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Abstract.

In this paper we obtain optimal control problems governed by variational inequalities of obstacle type for
infinite order with finite dimension. We obtain the optimality condition under classical assumption using a dual
regularized functional, to interpret the variational inequality we use a penalty method to get first - order

conditions.
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1 Introduction

The obstacle problem, in fact, is one of the main motivations for the development of the theory of variational
inequalities, of which Signorini was one of the main architects. It is known that optimal control problems
governed by variational inequality may be equivalently transformed into control problem with linear state

equation and mixed type (state - control) constraints. This method was used by F. Mignot and J. P. Puel [12].
Gali et al [8] presented a set of inequalities defining a control of a system governed by elliptic operator of
infinite order with finite dimension and in [9] Gali et al presented the distribution control problem for the
infinite order. In [7] El-Zahaby presented the necessary conditions for control problems governed by elliptic
variational inequalities of infinite order with finite dimension by using Mignot [11]. In the present paper, we
use the theory of M. Bergounious et al [3] to obtain the necessary conditions of optimality for control problem
governed by elliptic variational inequality of obstacle type of infinite order with finite dimension. By using a

penalty method, we get the first order optimality conditions with additional assumptions.

2 Some Function Spaces:

We will define the infinite order sobolev space W*{a_,, 2}
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w”{a_,2}={u(x) eC*(R"), z a,, || D*u |[2< oo} this space is sobolev of infinite order of periodic

la1=0
functions
Defined on all R" such that:
a\a\
la|=a, +...4+0a,D*=— a >0

o= (Otl, ...,ocn) is a multi-index of differentiation
| |l is the norm of L,(R?)
In this case: W™{a_,2}c L,(R")cw*{a_,2}

w{a_, 2} is the dual space of W*{a_, 2} with respect of L,(R")

Now let us consider an elliptic operator of infinite order with finite dimension.

Au=3(-1)"a,D%u
|o|=0

3 Setting the problem:

Consider the following problem:
(P):min J(y,Vv), <T(y,v),z-y>2>0,vzek,yek,veU,
V=w"{a,,2}
U=L*R")
U_, is non empty closed convex of U.
T(y,v)=Ay-V-f  fel’(R")
We define a non empty, closed, convex subset of v such that:

k={yev,y>2¢>0 aeinR"}

And the cost function:
1
39 9) =S 1Y =Y IF 41V =P |

This functional is convex and lower semicontinous.

The compactness of the injection of W™{a_,2}in L*(R") implies that T is weakly-strongly continuous

with respect to both variables y and v i.e.

y,—~—>yand v, —“—>v=T(y,,Vv, ) ——>T(Y,V)
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The linearity of A gives that T is differentiable in the fréchet sense.

We introduce a continuous bilinear formon W”{a_, 2}

a(u,v):VxV-R

a(u,v) =Y ((-1)"a,D**u(x),v(x))

ey *(BOOUCO, V()2

X € R",q(X) is a real valued functionin L,(R")

Such that (X) >pB,0<B <1

The ellipticity of A is sufficient for the coerciveness of a(U,V)onV .
ie. a(u,u)>CJlu|f’, Ic>0vueV

and we canwrite  a(u,v) =<Au,V >,uveV

=a(u,u) =< Au,u >>C||u|f’,c>0,VueV

According Barbu [1,2] the problem (P) has at least one optimal solution.

Also we can use the dual methods of Bergounioux and Dietrich [3,4,5 ] which it is based on a functional.

h,:VxU—R as following:

1
h () =sp| <-aT(v).2-y >3-y IF |

zek

Theorem 3.1: Forany o > 0 these two problems are equivalent:

(P,)minJ(y,v), h_(y,v)=0,yek,veU,
(P):minJd(y,v), (T(y,v),.z—y)>0vzek,yekveU,
4 The Penalty Method

The classical mathematical programming problem is hopeless to obtain optimality systems so we use the dual

penalty method:
Let (y,V') ekx U, be asolution of (P).
We consider the following problem.

(P.) which is a penalization of problem (P,)

(P)):infJ (y,v),Vyek,vYweU,,
1 . 1 *
with In(y,v) =3y, v) +nh, (y, ) + DIy —y [ +5llv=v 15

Fora €, — +0 itis clear what there exists an element (Y,,,V,) € Kx U, such that:
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30, V) b, (V. 0,) + 21, =Y B+ v, v B<infE2) +,
x 1 N _
= 0005 1, (V) 3 1Y, =Y I 21, =V =2, Y 2

1 N 1 .
<AyV)+ i )+ Y =Y I+ S V=V I YY) ek,

Theorem 4.1

Assume that T is strongly monotone uniformly with respect to V € U, 1.€.
0]
Fu>0,(T(y,v)-T(z,v),y—2z) ZE” z-Yy|; vy,zek,vweU,,

