Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

@) O SCITECH Volume 7, Issue 3
b,o RESEARCH ORGANISATION Published online: April 27, 2016 |

Journal of Progressive Research in Mathematics
www.scitecresearch.com/journals

Pointwise Weighted Approximation of Functions with Endpoint
Singularities by Combinations of Bernstein Operators
WEN-MING LU, JIN-PING JIA?

'School of Science, Hangzhou Dianzi Unviersity, Hangzhou, People's Republic of China

2School of Mathematics and Statistics, Tianshui Normal University, People's Republic of China

Abstract. We give direct and inverse theorems for the weighted approximation of functions with
endpoint singularities by combinations of Bernstein operators.

1991 Mathematics Subject Classification: Primary 41A10, Secondary 41A17.

Keywords and phrases: Combinations of Bernstein polynomials; Functions with endpoint
singularities; Direct and inverse results.

Introduction

The set of all continuous functions, defined on the interval I, is denoted by C(I). For any f € C'([0.1]),
the corresponding Bernstein operators are defined as follows:

n 2
Bu'f " — Z f|f_l :'}‘n.k(-r ’
A‘:l]
Where

Prp() = (;)xkfl — )k k=0,1,2,...,n, z € [0.1].

Approximation properties of Bernstein operators have been studied very well (see [2], [3], [5]-[8]. [12]-
[14], for example). In order to approximate the functions with singularities, Della Vecchia et al. [3] and
Yu-Zhao [12] introduced some Kinds of modified Bernstein operators. Throughout the paper, C denotes a
positive constant independent of n and x, which may be different in different cases.

Let
wlz)=2%1—2)°, a, 520, a+8>0 0<r<1.

and
wi={feC((0,1): lim (wf)(zx) = lim (wf)(x)= 0}
r—s1 r—el
The norm in 'y, is defined by ||w f||c, = ||wf|| = sup |[{wf)(x)|. Define
0srs1

Wi ={f € Cu: f1=1 € AC(0,1)), [lwp™ f7)] < oo}
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For f e Cy, define the weighted modulus of smoothness by
| — —
wor (fythw == Db'il-"_ {llwhon Fll sz - 16m2) + lw &5 Flljo,16n2) + &% Fllj—16m2.11 )
<h<t

where
A, f(z) = kiti—lik(;)f(r + (5 = khe()),
=0
Rpf(x) = Zl—n‘“( )f[r—i—ur — k)R,
— ~ k(.
Bifte) = (1) (1) e =
and m Della. Vecchia et al. ﬁrbth 1111;1chclu{_“ed Brif,x) and

By f ) in [3]. where the properties of BY(f.x) and By(f,x) are studied.
Among m,hers. they prove that

lw(f = By(H))l € Cwd(fin=2), f € Cu,

(—' i 1'1- .l
@ f — Ba( ) = NETE Zkzwiﬁf-EJw fela,
k=1

where w(z) = z%(1 — o) o, 820, a+4>0 0<s< 1. In [11], for any
a, =0, n = 2r+a+ 4, there hold

lwBp (Il < Cllwill, f € Cu,

'y 2r 2?* T
STt ey nrk”ﬂ-‘f” + ||we _f ||1f = ”’w 1
eotBan )= Dl < { Cl (fn= )y + 0w f]), f € Co.

oo g < { Ol € Cun
e BN < GO s e, £ < wa

and for 0 < ~ < 2,
(B (f) = £l = O(n="/2) 4= W (f.t) = Ot7).

Ditzian and Totik [5] extended this method of combinations and defined
the following combinations of Bernstein operators:

r—1

Brr ..E-] —ZC-;, i'?- anLf

with the conditions
(a) n=mng < n1 <--- <np_1 = On,

(b) Yizg [Caln)| € C,

(c) Sis Ciln) =1
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(d) S Citnny =0, for k=1,...,r — 1.

2. THE MAIN RESULTS

Now, we can define our new combinations of Bernstein operators as fol-
lows:

(2.1) B (fix) == Bup(Fy.2) ZC' n) x),

where Cj(n) satisfy the conditions ( aj—[d,. Fcrr the details. it can be referred
to [11]. Our main results are the following:

Theorem 2.1, If «, A =0, for any f € Cy, we have
(22) lwB S ()]l < Cn"wf].

nor—1
Theorem 2.2, For anya, >0, 0< A< 1, we have

(2.3)

|atf(xJ?‘rA{xJB;.E:j_1(f, )| < { Sir:;;?}?fjﬁn}(:11;:0’%_”Lﬂ}}nuf”f = G
Theorem 2.3. For fe Uy, o, 5 >0, ag€(0,2), 0 A< 1, we have

(2.4)

w(@)|f(x) = By r(fr2)] = O((n™ 3™ (@) (2))%) = wa (s = O(E).

