Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

@) O SCITECH Volume 7, Issue 2
b,o RESEARCH ORGANISATION Published online: April 19, 2016|

Journal of Progressive Research in Mathematics
www.scitecresearch.com/journals

Pointwise weighted approximation of functions with
Inner singularities by combinations of Bernstein operators
Wen-ming Lu

School of Science, Hangzhou Dianzi University, Hangzhou, 310018 P.R. China

Abstract.

We introduce another new type of combinations of Bernstein operators in this paper, which can be
used to approximate the functions with inner singularities. The direct and inverse results of the
weighted approximation of this new type combinations are obtained.
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1 Introduction

The set of all continuous functions, defined on the interval I, is denoted by C(l). For any
f € C([0,1]), the corresponding Bernstein operators are defined as follows:

. . n ’\ | o
1371'._{..1 ) = Z f'.’_:.'f’n_k'.d IR
k=0
Where

Prgelz) = (:)ﬁ(l R k=012, .0, € [0,1].

Approximation properties of Bernstein operators have been studied very well (see [2], [3], [5]-[8].
[12]-[14], for example). In order to approximate the functions with singularities, Della Vecchia et al.
[3] and Yu-Zhao [12] introduced some kinds of modi_ed Bernstein operators. Throughout the paper,
C denotes a positive constant independent of n and x, which may be different in different cases.

Letw(z) = |z =&, 0< £ <1, a>0and Cy:={f €C([0,1]\&): lilxlg(ﬁrf'][',rr] =0}

Ir—r

The normin (' is defined as || f ||, == ||@f|| = sup |(@f)(x]|. Define

(IEe |
Wi ={f € Ca: fV € A.C((0,1)), |log™ f7] < oo}

For f & (', define the weighted modulus of smoothness by

— o
WA Fllo,1en2) + |0 L fllp-16m2.11 }

R Yo e . AL
Wl fot)w = Gﬁ};@f{||tt.&h,PA flljenz 1—16n2) + |
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where
AL L fx) = ;(—ljk(;)ﬂx+(%—k‘]h?;‘fﬂiﬂ.
Xif(z) = é(—l)‘“(;)mﬂr—mm,
8/@) = g—n‘f(;)ﬂx—m

and p(r) = 1/2(1 — z). The weighted I_f.'—fu?wt-zion is given by

Ky (£ ) = inf{ll(f = g)l| + "™ g™ - 9 € WA}

It was shown in [5] that K, a(f,t")g ~ w?,(f,t)g. On the other hand, since the Bern-
stein polynomials cannot be used for the investigation of higher orders of smoothness, Butzer
[1] introduced the combinations of Bernstein polynomials which have higher orders of ap-
proximation. Ditzian and Totik [5] extended this method of combinations and defined the

following combinations of Bernstein operators:

r—1
Bpy(f.2) = Ci(n)Bn,(f, 7).
i=l]

with the conditions

(aln=mnpg<ng <. -<n._;<Cn,

(b) Yia [Ciln)] € €, (¢) iy Ci(n) = 1,

(d) S0, Ci(n)n;® =0, for k=1,--- ;7 — 1.

2 The main results

For any positive integer r, we consider the determinant

1 1 1 1

2r+1

Ay o= | (2r)(2r + 1)

2.2 +1)

T o 4 _ 2y
'\..‘.e obtain ~1r =[IZ
linear equations:

2r 4+ 2
(2r 4+ 1)(2r +2)

3o +2)

2r+ 3
(2r + 2)(2r + 3)

R

dr+1
(4ri(4r + 1)

(2r +2) - (dr+1)

o 71, Thus, there is a unique solution for the system of nonhomogeneous

a1 + a2 + + G2r41 = 1,
(2r 4+ 1)a;  + (2r + 2)ag . + (4r + 1)azr+1 = 0,
(2r+1)(2rjay + (2r +1)(2r + 2)as + + (4r)(4r + 1)ag,4 = 0,(2.1)
(2r+1)ay 4+ 3---(2r+2)ay  + + (2r42)---(4dr + 1jagey = 0.
Let
a1zt 4 agr®™ 2 4 gzt 0<z <1,
w(r)=1< 0, < 0,
1. r=1
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with the coefficients ay, ag, ---, ag,4q satisfving (2.1). From (2.1), we see that ¢(x) €

O —o0, +o0), 0 < t(z) < 1 for 0 € » € 1. Moreover, it holds that #(1) = 1, »7(0) =
0,i=0,1,---,2r and (1) =0, i =1,2,--- ,2r.