Then the sequence (Y,,,V, ) converges strongly to (Y ,V )inV x U

Proof:

The cost function J: Vx U — R is convex, continuous and Gateaux - differentiable we obtain:
From (l);

2

1 . 1 N
Ognha(yn,vn)+§||yn ~y I} +5|Ivn =Vl

<A )=y Yo Y vy

n

with (y,v)=(y,V)

« 1 .
0<nh,(y,Vv,)+5 ||yn y |I§+§||Vn—V I

QW) ||(yn Vo 552 2 P

n n
It follows that the sequences {V.} and {Yy} are bounded there exist a weakly convergent subsequences of
{v,} and {y,} still denoted {V,} and {y,} such that:
W, W,
v,—vel,ady,——oyeK
We see that: limh_(y,,v,)=0

N—>-+0

The model of the system is strongly monotone so:

0= 211y, ~YIFE(T( ¥, ~TF0,).Y, ~¥)swn e > =
L
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. __sup < 1 - 2
a\Yn'Vn =k [ \ T nVnhY " Yn/ T A “ Yn
since h, (Y, Vo) =5 | (=0T Vo) Y = Yo ) =21y =, |

1 —_ _
ooV + 5 1Y =Y, IP= (=0T V)Y =Yy
We find that:

0<Z21Yn =Y IPS =0 (T(Vp V)Y =, ) =TV, Y, -Y)

o - 1,- - —
0< = 1Ya =Y IF<h, (Vo Vo) + S 1Y = Yo I ~ar(TCY, Vo). Yo - )

1 y y
:(%2 jllyn—yllzshm(yn,Vn)—"L<T(3”"n)’y"_y>

The mapping V —> T (Y, V) is strongly continuous for any Y € K so: T()_/, Vn)L”g'y)T(y, \_/)
av-—1
2

Iy, —yli<0

= limy, =y
N—-+o0

Now we want to prove that: h_ (y,v)=0

Infact: h_(y,v) = limh_(y,v)

| v AV W SO
= lim || (-aT 0.y, - ¥) =515, -V
as N — +o0o yn—>)_/ S0 ha(§/,\_/):0

— (Y, V) is a solution for P)=(y, V)= (y,V)
from: (2)

1 « 1 « .
000, (¥, v,)+ S 1Y, =Y I +5 1V, =V I S0 V) = (y,.v,) <O

: 1 S *
limnh, (y,,v) + S 1Y, =Y 451V, v I°=0
y,—Yy andv, >V = limnh_(y,Vv. )=0

To get the optimality system we define a sequence P, = n(zn — yn) such that:

Z = Pk(yn —a A T(yn,Vn))note that 3k >0;Vn e N;||p, [, <K
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Z, is a bounded sequence, so we can extract a subsequence still denoted {pn} weakly convergent towards

P as N — +o0

P”is the adjoint state.
We can prove that:

Vue Uad,<J‘V(yn,vn) —aT,(y,,V,)P,,U —vn>

+</\u(vn —Vv),u —Vn>+8n lu-v, |>0
[one can refer to [Berg] for more details].
~A:w*{a, ,2t—->w"{a 2}
Is the canonical isomorphism we recall that:

V(y,z)eVxV  (v,2),=(Y,Z)
Theorem 4.2

Assume that U < L*(R") and let (Y,V') be an optional solution of (P). then there exists
P" e L*(R") such that:

(P(v —=vd)+0aP") >0, VWeU,_

VZeky' (Y —Yy AT .2) ) 2

Such that Ky {Zek (f z)LZ(R) 0}

f'=Ay —f-Vv

Proof:

(y",V") is asolution of our problem, from (3)

vveU, (v,y,)eU,xk
(3, (i Vi V)= TV (V)P V) (v, =V V) 5, [V 20
= (f(v —vd),v)—a(P,, T V) +(v, -V ,V)+¢ | V][>0

= PV -V +V, =V ,V)+(aP,V)+¢_ || V]=0
Passage to the limit:
Use N — +00

(P(v* - vd),v) +a(p’,v)=0

= (P(V —V,)+aP",v)>0
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We can easily prove that:
(Iy(y" V) -TY (y',v)a',2-y")20,q" = op
See Bergounioux and Dietrich [ 3] th. 4.3.

= (Y =Y 2=Y )~ (d TYY V)(z-y))20

*

= —Ye2-Y)-(AY,z-y) 20
Because A'=A

=y -y,-Aq,z-y)>0,Vzek (5
Let z=z-Y ,zeky’

=(y -y,—Aq,2)>0, Vvzeky
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