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Abstract.

We consider the pointwise weighted approximation by Bernstein operators with inner singularities. The related
weight functions are weights () = |= — £[*(0 < £ < 1, a > 0).

In this paper we give direct and inverse results of this type of Bernstein polynomials.
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1 Introduction

The set of all continuous functions, defined on the interval 1, is denoted by C(I). For any f £ €'([0.1]), the
corresponding Bernstein operators are defined as follows:

n "‘
B.(f,x) = Z ,f':;:'f’u.k(f ),

k=0
Where
n
Prg(r) = (L1)~::‘j"|:l —z)k k=0.1.2,...,n, x € [0.1].
Approximation properties of Bernstein operators have been studied very well. Berens and

Lorentz showed in [1] that

1

Bu(f,x) = f(2) = O((Z=ba(2))™) <= ! (f,8) = O(™),
where (0 < ay < 1, d,(x) = pl(x) + ﬁ ple) = /x(1 —x).

It is well known that approximation of functions with singularities by polynomial is of special value in both
theories and applications. As an important type of polynomial approximation, approximation of functions by
Bernstein operators is an important topic in both approximation theory and computational theory, which plays
an important role in neural networks, fitting date, curves, and surfaces. Some work has been done by [2].

Throughout the paper, C denotes a positive constant independent of 7 and =, which may be different in
different cases.
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Let w(z) = |z —&|*, 0 < &< 1, a>0and Cg :={f € C([0.1]\ {&}) : hmt_( x) = 0}.
The norm in Cy is defined by || f|¢c, = |l@f|| = sup |[(@f)(z)|. Define
Dsr<l

W2, ={feCs: f e AC((0,1)), o™ " < oc}.

For f € (g, the weighted modulus of smoothness 1s defined b

{_
|@ 27 fllj—16n2,11 }+

3
@ A f|lpo.16n2) +

2(ft)e = sup {||@AF, fllen2,1-16n2) + |
D<hst

where
Af f(x) = flo+ hp(z)) — 2f(2) + flz — ho(x)),
R2f(x) = f(m+2h)—-.f(x+h)+f(x),_

Zif(;::) = flz—2R) = 2f(z—h)+ f(2),
and p(z) = z(l — x), dplz) = @ ]+ﬁ

Let
102% — 1521 + 62°, 0 <z <1,
wiz) =19 0, r= 0,
Obviously, ¢ is non-decreasing on the real axis, ¢ € C?((—o0, +00)). P (0) = 0, i =

0.1,2. (1) =0, i = 1,2 and ¢(1) = 1. Further, let

[n€ — 2y [n€ — /n] [n€ + /] [n€ + 24/
_ . Iy =, =, =

T =
! n ! n ! 7 ' 7
and
- L — - L — g
wy(x) = ¥( ). a(r) = b(——).
Ig — I Ty — Iy
Consider
r—1mIy ry —r
P(z):= fley) + flazy),
T — Iy T — Iy

the linear function joining the points (@, f(x1)) and (x4, f(x4)). And let

Fp(foz) = Folz) = flz)(1 — ¢y (2) + tbalz)) + Uy (2) (1 — o)) P(z).

From the above definitions it follows that

flz), z € [0,24] [[I4. %

o ) F@) (1= (@) + (=) Plx), T E |,
Ballo) =93 by, ) v e [raaa]
Px)(1 —ao(2)) + () f(x), > € [ra, 24].

Evidently, F}, is a positive linear operator which depends on the functions values f(k/n), 0 <
Ein €< o0 or wa < k/n < 1, it reproduces linear functions, and F, € Cz([l]_. 1]) provided
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fe H»"t% \- Now for every f € Cy define the Bernstein type operator

Eﬂ(f:-m) = BnEFnEf:l,I:I
=Y @O Y m@r)
k/nel0x1]U[za.1] ra<k/n<ry
k _ k ko k
+m1i§-fﬁgpn1ktrj{f(5)(l B .E':I;I (E” + "'w'«'lEE:JPI:E)}
b TR AN AL ANYL
+M§_mpn.kcmn{lﬂtgnl — a(=)) + %2(-) ()} (L.1)

Obviously, B, is a positive linear operator, B, (f) is a polynomial of degree at most n, it pre-
serves linear functions, and depends only on the function values f(k/n), k/n € [0, 29| \U[xa, 1].
Now we state our main results as follows:

Theorem 1. If a > 0, for any f € Cg, we have |[@B(f)|| < C-'-n?||az'f||.

