UVF, + U°F, +V°F, + U*V°F,.
Now, we will characterize the cyclic codes over F, +UuF, +VF, + UvF, + U?F, +V°F, + u*v°F,:
Define w; : F, +UF, +VF, + UVF, +U°F, +V°F, +U*V*F, > F, +UF, +VF, + uvF, by
w,(@a+ub+vc+uvd +u’e+Vv*f +u?vt)=a+ub+vc+uvd. y, isaring homomorphism that can be
extended to the homomorphism
@, : (F, +UF, +VF, + UVF, +U°F, +V°F, + UV?F,)[X]/(x" —=1) = (F, + UF, +VF, + uvF,)[x]/(x" —1)
by
A (Co+CXH .4 C X" ) Sy (o) + Y (C) X+ .+ (Co g )X
Note that ker(y;) = U?F, +V°F, +u®v°F,.

Define v, :F, +uF, +VF, +uvk, > F, +uF, by w,(a+ub+vc+uvd)=a+ub . y, is a ring
homomorphism that can be extended to the homomorphism

@, . (F, +UF, +VF, + uvk,)[x]/(x" —1) - (F, +uk,)[x]/(x" -1) by

B (Co +CX+...+Co X" ) =y (Co) + o (C) X+ + 1, (G, )X
Not that ker(y,) =VF, +uvF, =v(F, +uF,) . Now let us assume that C is a cyclic code over

F, +UF, +VF, + UvF, +Uu’F, +V?F, + U?v?F, . Restrict ¢, onto C. Since C is invariant under the cyclic

shift, so is ¢ (C). This means that Im(C) is cyclic over F, +uF, +VF, +uvF,. So by results in [13], [1], we

have IM(C) =< g, (X) +up,(X) +Vvg5(X) +uvp;(X),ud, (X) +Vvg, (X) +uvp, (x),vg; (X) + uvp, (x),uva (x) >
x" -1

g,(x) ,

. Also, ker(¢)=v?<g,(x)+u?p,(x)>. Thus we have proved the

where g;(x), p;(x),a (x) are polynomials in F,[x]/(x" —1) with a,(x)|g,(xX)|x" =1, a,(X)| p,(X)

x" -1
9,(x)
following main theorem for characterization of cyclic codes over F, +UF, +VF, + uvF, +Uu°F, +V°F, + U*v°F,

a(x)] 9, () [x" =1, a,(x)] py(x)
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Theorem 2.6 Let C be a cyclic code over F, +UF, +VF, +uvF, + U?F, + v’F, +u®v®F, of length n. Then
C isanideal in R, thatcan be represented as

C =< galz)+ups(z) +vgs(x) +uvps(z) +u?ly(2) +v2s (2) + w0l (), uas(x) + vy (z) +
wopy () Fully(z)Fvlsy ()4 e?ly(2), vgs (2)Fuvps () +uls(2)+v sy (2)+uv?lg( 2), uvpe(x)+
w? )7 () +olsy(x)+u?elg(x), ulg(z)+viss (2)+ v o (2), vig) (z)+uv?py (), vPv?ay (z) >

where g;(x), p;(X), 3 (x),1;(x),s;(x) are polynomials in F,[x]/(x,—1) with

x" -1 x" -1
m’ ai(X)lli(X)m

3 Ranks and minimal spanning sets of cyclic codes over
F, +UF, +VF, + UVF, + U°F, +V°F, + U*v°F,

30019 () [(x" 1), & ()| p; (X)

Following  Abualrub and  Siap [1, p.p. 274], the parameters of an
(F, +UF, +VF, +uvF, + U’F, +V?F, +u’v’F,) —code C are ki;,k, ks K, ks, ks and d, where k; refers to

the free part and k,,k;,k,, ks, ks refer to non free part (u, v, uv, u®,v? and u®v®> multiple generators of C),
and minimum distance d . Such codes are often referred to as a code of type {k,k,,K;,Kk,,Ks,Kq}-

Definition 3.1 The rank of acode C over F,+UF, +VF, +uvF, +u’F, +V2F, + u®v?F, of type
{ky. K, Ks, Ky, Ks, ke }, denoted by rank(C), is the minimum number of generators of C .