Let
r+1
H(f,x):= Zf(;ri)&(;r),
i=1
and -
J e — —ir—11/2 43
() — H:+_11mf J)‘ v [n& — ((r 1);24—3]], {19 .ril
Hj:l,j;é?‘,(‘r‘i — ;) n
Further, let
v mE=2ym] + mE—yn] €+ [nE+24n]
$1=T.~5‘32=T.~1‘3=7n 1334=7n ’
and ) ;
- or—ux - or—u
Bi(e) = WS —2L), ) = oS,
Ty — Ty Ty — Tg
Set

Fu(f,2) = Fu(x) = f(2)(1 = 1(x) + d2(2)) + Pr(a) (1 — o)) H ().
We have

T S s, b |
_ z) = fle)(l—aqiz))+ () H(x), e Tp_5/2: Tr—as2l;
Falfi2) = H{z), ) T € [Tr_g/2, Tri1j2],

H{z)(1 —o(r)) + da(2) f(z), T € [Tyy1y2: Trpayal

Obviously, F,(f,z) is linear, reproduces polynomials of degree r, and F,,(f,z) € C?7([0,1]),
provided that f < C I:2”:'([[!, 1]}. Now, we can define our new combinations of Bernstein oper-
ators as follows:

r—1

Buy(f,x) i= Buap(Fn,2) = Ci(n) B (Fn, ), (2.2)
i=0

where Cj(n) satisty the conditions (a)-{d). Our main result is the following:
Theorem 1. For feCg, 0 A1, 0=£<1, a=0, 0<ay<r, we have

@(2)| () = Bur—1(f,2)| = O((n™ 7™ (@) (2))%°) += wor (frt)a = O(™).
3 Lemmas

Lemma 1.([3]) If~ € R, then
n
> szl —nal! < Cnd g (a), (31)
k=0

Lemma 2.([3]) Let An(x) = w(z) 3.  parlz). Then An(z) € Cn=%2 for0 < £ < 1
[k—ntl<y/n
and o > 0.

Volume 7, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 1017|




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218
Lemma 3. For 0 < & < 1, a, 3 = 0, we have

0 x) Z |k — nz|Pppi(z) < CnP=22 P (). (3.2)
|k—ng|<n

Proof. By lemma 2, we have

1 Zn—1 ¢ r
(@) (@) Y. pakl@) 3 (Y. |k = nePpap(2)? € CnEm D (),
fe—ng|< v/ le—n€]</n

Lemma 4. Foranya =>0,0< A< 1, fe Cg, we have
| @B,y (F)]] < Cn" £ (3.3)

Proof. We first prove = = [0, %) (The same as » € (1 — %, 1]}, now

ny—r

j(x)By)_y(f.2)] < 'Err:,l IC n)_\ Fn{ lenz—rk{,'
(}3

r—2 n;—r

Cw(z) Zn Z|C }u.l F(—,ILHna i)

n;—r r
Cu-'sjl ZH ZZCS"(— HJF( |pn=—rk(xj
i=0 k=0 3=0
-2 r
Cu(e) 31 3 A L )
=0 G=0
r
+C u'(:cjz n:ZCﬂQ n)F, lf
i=0 =0
ni—r—1 ¢
rcu@ S DD CLELIC e
i=0 3=0
= Hi+ Hs + Ha.

A

N

A

lena—‘r‘ S—

We have

r—2 r—1
Hy < Cwo(x)) nl(Y ] |Ci(n)F, (—J|+|F (0)])Pn,—ro(x)
i=0 G=0
'l = ﬂ-;_ll' ‘El o n,—=r
WAy =) (1 - )
i=0 j=0
r—2

< Cn"||of Z(ﬂdx D
i=0

i

< Cn"||of.

Similarly, we can get Hy < Cn" || f||, and Hy < Cn"||@ f||.
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= |tf'|:.l:| nriﬂ_l Fn:mH

i
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r—2 r
. o g ko k. .
= w(@)( @)Y D 1Rz n)Ca(m)n] D (= — Y Ea(= ) lpn, k()
1

i=0 j=0 kin;eA

r—2 r . E i
+o(e) ()TN Qe ) Ci(n)n] > (e —= Y H

; - - i
=0 _‘j'=0 Irg%k;ns_\_\{‘xé

= T+ T2

Where A = [0, 25| U [24, 1], H is a linear function. ]f ; € A, when Lﬁ"—}

ng

nx|™), we have |k—n;&| = 3% also Q;(x,n;) = (ngz(1—z)) =2/ and (¢
C(ny/@*(z)) a2,
By (3.1), then

o1 € C@¥(a)m(x) ZZ |

Ti 4
i=0 _;I_O ¢

(__:llpni1k(IJ
i

—=
2

Cl4+mn, *|k—

2))72Q;(w,n)n] <

rﬂ*ﬁD K A o a2)