Theorem 2. For anya =0, 0 £ A< 1. we have

) | 123 20-101y 1 C-
2 " - Cn{mar{n =",y A, fela,
()™ (x) By (f,x)| < C||?I-'cp%f”||, fe I—i»"t%,j.

Theorem 3. For feCy, 0 <& <1, =0, ag e (0,2), we have

b3l

@(2)|f(2) — Bl f.2)| = O((n" 307 (2)dn(2))™) = w2 (£, t)w = O(t).

2 Lemmas
Lemma 1.([9]) For any non-negative real u and v, we have

n_lk—ul ko_, < Crb(1 — 51
E(E) (1= )" Pag(e) € Ca™*(1—2)7" (2.1)

k=1
Lemma 2.([2]) For any o =0, f & Cg, we have

af|. (2.2)

Lemma 3.([8]) If ¢lz)=+/z(l—2), 0 AL, 05 <1, then

l@Ba(f)]| < €

hetix) het iz} y

Z ] e . _
f VR f oy €0 D u)duy - duy < CRTOE (z), (2.3)
- a - ] k=1

Lemma 4.([2]) If v € R, then
n
3 puila)lk —nefl < CnF (). (2.4)
k=0

Lemma 5. Let Ap(x) :=w(x) Y. poel(r). Then Ay(z) < Cn 2 for0 < £ < 1 and
0 |k—ng|<v/n
o =

Volume 7, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 984|




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Proof. If |z — & | in then the statement is trivial. Hence assume 0 £ r £ £ — ==

(the case & + _;’H r < 1 can be treated similarly). Then for a fixed x the maximum of
W

Pak(x) 15 attained for k = &, := [n€ — /n]. By using Stirling’s formula, we get

. @)rynat (1 —a)nh

O
cﬂw’m—“ 2= )R =T
C onr g n(l—x) 4

Pr ks, [I]' 5;

=
= -,./’-1_1{ ky, n—ky )

¢ o o kp—nx, o ky—nr o
= ﬁ“_iﬂ‘n ) [_l-l-in_k_n ) .

Now from the inequalities

1
kpn—nr=mé—yn|—nr>nlf—-z)—yn-12 5}1[}‘;’ —x),
and
l—uc':e_“__ Cltu et uz,
it follows t.halt ghe second inequality is valid. To prove the first one we consider the funetion
Mu) = e ™72 +u—1. Here A(0) =0, M{u) = —(1+u)e™72% +1, N(0) =0, N'u) =
u(u + 2)6_“_%”2 = 0, whence A(u) 2= 0 for u = 0. Henee

c kn—nr 1 kb —nr
Pnia () < ﬁ&l‘?{k’n[— = : — 5( : 1] + kp — nz}
n n
& (kp — nx) —Cnlé —x)?
= —eap{— } g eCnli-)
VT

o _ o 2 . . .
Thus Ap(r) £ C(€ — -.r.]"i‘e Cnle=2)" " Ay easy caleulation shows that here the maximum is
attained when & — x = \'r;’—.ﬁ and the lemma follows. O

Lemma 6. For0 <& <1, o, 5 =0, we have

() Z ke — nzPpnp(z) < CnlF= 258, (2.5)
|k—né|< /T

Proof. By (2.4) and the lemma 5, we have
1 -1 ; 1  B—a i3 A
o) (m(r) Y parle) (YD = nepas(a) € OnlP R 0) O
|k—né|<y/n k—né|<y/m

Lemma 7. For any a = 0, fEII-A we have

dnlz)
VA (z)

Proof. If r € |2, 24], for any f I-If"t%l)‘, we have

w(2)|f(x) = PUf,2) gy g € O P [ae™ £ (2.6)

r

flr1) = flz)+ fl(x [:cl—:c)+f[jt—mf”(ﬂdt

1

r

flza) = fz)+ f(z)(zg — 2) + f (t —aq)f"(t)dt
T4
1

Sp(x) ~ —, n=12,.-

n
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w@|f@) =P < w)|= |f (¢ — 20) £(1) |t