Definition 3.2 The freerank of C over F,+UF, +VF, +uvF, +U’F, +Vv°F, +u®v’F, of type
{k;, K, K5, Ky, K, ks} ,  denoted by f- rank(C) , is the maximum of the ranks of
(F, +UF, +VF, + uvF, + U?F, +Vv?F, + u®v?F,) —free submodules of C .

Theorem 3.1 Let C be a cyclic code of length n over
F, +UF, +VF, + UvF, + U*F, + V*F, + UV°F,

If
C' =< golx) +upal(x) + vgslx) + wops(x) + wily(x) + v2sy(x) + volly(x), uag(x) +

vgy(x) + wopy(x) + wils(x) + visa(x) + u?v?ly(x), vgs(x) + uvps(x) + w?ls(x) + vis3(x) +

w?v?lg (), vops(x) +utl)z(x) + o8 sy(x) ooz (x), wla(2) + vPss(x) +uv?lho(x), vigy (x) +

2 e -

w?v?py (), uiviar(x) =,

deg(g, (X) +Uup, (X) +Vgs (X) +uvpy (X) + Ul (X) + Vs, () +u?V?l, (X)) = 1, ’
deg(ua, (X) +Vvg, (X) +uvp, (X) +u?l5(X) + Vs, (X) +u?Vv2l, (X)) = 1, ,
deg (Vs (X) +uvps (X) +u?ls (X) + V2S5 (X) + U215 (X)) = 1, deg(uvpg (X) +U?l), (X) +V2s, (X) +udVilg (X)) =T, ,
deg (uly(X) +V2s5 (X) + UV, (X)) = 1y, deg(v?g,(X)+u?v?p,(x))=r; and deg(u®v’a,(x))=r,.

Then C hasrank(C)=n-r, and a minimal spanning set given by:
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A= {(gerJHechHtgs( St ueps(z)+utl(z)+ 07 s (@) +utetla(z)), 2 (ge(x) +up2 (z) +
vgg(x) + uvpg(x) + w2l (x) + visy(2) + v hiz)), .. .. o™ Y gol(x) + ups(x) + vgs(z) +
uvps(x) + vl (z) + 28y () + v la(z), (was(z) + vos(z) + uvpy(z) + vlls(z) + visa(x) +
wWrvly(x), z(uag(x)tvgy(z) Fuvpy (@) +ulls(2)+elsqe(x) 22y (2), . .. 2™ "2 Yuag(x)+
vas(z) + vops(z) + ulls(z) + vlsg(x) + v ly(2). (vas(x) + vops(z) + 1e235|f;1?] + v?sa(x) +
wrlg(), r(vgs () Fuvps (2)+ulls(x) +v2sg (@) +uvilg(2), . .., a2 ogs () Fuvps (2)+
W ls(2)+viss(z)+utvtls(z)), utvtag (), Ifltztzau.’rjj pTe T 2y ﬂlf.r]]l}
Proof. Suppose
C' =< golx)dupy(r)togs(x)+uvps(x)+ully (x)+v?s (x)+uelly(x), uag(x)+

vga(x) + wvps(r) + vllz(x) + v?sa(x) + w?o?ly(z), vgs(x) + uvps(x) + w?ls(x) + visz(x) +
vl (x), uvps(x) Full)7(x) +v?sy(x) +uolls(x), wllo(x) + v s5(x) +uvilho(x), vigy (x) +

u*v Pl(-l 2 l’zal[ x) >.Since the lowest degree polynomial in C is u®v®a,(x), then it suffices to