3. LEMMAS

Lemma 3.1. ([13]) For any non-negative real w and v, we have

n—1

ke k . . .
(3.1) D (=)= =)V pnp(e) S CxTH(1—a)
k=1

Lemma 3.2. ([3]) If v € R, then

(3.2) Z |k — nz|"ppr(r) Cn? @' ().
k=0

Lemma 3.3. For any f e W[ ,. 0 A< 1 and a, § > 0. we have
(3.3) ||u-'c,-::rJ‘F':r | < C|we '*Mf |-

Proof. By svmmetry, we only prove the above result when « e (0,1/2], the
others can be done similarly. Obviously, when = € (0.1 /n], by [5], we have

LOf) < RSO < Onm5t [ |00 )
L 0

< Cn~7H g™ )| fﬂ wTw )™M u)du.
0
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So
lw(z)e™ () F ()] € Cllwe™ 7).
If = € [+, 2], we have
()™ () F ()] € Jw (e )™ () £ o) |+ |wl(a) o™ (x) (fx) — Falz))™)|
=I1+ Is.
For {2, we have

Fla) = Fu(e) = (0(ne — 1) + 1)(f(x) — Ly (f.2))
i

w(z)e™ ()| (f(x) — Fa(z))"| = w(z)e™ (= Zn [(f(x) = Le(f.2))"Y).

i=0

By [5]. then

|(flx) — Lo( f, IJJ':r_i:'|[%,%] < Ol f - Lillja 2 + i'?_i||f':ﬂ||[%__%]3- 0<j<r
Now, we estimate

(3.4) I = w(x)e"™ ()| f(z) — Le(x)].

By Tavlor expansion, we have

) 1 (L — ) o i ! .
(35)  f(=) =3 E—f"(2)+ (== )10 (s)ds

u! (r=1)J; n

It follows from (3.5) and the identities

b .
E{i]vfif.{:_] =Cz" v= 0,1 ..
n
i=1

We have
ror— lfé
Ly(f.x) ZZ — f':ulr,'l Lr‘.l—i— Zf;uﬁf [— )7L (s)ds
i=1 u=i :
= flx) +qu:' ZC"" Z;ll—zﬁ li())
1=
1 P i
e " — s)r=1 () ds,
W_H.thﬁﬂﬂ (= =)= (s)
which implies that
1 - ™ i
(@)™ (@)|f (z)=Lo(f, 2)| = qu(x)p™ (z) ) _lilx) f (==s) 1" (s)ds,
' i=1 x

since |li(x)| < Cfor z € [0,2], i = 1,2+, 7.
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i_z |r 1 _'_I.lr 1

It follows from —= ey =

o S between i and x, then

wix)e " x)| fle) = Le( fox)| £ Cwlr)ye Z[ l——s'r 1|f|:r $)|ds

Az ||we™ f) ||Zf L——s )l (s)ds
i=1

< Sl 1.
Thus
< Oflwg™ £
S0, we got

< Cllwe™ f1)).
Above all, we have

|w(z)™ ()P ()] € Cllwpe™ £7)).
O
Lemma 3.4. If fe W[ ,,0< A< 1 and a, 3 >0, then
P VY. . o y f 511,(-..{'] . Y I:!l":l
(3.6) Jw(z){ flx) — L,,[f,.;:JH[D‘%] < LL\WJ |[wse™ £
P L, Oplx) A
(3.7) w(z)(f(x) = Be(f.2))|p_z {lernwr £
Proof. By Taylor expansion, we have
. r—1 ¢ i,
- “]u 1 n 1
@8 1E) =X I+ [T O,
mn u—0 . L n
It follows from (3.8) and the identities
3 (S)lfr) = Ca®, w=0,1,.. 7.
i=1 "
We have
ror—1 l,i' _ ;r
Ly(f.x) - () )Pl (s)d
i=1 u=0
P :
= f(x) +Zf th —z)* "y (=)'i(x))
v=0 i=1

r

! o [ e
' L,\?__”!;sﬂ\ﬂ[r (L= sy O s)ds
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which implies that
wix)|f(z) = Ly(f,x)| = ﬁur{.ﬂz Ei{r]fn(?i — )" (s)ds

since |lj(r)| € C for x £ [0, %], 1=1.2,-- 1.