@ 2 [ oo
Il — T4 Jpy
= 11+ 1Is.
Whence t is between xq and x. We have %}:—' < %—%—l then
T
L < Clog f'||(w —e)(@ —zq)] [ o7 (t)dt
e
Lo On(T) a9y on
< O(— 2y
< O \/’ﬁ-p"[_x_]} | |
Analogously. we have
dn (2 9N e
I £ Ol—/—=—— ] D= f
Rl

Now the lemma follows from combining these results together. O

3 Proof of Theorem

3.1 Proof of Theorem 1
If feCg. when x € [% 1— %] by [2], we have

|w(x) Bl (f,z)| < w_z ‘tI‘[';r']|E‘ (f, )|

- Zj’«"‘nk |A—na||an—z|

+ () (x) Z““ - -m:jﬁ|&(%)lpn.um
= A+ Aa+ Asg.
By (2.2), we have
Ay(z) = np~ (@)@ (2)|By(f,2)| < Cn*|wf].

and
Ay = w(@)e o) D] |k —na||F, t—]lpnk 4+ Yk —fw:llP |pnkml
kinsA raslk /nsrs
= 01+ 0o,
thereof A := [0, wa|Ufag, 1] Tf - ke oA, when—(r)— (1417 |k—nz|*), we have |k—né| = > ¥

2
by (2.4), then

n
o < Claf|e 4 z) an._k[:;rﬂk —nz|[1 +n" |k — nx|?]
k=0

n i
Claflle™ ()Y pogle)lk —nz| + Cn~ T aflle™ 2) Y popl@)|k —naf 1
N TP TNty e B 3O
Cn2p™ ()@ ]|+ CnZe™ " z)|of |
Cn?llwf|.

FAN/AN
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For o9, P is a linear function. We note |P[%]| < max(|Plrq)], |P(zq)]) = Pla). It » £
[1, 4], we have @(x) < @©(a). So, if x € [ry, 24], by (2.4), then

Ty = Cwla)Pla) [r] an;c[rﬂﬂ —nr| £ C‘ni||uf||
k=0

If v & |11, 24], then @(a) > n"zT, hy (2.5), we have

oy € CeHzym(z) D |Pla)(k — na)|par(z)

rosk/nErs

< Cnfllaflle ™ a)yw(z) Y |k —nzlppglz)
rosk /nors

< On?|lwf.

S0, As < Cn?||wf|. Similarly, Az < Cn®|[wf||. It follows from combining the above inequal-
ities that the inequality is 1}1'med.

When z € [0, 1] (The same as z € [L — 1 1]), by [6], then

2
Bl'(f,x) =n(n— l] Eif (
ﬂ L

k
I_]'Pn —2klx).

Fnl
Il

We have
|w(z)B"(f,z)] < Cn u‘[x]Z| AF, [‘EH (z)
AL Ty =z n_n_pn—ﬂ,k_ J
. R R O R R
= Cn*w(@)] Y paoak@)|ATE(S)+ D pacanr(@)| AL P(=)])
n n T y . " mn
FCI."J’!-E."']. Tg.ﬂkfﬂﬁl‘ﬂ

We can deal with it in accordance with the former proofs, and prove it immediatelv, then
the theorem is done. OJ

3.2 Proof of Theorem 2
(1) We prove the first inequality of Theorem 2.

Case 1. 0 < p(z) < v_’_’ by Theorem 1, we have

@(x) o (z)BA(f, z)| < Cn~ w(z)B(f,z)| € Cn*M|wf]|.

Case 2. It p(x) = %ﬁ, by [3], we have

2 n
_—_— _ S0, — i k.= . k.
By(f,z) = Bi(Fy2) = (¢°(x)) EZQm,-n_anu—E_J“Fn(;_mnm).