. , _a ko
< CF@IaAL Y C (s *’*”ZIHH = il = 5 Ponk()

i=0 j=0
= 0L+ 1

By a simple calenlation, we have Iy < Cn"||@f|. By (3.1), then

4
- -5 +] g i i \
< Claf||l* (x) ZZ |Ci(m)|m, ! 72(2) )j’zkz_gﬂ*— 12 |“ T pp, k()

i=0 5=0
We note that |H(§j| < max(|H (24|, |H(xy)|) = H(a).
If » € [24, x]], we have @(x) < w(a). So, if » € [z, 2}, then
ao £ Cn"wla)H(a) € Cn"||wf]|.

If = & [}, 2], then w(a) > n; %, by lemma 3, we have

r—2

< Cn'|laf].

7y = C-aﬁ(ajH(a)g_g’"(:t:)aE!(m) ZC‘;—(H]H?E Z Pn.gelz) < On"||@f).
=0

xhEk sy

It follows from combining the above inequalities that the lemma is proved. O

Lemma 5. ([15]) If @(z) =+/z(l—x), 0 A <1, 0 5<1, a>0, then

H@'}"[r] kq}'}\[r]
3 P
_rg r, r(i\ )
i :r:+§ wg)diyg - - du, < Ch™
ffw*[r] hphiz) T ) duy - r (z).
-— T I k=1

Lemma 6. Foranyre N, fe Wi, 0<A<1, a>0, we have

g™ E) < Clag™ ).
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5/2: Tp_gsa) (The same as the others), we have
w(z)¢™ (@) F ()]

< o)™ (@) F7 (@) + Jw(z) o™ (@) () = Fal2) |
= I+ Is.
Obviously
I < Cllwg™ £
For I5, we have
Iy = w(x)p"™(2)|(f(2) = Fu(2))| = w(@) ™ (2) Y n3|(f(2) = Fa(2))"7],
By [5], we have
—3 ’."2 2
(@) = B )y yya) € OO = Hlls, ) + 720,y o)
So
I, € Cnim(z)e™

1 = H [z, s o ol T Cw(z)p™
11 4+ T5.

By Taylor expansion, we have

(l\)”fll?‘)”[l'r_surg T, 332]

r—1 (1’2_ _m)u o 1 I, 1 .
) = 32 P o)+ [ (= 9 O )
—~ ul (r—1)1J,
It follows from (3.6) and the identities

i
Z li(r) =Ca", v =0,1,--
i=1

we have

A - Yy et

f“”(mﬂ- (w)+
i=1u=0

1 O i
_”!th:ﬂfr (2 — &)1 (s)ds
i=1
) u "
flz)+ Z @) Cu(=a) ™y ()
‘L'..=]. 'L::O

i=1
1 - f =1 ()
+WZ%(IJ[ (zi — )" 17 (s)ds,
Ti=1 x

which implies that

1
w(@)e™ @) @) = H (S, )] = ()™ Zz f (2i — )1 f)(s)ds
since |l;(z)| <

Clorx € [r,_5p9, 2p_gpl, 1 =1,2,
between x; and x, then

cr. It follows from

|ri_s|r—1 |‘.'|‘.'='—I|r_1
is) = wix) *
r T
B(z)"™ (@) f(2) = H(f,2)| = Ci(z)p™ (@)} f (2 = )" 1) (5) s
i=1¥T
P T I
< P @ OIS i — ey [ s
i=1 *
C oo
< plaetrol
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I < Cllag™ 7).

Then, the lemma is proved. O

Lemma 7. Forany g€ W§,, 0< A< 1, a>0, we have

0()lo(e) = H(0.2)] < O g9 (3.7

Proof. According to the lemma 6, we only give a simple proof.

w(z)|g(x) — H(g,7)| = ——=w :r:JZf :r:,lf 2 — ) g (s)ds,

|2;—s|7—1 e
wis) = wir) !

since |li(x)| € C for @ € (2,52, 2p_3p2], 1 = 1,2, - ,r. It follows from
& between ax; and x, then