|;n,i_s|r_1 { |ni_r|r—1

It follows from —=*gFe— < =5

s between + and x, then

r L.
w(@If () = Ll € Cute) 3 [T 1O
i=1"*
< cZ O g oy ;ifi - )L (s)ds
T A x) — 1 i

5 -
<O “. ‘*’"f':”HZf ~lo7"(s)ds

bl
<o)

Wngh(z)

) llwe™ £

The proof of (3.7) can be done similarly. [
Lemma 3.5. ([11]) For every a, 5 =0, we have
(3.9) lw By 1 (£ = Cllwfl]-
Lemma 3.6. ([15]) If wlz)=+/z(l—x), 0A<1, 05 <1, then

b [-ﬂ [ [-ﬂ

—rf A—f 3
[ w ) [ T r-l—Zw; duy - duy < Ch"p l :' x).

4. Proor oF THEOREMS

4.1. Proof of Theorem 2.1. Bv svmmetry, in what follows we will always
assume that = € (0, 1]. It is sufficient to prove the validity for Bnr_1(Fn. x)
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instead of Bf . _(f.x). When = € (0, 1), we have

r—2 n; —7

|w(x)B nr 1lf )= HMJEWZM Fnt— lpn,—r k()

. k
< Cw(x) ny CHFal % lon, —r k()

[

J|Pf1=—'r Dl »E'J

r—2
Ctt[.ﬁ]Zi‘l Z(_'”Frt
il
+ Cu(z Zn:Zmﬂ

— n;—r—=1 r

+ Cuwlx Zn: Z Zr.'ufn AT—
i=0 i=

= H1+H2+H3.

|P‘n,—'r n.a—'r'- -I'J

We have
< Cw(r |th||Zn w™ pm_?«gl x)
< Cllwf] Z nf (ni) (1 — )™
i=n
< Cn'||wf]-
When 1l €k <ny—r—1, wehave 1 € k+2r —j <n; — 1, and thus
w(gm k_,«," STl fy k o, mi—r—k 5 .
Fc-l—lr—j- =\ ) ) -)" s 0L
w(==L) g — T E+r—3" mi—r—Fk+
Thereof, by (3.1). we have
n;—r—1 v
bl S 2 Z ;Hr — =g, Pre—rk()
i=0 ,
h;—r—1 1
f.?.LL.J:J”anHan Z Pni—r,k{-ﬂj
1’1|—'i"
l'f*i'?'?'ﬂlltuf: < Cnmlwfll.
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Similarly, we can get Ho << On"||wf|. So
(4.1) () By 4 (f )| € O, o € (0.5,
When = € [],—111 %], according to [5], we have
() B ()
= Iwir‘JBE:.ri_liFn-rfll

r—2 r

ko
< wix)(p(x)) rZZ|QJ|..r ni)|n] Z| r—— ) Fal |i'3'n= x).

i=0 j=0

Then _ . _
Qilr.ng) = (mr(l — ;r'jlfj[r_;i]. and (2(x))~"Q;(x, m;jn;f < 'l"__-'['ng,fapz{;n]jiﬂl,
we have

Ty
|w .J:]Br(rj (x| € Cwlx ﬂ21E:|u:'—— T Enl— Mpn,
i=0 §=0 *’ k=0
r—2 r mn; |J: |.i'
(4.2) < O\wky||w(x) ZZL Z—pﬂ, (x),
i=0 j=0 k=0 “[n.j

where Y =1for k=0, =n; —1fork=mn;and ¥ =k for 1 < k < n,.
Note that

w%.rj% Clngx)® (1 — )™ € C,
w(
and
2(r Pr i) < CTH"-S.E”' < (_-_.ﬁ < C
w?(1 — rTl,] ! 2m
By (3.1), we have
T 1
(4.3) Y T rnklr) € Cuw(x),
perialtry)