Qi(z,n) = (na(l— )@=/
(92(2) 2 Qi(x, m)n' < C(n/@?(x)) T2

i,
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S0
()™ (2) By (f )]
LI . koo k
< Cw(z)p? ()Y (=" (@ — =) Fa(=)pnsl(e)
= ¥ () ! m n
= Cw(z)e™2) Y ()" Y | = =) Fu(=)|pns(z)
— p2(z) v m n
i= JneA
’ ! k k
o o B Y & T (e Dnvipy 7
+ Ciw(z)p=(x) Z[_ T ) Z |(x - )P - NPk ()
j=0 T rask /nors
= T + Tg,
where A = [0, z2] U [z3,1]. Working as in the proof of Theorem 1, we can get g <

C—'RQ_J‘H-EE' fl. o2 = C—'-nQ_J‘HJJ f|l- By bringing these facts together, we can immediately get

the first inequality of Theorem 2.

(2) If f € W2 . by Bu(f, @) = Bu(Fa(f), ), then

i
[ )

S — -k
|m(x)e® (z)Bl(f,x)] € nlo(z)p?x) |E-’3Fnl:;}|pn_z,m:u

= =
Il
w o

Il
E
=

G
%]
-
]
[
3 |.-t\:l
=
=)
=
|
[3=]
o
)

+
H-.I\J
=
5
]
[ =]
e
)
=
Ll i

2l 0)|pr—2,0(x)

n—2

(

almbs g |abs =

+ nti(z)p* ()] 4
= I+ +1s.
By [3].if 0 < k < n — 2, we have

HPr—2n—2(x)

=]

n

2

—5 =k = _ k
|‘i2_iFn[:E:]| £ C-'-n_lf |F;{[:E + u)|du,
n i 0 ”

It k=10, we have
o

A2 F,(0)] < c[" w| P! ()| du,
n 0

Similarly

_ n—2 =1 1 . R
: )| < Cn (1 — )|yl (u)|du.
n 1-2

By (3.1}, then

n—3 .2
L L no_g k .
I < C-'-mﬁ[_:rjg”‘[_x_]g f |F(— + u)|dupp—ox(x)
E—1 0 i

a
. . wog R _ .
= Cnw(r)e™(x) Z[ |EY (= + ) |dapy, g ()
i 0 n

/mneA

2
. w ke _ _
Cna(z)oM f P"(— 4 u)|dupy,—
+ Cnw(x)e™(z) Z A | I:n + u|dupy g k()

rosk mora

= 11+ 1715,
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where A = [0, xg|U[rg, 1], P is a linear function. If% € A, when %E% < C(14n~ T |k—nz|*),

we have |k —né| = —";—ﬁ, by (2.1), (2.4) and the Theorem 2, then

e o ok ok
T < Col)eP @)op™ B Y pros(x)o™ (=)e ™ ()

kineA
n—2 I
< CoPM@)|lwp Ey| Y pran(@) L+ 0~ F k= na| ™ ()
k=0
< ClapFy|
< Clag® ).

Working as the Theorem 1, we can get

Ty € Cllog™ 7).
S0, we can get

I < Cllwg® ).

By (2.2) and the Theorem 2, we have

(]

Iy £ CnPw(z)e™(z)(1— o)~ 2 f " u|E (w)|du
0

M

2
Cr*w ()™ (x) (1 — )" 2|l E)| f " wn ™ u)e ™ () du
]

Cllog™ F|
[l £]]. (3.5)

AN

Similarly,
Iy < C|lawg 1. (3.6)
By bringing (3.4), (3.5) and (3.6) together, we can get the second inequality of Theorem 2. O

Corollary 1. If o = 0 and A =0, we have

s . Cn?||af]| fely
if " ) < 1 .
Corollary 2. Ifa = 0 and A =1, we have

Cnfla £, f ey,

S (V2 (2 \ B f. 3
|H.[_.r.]\’, [I]Bn(f-.l']l < { (-u“@ng.r.r”‘ f = IJI'E_J

3.3 Proof of Theorem 3
3.3.1 The direct theorem
We know
f
Fu(t) = Fu(x) + Fi(t)(t — x) + f (t — ) Fy (u)du,
x
Bt —x,2)=0.
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According to the definition of 1'1':1%.A- for any g € If’l-’_t%;,‘, we have By, (g,r) = By (Grlg), ).