?" Ii P
w@lo() ~ Hoa)l < Co@)Y. [ ai= sy a(s)lds
=17

r T
Cllig™ )| Z(mz__l,jr—Lf N (5)ds
; T

¢ xI
s rﬂ(( J :l".:'\ fr; ”Z zi— )" 1/ -"_TI:SII(IS
+

ar(x) S
C5 ol f”nzx—xf ll o T(s)ds

i=1

AN

AN

AN

o O ()
Vingh(z)
Lemma 8. Ifre N, 0<A<1, fe W, Y o =0, we have

< )" [lwe™ e 1.8

[w(z)™(2) B _(f,2)| < Cllag™ 0. (3.8)
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lt—u| - Ji—=|

o) S @z U between t and x, let ¢ = 0, we have

Proof. It follows from

1 1
ok by b rh
n"’|.1-.'r F.(—) = -n:f f FMI,’ +—+u1+ co g )dug - e diu,
o n; gk —gk
oy Tnr j
— e g _ ™n
= C‘n;-"||-af.'-p""3‘Fr‘;’"7‘||f 1 [ , l(l‘+T+'M]+"'+'lLr).
— _ 2
rh
@ Mr + — tut e up)dug - duy
_ ont|lay [% (z+ 3 7 +ur + e+ )
o Bz + 2+ ug + -+ Uy
o —TA
i r+ 5 n+u + t+u
( ! Tjdul---dur
(1+—g—+-m+---+-ur)
1 1
EZN 2N rh
£ Onjl|w ﬂ”‘F‘r”H — f f (24 — +up+ -+ u,) "5 T+,
i x) L R 2
rh _rA
[1—(;r+7+-u1+---+-uf)] Tdug - - du,
< CoHa)p ™M @) o™ E|
< Co )™ @) o™ ).

By [5], we have

r—2 ni—r
- k
5:%1- (fz) = z (]‘! ?“,I' Z Cy njl.l?] Fn'f_mm—rk( ).
i=0 ‘
Obviously
| (x) g™ (2)BY)_y (f,2)| € Cllwe™ £7).0
Lemma 9. IfreN, 0 A1, feCy, a>0, we have

[@(2)p" (@) By -y (f,)] < Cn™ P {mas {n" 1N/ Gr O Y la f (3.9)

Proof. Case 1. If0 £ p(r) £ ;1,.5, by (3.3), we have

w(z)p™ () By _y (f,2)| < Cn=™ M i(z) BY)_y (f,2)] < Cn" =D .

nrl

Case 2. If p(z) > v’_ we have
l"] = \
| n.rr' 1(-f TJl_l nar— lll{F .Ijl

< (PH(a)” ’“ZZmnac n>|n*‘Z|:c——JJF (—)lpn, k(@),

i=0 j=0

where
Qi(x, i) = (naz(1 — 2))l =2 and (o (2))72Q;(x,ni)nd < C(ny /i (x)) /2
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So
lﬁﬂ“(mﬂm_ﬁmﬂ
< Cuh)“””’mEjEjK(ml rﬂﬂ§j|-——HF(—>mmfm
i= Oj 0
; k .
= - ‘wh— IPnk
Coa) ) TS I S (o= K st
i=0 j=0 kin;ed !
r—=2 r
o i / ko .k
+Cw(x) " () §:§:KJMI2€)”“2 Yo == ) H(= lpn.x(x)
i=0 j=0 whgk/n;gxh ! !

= 71+ Ta.

Where A := [E}' r5]U[xg, 1]. According to lemma 3, we can easily get 0 < Cnz AU ()|l f,
and o9 € CnZ" AU (z)|@f||. By bringing these facts together, the lemma is proved. O

4 Proof of Theorem

The direct theorem
We know

_ _ _ 1 t o
Fo(t) = Fplz) + FL ()t —2) + -+ Wf (t — u)" " E) () du, (4.1)
" r

Bur—t((-—2)*.2) =0, k=1,2,--- ,r— 1. (4.2)
According to the definition of I"L-’uf,_‘;\, for any g € 1'1".1%,2\-* we have Bn._.r—l(g:-:r )= Bn,.r—lf'i?nfg‘f'ﬁ )

and @(x |1’__}'n(:r‘,| — Bp_1(Gr.x)| = w(2)|Bppo1(Re (G, t,x), 2)|, thereof R.(G,.t,2) =
f(t w)™lGy (ujd-u.

=1 _p|r—=1
It follows from I E?EL) = Hﬁf:'r) , i between ¢ and x, we have
w(xr)|G |\ — B # VW= O™ G5l ) B f |f‘_'“5|r_1 d \
! n n,r— s =z ! n / nr— — s
() |G x) 1 (G, 7)) Hme™ G || x) 1l W w, 1)
x
T o T “lt—u! L
= C ”w‘;“ Gy ||'w(m)(BH.r—1( lnzfp,{ |d“ x))E -
T i
t—
By lf | du :t:“% (4.3)
also
Uity ol i, ot "
,,m (1) ,,zr.k (z)’ D2 (u) =2 (z) .