Now, applving Cauchy’s inequality, by (3.2) and (4.3), we have
ki

o — | , ,
Zﬁf—’ﬂ k) € LEZIJ:——IE";u e mlz T k‘ — P, k(7))
n

k=0 i
< Cny "zxr-i'jl::.tjlw_ltir;l.
Substituting this to (4.2}, we have
. L 11
(4.4) () BT (f.2)| € On"l|wf], = € 5]

We get Theorem 2.1 by (4.1) and (4.4). O
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4.2. Proof of Theorem 2.2. (1) When f € (', we proceed it as follows:

Case 1. If 0 < p(r) < 1 . by (2.2). we have

‘HI

(4.5)
e [r]B (r) (f.z] éf__-'i-z_r}"*;zhtr(.r‘.lg (r) (f,x)] = Cn"1-M2) ||uf||

n.'rl n,r—1

Case 2. If w(x) = «.%ﬁ we have

r
k FL o
TZZH?J' r,n; ) Ciln |n"rZ|u:— —? _z Now k().

i=0 j=0

Qi(z,n;) = (ngz(1 — r,J‘J[r; I and (42 (x))723Qy(x, rzihzf < (_'-'(nz-..hpz{x];l%i.
So

()™ () BLE (£,

r—2
i b ;"I
Cw(x)p M'J;I?Z_: " H.J Z“-ﬁ_;z jaFn'-_ J|35'n. (x)
(1.6) € Onzg" AV (g),

It follows from combining with (4.5) and (4.6) that the first inequality is
proved.
(2) When fe W} o We have

ﬂ.,—-r

(4.7) Btr?. (Fryx) = Z(_zm IZ " rl.— )Pk
i=0

:ﬂ

If0 <k < ng —r. we have

(4.8) A7 RLE )| € Oy ‘”1[“" IFIE’"I'(E + u)|du,
n; i 0 g
It k=0, we have
/ ~ f - ﬁ r=1|ir
(4.9) |A" FL(0)] = C w T EY ()| du,
n: 0
Similarly
_ . 1
(4.10) AT Fu( =0y < O f (1 — w)F|E () |
o g 1—
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By (4.7)-(4.10), we have
|atra~ci-p’"’~m£;f§,’:i'_l (f.2)]

r—2 n;—r

(4.11) < Chwlx)e™ (x)||w fr‘&"F':r ||ZZ ) —]Pn,—r.irlrj

i=0 k=0

where B* = 1for k=0, k* =ng —r—1for kb = ny —r and k¥ = k for
1 <k <n; —r. By (3.1), we have

n;—r

. " k* L

(4.12) S (wy MU =P, ) € Cluwg™) ().
k=0 "

which combining with (4.12) give

()™ z) B (f, )] € Cllwe™ F || O

mn,r—1

So we get the second inequality of the Theorem 2.2.
4.3. Proof of Theorem 2.3.

4.3.1. The direct theorem. We know
(4.13)
’ t
Fu(t) = Folzx) + FLit)(t—x) + - +ﬁf (t—u)" L () du,
Tl e
(4.14) Bup_1((-—a2)f.2)=0, k=12, ,r — 1.

According to the deﬁnltlon of H we forany g € Wi, wehave Bf (g, x) =
By 1(Grlg), =), and w(xr)|Grlz)=Bunr_1(Gn, x)| = wiz)|Brr-1( Br(Gn. t, ), x)|,
thereof R,(Gp,t,x) = f;(f - u;f“ LG (w)du. Tt follows from _m_lfjg'l <

t— r—1
=2 "\ hetween ¢ and =, we have

wir)
Fon e A FI:!" : |f—u|f‘_1
w(r)|Gplr) — Bur_1(Gn, z)| £ Cllwe™ GY ||w(z)Brr_1( Or —~du, x)
o wi et )
t— 1 .
< O “T'&"G |l )( By 1L[ %du,x”%
P |t |'r L 1
(4.15) (Brnroal | —=——du,x))3.
w?(u)
also
o T |t‘—.;a'|r |t — |'i" 1 |t—u:|'i"
(4.16) M < C oy f —
r @ M) w2 () welr)
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By (3.2), (4.15) and ({4.16), we have
w(z)|Gn(x) = Bny_1(Gn, )] € Clug™ G~ (@) By pa (Jt — 2| 2

_T @ L.r ) A

# —5 £
< O 5B G|

(4.17) _ () V[ G|

Wrghz)