(1) We ﬁlst estimate u r)|Gplz) — By(Gy, x)| under the condition of = € [%,1 — %] then
P*(x) < L. Onlr) ~ S, and

E‘I:.r:ll@n[l'] - Bn[:Gnu 'r}l = @[I”BJ‘E[RQIIGR'-T'I -T}In J-']Il'-

thereof Ro(Gp, t,x) = f (t—u) (_?” (u)du.
It follows from %%l = %—% u between ¢ and x, we have

. P T tolt—u
0(7)|Gn(2) = Ba(Gn,7)| < Cllop™ G|l () Bal f ,—ﬂL).ng;'{mdﬂ.a::I
x W ha
0 | | 1 . t |t —'l£| 1
< g G B [ Ltz [ Ltlan )t
Sl | ) )
also
Clt— ul (t—x)2 it —u (t — )
 du < - - : _ 97
. ,F-il(u}du"‘“c 4).{;1::] g ; w2 () U % w2 (x) (3.7)

By (2.4) and (3.7), we have

(2)|Grlx) — Bn(Gn,z)| < C|@ ~9"c'"||,,—9*[x13nn(r—1:.9 )
< C'J‘E‘._l ”— Ql{»_-u ”
r
_{ Ci -1 J [ ” —_ Q.:l 'i.””
; Jn{ - El
= '— o
[ﬁﬂ"m D™ G-

(2) We eatmmte i |Gn[;r:] B, (G, z)| under the condition of o & [0, %:] (The same as
re(l-— E‘ 1]). w(x) ~ dp(x), now

k

@(2)|Gn(2) = B(Gn, )] < Cuw(z ank )f IIE—H)G” (u)|du
r —
+  Cw(z)pnolz ]'f u| G (u)|du
0

1
+ {T‘-afr{;r)pn,n[:r:]f (1 — u)G ()| du
I

= [+ 1o+ 13.
It u between % and x, we have
k k k ke
lm—ul _lg—= |g—ul |5 —=|

EIJE[:-F_L:] == i'I‘g[I] q-i.-'-ﬁ.[u] J-.4.h|{3_~]|'
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By (2.4) and (3.8), then

k
_ — |

Ii £ Cllwoe*G" o E / —du

1 ” 'J’ n” Pnk e (U] 2')‘[“.]

& E ok
n |- — ul 1 " o u'l v 4
< Ollwp* G |w iz k(f - du)ﬁ(f n du)?
[l ™ G | ; il | -az.-ﬁ(u) » eMu)
n—1
< On 7w Gl @)Y paile)(k — na)?
k=0
é n -1 ‘f’ [ ] ” Do Q.)t(_-u.;.;”
kr-—
. _10n [ :
< Cn 1@2 e L2
_ C.(M G (3.9)

M) Pl

For Iz, when u between % and x, we let k =10, then ﬁ < Tz and

i
I £ Cllog*Ghllw(z)pno(z) f wit™ ()™ (u)du
0

2
< C'IIJ"'-!.]‘,:I[]. _ 'J‘.‘:In_]' . ﬂ—l 1’2;‘ ” - QACM‘”
fjn(&_‘]l 2 20 F
< ! 0P I 3.
< C{\/ﬁ@}‘(l‘)} [ b (3.10)
Similarly, we have
o dplx) _ ' o
I v/_”' 7)) o G2 (3.11)
By bringing (3.9}, (3.10) and (3.11), we get the result. Above all, we have
o(x)|G & ) _ On(z) o 2A
i ;‘ Ir) — r' = ! LAY !
w(x)|Gn(z) — Ba(Gn,z)| < O TN o) P lae* Gl

By (2.6) and the second inequality of Theorem 2, when g € W2 .. then

w(z)|g(z) — Bplg.v)] < @(x)|g(z) — Gulg,z)| + @(2)|Gnlg, x) — Bulg, z)|
Bnl)

. AN A
< w(z)|g(z) = Plg, 7)|p, xd]+£iﬁT[ *lee* Gl
C Oplx) oA
=
< Cloargy Pl eIl (3.12)
For f € (5, we choose proper g € Hm 5 by (2.2) and (3.12), then
@(z)|f(z) — Bu(f,x)] < w(z)|f(2) —g(z)|+@(z)|Ba(f — g, 2)| + ®(x)|g(z) — Bylg,z)|