By (3.1}, (4.3) and (4.4), we have

'lf-‘lf.rjllf__?nl:l’:l—Bn‘?«_lfén,l’jl < Ol '{"Mf-w’l”'r’ M':w:'Bnr ([t — 2| )

- o) _
< o f o e
b
15( rA
U"]
< Cn 2mmll Gyl
o Onlx) A A -
= Aol (4.5)
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By (3.7) and (4.5), when g € W” ,, then

WA

w(z)|g(z) — Bproilg.z)| < @(Sﬂllg(l‘l—f?n(g.n:)|+1f-‘(wll|@n(9,9:)—Bn_.r-l(g_.:r:ll

s . . (z) ;
< 0(@lole) = H(59) s + Ol g G|
< O(—2 ) [l g 4.6)

For f € Cy, we choose proper g € W, by (4.6), then

w(z)|f(z) = Bpy—1(f,x)| € wlz)|f(r) - $)|+u‘(m|3m 1(f =g, 2)| + w(x)|9(z) = Bnr-1(g. )

Cla(s = o)l + (T ag™ )
v, F 611':13:1 B
< ("""iph (f- m)wlﬂ

The inverse theorem
We define the weighted main-part modulus for I = Ry by
Q" (O, . e = sup ||wAT S
(O f b S [ AL Fllions oo
ﬂ:,.\ [:1- f.-f')‘i' = Qr,‘p-\ (fn tj‘i‘-
where €' > 215001 3(0) = 0, and h* is given hy

b (Ap)/1=BOpL=500) 0 g 3(0) < 1,
— ] o, Bl0) = 1.

The main-part K -functional is given by
Hu (1 )0 = sup inf{lo(f = o)licn ol + 17 @™ 0 || (ohe o) 87T € ALCL((CR®, 00))}
<h=t

By [5], we have

r
CTHUL(fo e € wla(fit)e € C fnf Lj:mbd.r, (4.7)
CT H (f.t)0 € Q(f.t)a < CHL(f,t)a. (4.8)
Proof. Let § > 0, by (4.8), we choose proper g so that
o (f — o)l € CUF a, @™ g™ | < CETUu(f ) a- (4.9)

then

[@(@) Af s F@)] € [0() Ajs (F (1) = Burea (F, 2)] + [0(2) A} Bagea (f — 0,2)

+  [0(z) AL s Brp—1(g. )]

r qro—1 roo. Aot va
< Cr(n™20,(x + (5 — gt (z)))

=0
h@';[:] he? (=) )

+ _/J“‘”‘{:) ;“‘,-‘-{I)E(IJBRT l(f_g|$+2ukjd-u1___d_ur

N S =1
t _hcp'}‘{z) _i”‘:,r\{_r\l,ﬁ(IJBnT 1 g‘m+zude“1"-du,.

: : k=1

= Jit+Ja+ Js
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Ohwviously
J1 € C(n~E8,(z))%.
By (3.3) and (4.9), we have

B (x) Bt (x)

J2

AN

ﬁﬂﬂﬁquwmm - du
i _

< C-Rf'hr r.’« ”ti f q ”
< C’-n*‘h"w”"( ) (f,0)a.
By (3.9)we let A =1, and (3.4) as well as (4.9), we have

hee™ () H*.?J;f-ﬂ r

Jr € Oni|w(f —g) ”fw*m --/W‘M ez + > wg)duy - - duy
T2

k=1

Ty < Cllog™e™)|

< onflag™e)|
< CRSTL(f.6).

Now, by (4.10), (4.11), (4.12) and (4.13), we get

2 A I r
. -1 —rA
-w(a,)‘/.w”ﬂ e ® (z+ E up )~ M 4 E g )iy -
T =T —

(4.10)

(4.11)

(4.12)

- dity

(4.13)

[B(2) A F(@)] € O™ E0n ()™ + W (0™ 280 ()" X (£, 8) + B5~ " (7 S}

When n = 2, we have

-n_%c?n[:r:) < (n—1)" 26 1z) € V2n~ 2511
Choosing proper »,n € N, so that

?1_%5,3(::3) £d<(n— 1)‘%,5“_1 (x),

Therefore

|-1F(:r)&£@f(;r)| < C{d* +R"677 u;,\ (f.d)m}
By Borens-Lorentz lemma, we get

(f tg < Ct70,

So, by (4.14), we get

t (o T)a t
win (f,t)s < C-'f 7 P = cf e ldr = ot .0
0 0

T

(4.14)
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