By (3.3), (3.6). (3.7) and (4.17), when g € W] . then

w(x)lgle) = By ,_1(g, 7)| < u-‘(-’t)lﬂ(-’t) Gnlg.x)| + w(x)|Gnlg, ) — Bp,_1(g, 2]
< (@) (9(e) = Le(9.2) g2 + (@) (9(x) = Bolg, )21

ol .
+ Ul—fﬂm S regtelte]l

Snlz)

(4.18) < Olagy) ™ol

For f € Cy, we choose proper g € Wi, by (3.9) and (4.18), then

w(x)|flx) = By p_1(fo0)| € wiz)|f(x) — gle)| + wla)| By 1 (f — a.7)]
+w(x)|glx) — B ,_1lg.x Il
énl 3
(|l f —a)]| +( wip™ g
a7 = )l + (SR e ™)

i) o
-

< Oty (f —lz)
Sl Zam

4.3.2. The inverse theorem. We define the weighted main-part modulus for
D =FHR, hy
), f,ﬂ = sup wA” Flliene ool s
D w= su {EH huor Sl o o]
{pa (L fithw = ﬂ;ﬂf:f]w-
where €' = 2Y800)=1 " 5(0) = 0 and h* is given hy

e { (Ar)/A=BOIRLA=AO) 0 < 5(0) < 1,
0,5(0) = 1.

The main-part K-functional is given by

K, (£ 47w = sup mf{|[w(f = g)llione oo T £ 10" 0"l one oo
nchgt 9
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. we have

ff ﬂrl[f
0

T

< O (o)

T,

t)w

Proaf. Let & =0, by (4.20), we choose proper g so that

then
|w(x ﬁh@flx )| = |wiz *j‘hl,;-“flf Bl (fox))| + |wlx E@AB;__r_llif—_t}f--fH
+ |wt\r}ﬂ2@lﬂg__r_1(g._rj|
r
~jy —1 / T B} P
< Z(-':EL” 20n(x + (5 — j)h ()
Jj=0
by (x) he™ ()
z )
ths--"-f:] o f ;.,,‘5.3.{,_.] fH' 1 f o, +Z | fiul du.i,.
—2ets) _he?
.ﬁfl T} ,ﬁnl[_-l_-} v
E z
T f hotix) f hihix) ?‘LI'UrJBﬂ_.-r'—l'uQ! T+ Z uk]dul d“f‘
Sz I k=1
(422) =0+ o+ Js.

Obviously

(4.23) Ty € Cln~%bp(x))™
By (2.2) and (4.21), we have
Jo < Cn"|lw(f — g)| f_m e duy -+ - du,
< Cn"h"p "“" o)lw(f = a)ll
(1.24) < C.*n“‘h‘i“-,,p"’n QA (f2 8 )

By the first inequality of (2.3), we let A =1, and (3.10) as well as (4.21), we

have

e (x)

he™(x)

r
2 "y
J2 < On2llw(f - QJllf;w;,[fJ ”fhw-’*[:] e (r+ E i)y « -+ duy

(4.25)

< Cnzh"p '”‘ 1:'[-1' ||’~'-Llf g)ll
< CnFh " A=V () Q7 (f, 6)u
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By the second inequality of (2.3) and (4.21), we have

et ix) et ix) . r
Jy € (:-'||u'\p""h_e}':r:'||1e'[,r';| f H.;m e h-:“r_:) wHr + Z ukj:ra_mf_r + Z wp Jelug - - duy
Tz D k=1 k=1
< OW Jluwg™ )|
(4.26) < arrﬁ_rﬂ;x\(ﬁ 3.

Now, by (4.22)-(4.26), we get
(@) Af s F(2)] € CLUn™26,(2)) + B (0™ 38, ()" (£, 8)0 + K57 (£.8) 0}
When n = 2, we have

1. ;o L. oy
“2dp_1(x) € V2nTTd,(x).

ri_%ﬁnf_w} < (n—1)
Choosing proper x,n € N, so that
n_%.ﬁnf_xJ <d<(n— 1}_%513_1(‘::'}.
Therefore
|ur(¢~}.-’l~.1@\f(urj| < C{8™ + FFJ""H‘"@HM. 3w }-
By Borens-Lorentz lemma, we get
(4.27) ﬂ‘"@xf_f. t)y = C't7°,

So, by (4.27), we get

|:| i
[
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