show that g spans

{Uz( o) upy(x) +ogs(r) fuvpy(x) +ully (x) 4 0Ps) (2] +ule? (), 2(go(x) +ups(r] +
vga(x) + wvps(x) + vl (x) + 0P () + PPl (x)), . 2T T (go(x) + upy () + vgs(x) +
uvps(x) +ully () + vis (x) +udelly (1), (uaq(x) + vgy(x) + uvpy(x) + wlls(x) + visq(z) +
w?v?ly (), (uag (r)+vgy(x ) Fuvpy () +ully(x)+odse (o) Fuoly(x), . o™ 72 uag(x)+
vga(7) + uvpy(r) +uls(x) + v?sq(x) + w?v?ly(x), (vgs(r) + wvps(x) + u?ls(x) + visg(x) +
w20l (), x(vgs(w)tuvps(x)+ulls(z)+viss(x)+ueils(x)), . . 2™ Haogs (r)+uvps(z)+

wils(r)+visalr)+uolg(x)), .o oo Auvfay(x)), x(utviay(x)), 1”_’""_1(112-1!2&1(.1"]]}

Similarly, it suffices to show that U*v*X" 7a, (X) € span .

u2v2x'8"7a, (x) = uAV2 (g, (X) +Up, (X) + Vg5 (X) +uvp, (X) + Ul (X) +v2s, (X) + U2, (X)) +u?v®m(x) , where
u®v’m(x) is a polynomial in C of degree less than r,.

Since any polynomial in C must have degree greater than or equal to deg(u®v®a (x))=r,, then
r, <deg(m(x))<r, . Hence u?v®m(x) =aouzvzal(x)+a1xu2v2al(x)+...+ar6_r7_lx6 "u?2a,(x). Hence,
B is a generating set. By comparing the coefficients, we get that none of the elements in £ is a linear

combination of the others. Therefore £ isa minimal generating set. ]
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4 Lee weight and the Gray map of linear codes over F, +UF, +VF, +UuvF,
+U’F, +V°F, +U*V’F,
In this section we will define the Lee weight and the Gray map for linear codes over
F, +UF, +VF, + UvF, +U°F, +V°F, + U*V°F,.
Definition 4.1 Let ¢:(F, +UF, +VF, +uvF, +u’F, +V*F, +u’v’F,)" —F,”" be the map given by:
p@a+ub+vc+uvd +u®e+v3f +udvit)=(a+b+c+d+e+ f +t, f+t,e+t, d+t,c+d,b+t,1).

We note from the definition that ¢ is a linear map that takes a linear code over

F, +UF, +VF, + UvF, +U’F, +V°F, + U?v?F, of length n to a binary code of length 7n. By using this map,
we can define the Lee weight w, as follows:

Definition 4.2 For any element
a+ub+vc+uvd+u’e+Vv2 f +uv’t e F, +UF, + VF, + uvF, + u’F, + v°F, + U*vF,, we define
w_ (@a+ub+vc+uvd+u’e+Vv2 f +udvit)=w,(a+b+c+d+e+f +t, f +t,e+t,d+t,c+d,b+t,t)

, Where w,, denotes the ordinary Hamming weight for binary codes.
Note that ¢ extends to a distance preserving isometry:

¢ ((F, +UF, +VF, +uvF, + U?F, + V’F, + u’v’F,)", Lee weight) — (F,”", Hammingweight)
By observing the linearity of the map ¢, we obtain the following theorem:

Theorem 4.1 If C isa linear code over F, +UF, +VF, +uvF, +u’F, +VF, +u?v?F, of length n, size 2"
and minimum Lee weight d , then ¢(C) is a binary linear code with parameters {7n,k,d}.
5 Conclusion

In this paper, we studied the structure of cyclic codes of length n over the ring
F, +UF, +VF, + UvF, + U°F, +V?F, + u’v°F,. The rank, the minimal spanning set and Gray images of this
family of codes are studies as well.

Questions appear about constacyclic codes over the ring F, +UF, +VF, + uvF, + U°F, +V°F, + u’V°F,
. Also it will be interesting to construct a decoding algorithm for these codes that work for any length n.
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