- é D 2,3.. ’”
= L
< C(|lw(f - g]||+[{n,lm *lwe®™a"|))

. dplx) 0

< - - -
== .‘ﬂ.}.(f \/HT’J'}' [I] :'tb
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3.3.2 The inverse theorem

We define the weighted main-part modulus for D = R, by
02,00, f.t)s = sup [|@AZ o Fllicne ot
e i Ochat ” hy™ ”[Lh )
Q ll[luf!t]l‘izl = ﬂil(fut]l@
where €' = 21/8(0)-1 . B(0) = 0, and hA* is given by

B { (Ap)V/ 1RO RII=50) 0 £ 3(0) <

1,
0, G(0) = 1.

The main-part K -tunctional is given by
ff.il (fit%)e = Sup il;f{HlT-‘(f — 0)|ljehe.ce) + ENl@e® " || (che oqps 8" € AC(CR*, 00))}.
- rgf

By [3]. we have

o o CO2L(f.T)w
CTIEL (f ) S win(fit)o < C-'f — (3.13)
0
CTIKL(f. )0 € Q0 (f, the € CKL (f,1%)a. (3.14)

Proof. Let § > 0, by (3.14), we choose proper g =o that

|lo(f = a)ll € CQ(f,8)a, @™ gl € OS5 (f, 5)a

then
[w(2) AR s f(2)] < [0(2) AR (F(2) = Ba(f,2))] + [@(2) AF s Ba(f — g, )|
+|w[:c1:-,w8n g.2)|
_10n(x + (1 - j)he M),
< - 0
h Z( wMr+ (1 —=j)hye "(1‘))}
2 heinl a bl 2
+f_ﬁ¢*[:] /_agl[:] w(x)BL(f —g,x —I—Zu;c)dmdug
I T k=1
hf}'gx hf"i'gr a
a a N ! ) . \
+f_a¢*[:1 /_aga[:] w(x)Byi(g, o+ w)duydug
I T k=1
= S+ Ju+ Ja. (3.15)
Obwviously
Ji € C(n~ 197 ()5, (2))% (3.16)
Bv Theorem 1. we have
Rt (x) he™ ()
he' (2)
Jy & Cn?lw(f—-g ||f L duydug
_<.s-_c_1 _he ()
< onh2pP (@) |w(f - g)|
< c.-,-ﬁhf’--p?’*.:y;.fzil(f,a;.ﬁ. (3.17)
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By the second inequality of Corollary 2 and (2.3), we have

btz bz

Jy £ Cnljw(f — g]||fh Amfwl[:] r_g[:t.‘—i-Zuk Jduqdus

< Ol N (a)|lw(f - g)|
< C-"Ilhg-}i‘gl:h_l)(l‘]lﬂil(f,ti]ltﬁ. (3.18)

Bv the second inequality of Theorem 2 and (2.3), we have
e ) e

2 2
3 7 . _ :
Jy < Cllwe* " |iw(x f f oz + E ug )~ M + E 1ty )ity duig

Rtz Rtz
b T k=1

Ch||me™ ||
Chis Qﬂﬂ (f.8)a (3.10)

=
=
Now, by (3.16), (3.17), (3.18) and (3.19), we get
A2 (o — @ 2. —1 )2 2 5 =22
(2) A2 f(2)] < C{(n™36u(2))% + W3 (n~38,(2)) 7202, (£,8) + h257202,(£.8)a}
When n = 2, we have
n_%d’n(:ﬂ < (n— 1}_%611_1(1‘) < \@-11_%611[:1{],
Choosing proper x,n € N, so that
n"35,(z) €8 < (n—1)"35,_1(2),
Theretore
@ (2) AR f ()] < C{0%° + h*6 Q2. (f,6)a}-
By Borens-Lorentz lemma, we get
Q2 (fit)e < Ot (3.20)
‘P’"' L T

So, by (3.20), we get
t ﬁg (f! T.] I t
(fot)e < cf Zp AT crf rao=lgr — o0 0
0 0
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