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Abstract. In this paper, we consider the quasilinear delay difference equation of the form
A(an (A™x, )a)+ g,x’ =0, neN,

and obtained sufficient conditions for the oscillation for all solutions. Examples are given to illustrate the main results.
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1. Introduction

In this paper, we study the oscillatory behavior of even order quasilinear delay difference equation of the form
(1.1) A(an (A™x, )a)+qnxfn =0,neN,

where A is the forward difference operator defined by AX =X, —X, and N, = {no,no +1n,+2, } and N, isa
nonnegative integer, subject to the following conditions:

(Cl) o and [ are ratios of odd positive integers;

(C,) {qn} and {an} are positive real sequences with z: % <o and Aa, >0 forall ne N;

=n, a la
n

(Cs) {z‘n} is a nondecreasing sequence of integers and 7, <N with 7, —> o0 as N —> 0,

By a solution of equation (1.1), we mean a real sequence {Xn} defined and satisfying equations (1.1) for all

neN,. Such a solution is said to be oscillatory if it is neither eventually positive nor eventually negative and
nonoscillatory otherwise.

In [2-5, 9-11, 13, 14, 16, 17], the authors investigated the oscillatory behavior or higher order difference
equations.

In [11], the authors studied the nonoscillatory solutions fo higher order linear difference equation of the form
m
A"X, +oa X, =0

where m>2 and 6 ==+1.
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Consider the following equation

(1.2) A(4"A%, )+47°x, 5 =0.

Using matlab we found that equation (1.2) has two nonoscillatory solutions X, = {(0.5)”}, X, ={(0.383l)”} and

two oscillatory solutions X, =r"sinné, x, =r"cosn@ where r =1.2116and &=12.39". Now the question is:

Can one obtain conditions under which all solutions of equation (1.1) are oscillatory?. The purpose of this work is to give
an affirmative answer to this question. Therefore in this paper, we obtain some new sufficient conditions for the
oscillation of all solutions of equation (1.1).

In Section 2, we establish some sufficient conditions for the oscillation of all solutions of equation (1.1) and in
Section 3, we present some examples to illustrate the main results. The results established in this paper are discrete
analogue of that in [15].

2. Main Results

To obtain our main results, we need the following lemmas.

Lemma 2.1. Let {Xn} be defined for N>, and X, > Owith A"X_ of constant sign for N >n, and not identically

zero. Then, there exists an integer K, 0 <k <m with (m+Kk) odd for A"X, <0 and (m+K) even for A"x, >0
such that

(i) k <m-1implies (-<1)™ A'x >0 forall n>n,, k<i<m-1;

(ii) k >1 implies A'x, >0 foralllarge n>ny, 1<i<k-1.

Lemma 2.2. Let {Xn} be defined for N>, and X, > Owith A"x, <0 and not identically zero. Then, there exists an
integer N, =N, such that

Xn 2;
(m-=1)!

where K is defined as in Lemma 2.1. Further, if X, is increasing, then

m-1
X > ﬁ(zﬂ‘l) A", n>2""n
m-1)!

(n— nl)m’lAm’lxzm_k_ln, n>n

The proof of Lemma 2.1 and 2.2 can be found in [1].

In the sequel, we use the following notations:

=1 (s+1-n)™? 2 (s+1—n)™*
S, = , S,and Q =S12"""_ 5
“ sznai’“ ; g O Q=2

Theorem 2.1. Let M > 4, be even and (C, )—(C; ) hold. Assume that the difference equation

ml

(2.1) Ay, +4, W

is oscillatory. If
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n_1 (4-2m)B _pB(m-2) a
(22) limsup >’ | M#~“q, 2 L 54 Ao | 1,
R (m-2)’ 5
and
- n-1 a+l AR )a+l
23 | MAeqre % (AR, 1,
(23) o P Z B @) RQY |

hold for every constant M > O, then every solution of equation (1.1) is oscillatory.

Proof: Let {Xn} be a nonoscillatory solution of equation (1.1). Without loss of generality we may assume that {Xn} is
eventually positive. It follows from equation (1.1) and Lemma 2.1 that there exists three possible cases:

(i) x, >0, Ax >0, A"™'x >0, A"x <0 and A(an (Am’lxn )a) <0;
(ii) x, >0, Ax. >0, A"?x >0, A""'x <0 and A(an (A"‘*lxn )“)s 0;
(iii) X, >0, ijn <0, AHXn >0 for every odd integer j=212,..,n—s and A"'x <0,

A(an (Am’lxn )a)S Oforall n>n,.

Assume that Case(i) holds. From Lemma 2.2, we have

m-1
(2.4) X”:(m 11)|a1/a(2:l) ay “A™x

n?'

22
where n=n, =2m"1n1. Hence by equation (1.1), we see thaty, :an(Am’lxn) is a positive solution of the

difference inequality

m-1 s
Tn a
Ay, +4, CEr yo'* <0, nxn,.

Tn

Therefore by Lemma 5 of Section 2 in [9], the difference equation

B

m-1

(m—1)ta;

Tn

yrﬂn/a =0

Ay, +4,
has an eventually positive solution for N> N, . This contradicts the fact that (2.1) is oscillatory.
Assume Case(ii) holds. Define the function W, by

a, (A" %)
(2.5) wo=-n— M/ p>p

n ! =1

)

Then W, <0 for N> n,. Taking into consideration that &, (Am_lxn) is decreasing, we have
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1/ m-1 1/ m-1
a ‘A" <a “A"X,, s=nx=n,.

n?
Dividing the above inequality by ai’“ and summing from n to ¢ —1, we obtain

=" 1
m-2 m-2 Ua A m-1
A", AT +al e AT Y ——

s=n a’s
Letting £ — o0, we have
m-2 1/a A m-1
0<A™ X, +a “A""X 0,.
or

1/a p m-1
Ca ATX, 5 <1
Am—ZX n—=*

Then, by (2.5), we obtain
(2.6) -0 W, <1.

In view of (2.5), we have

A(an (A”“lxn )a )(A”“an )a ~a, (A'“‘lxn )a A(A”“an )a

Aw, = — —
(A™%%, ) (A" *X,.1 )
A(an (A™x, )a) a, (A%, )’ ((A”“mel ) =(amx, )a)
o) (A ) ()
A(an (Am—lxn) ) an (Am 1Xn) an (Amflxn)
= - +
(Am72 Xn+1 )a (Amizxn ) (Am*Z Xn+l )a
x” (A”"an )a
(2.7) SO, W, W,
(Amizxm—l) (Amizxm—l)

we observe that since Am’lxn <0, we deduce that Am’zxn is decreasing. Therefore A""ZXn >A"?x >0 and

n+1

m-2 a
A™2x
W —————< W forall n > n,.
A™2x )
n+1

Hence, (2.7) becomes
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On the other hand, by Lemma 2.2, we get

1 nm—Z
Xn > WWAI“_ZX”’ n= n2 = 2m—2 nl.
m-Z2)!
Thus we have
X > 1 Tm—2 24—2m Am—ZX
T (m _ 2)| n 7, !

for sufficiently large N >N, > N,. Then, there exists a constant M >0 such that

Vi m-2 B
(4-2m) A X
Aw, < —q, [—2 rm‘zJ —( )

" (m-1)1" (am2x,)"
2(4—2m) B
—qn{—(m 1)Ir{,“2] M7 nx>n,.

Multiplying the above inequality by o and summing from N, to N—1, we obtain

n-1 n1 5 214-2mp (m-2)p
SEW, —SW, = WASY +» Mg ———— 7" 5% <0
Vg Z Z ((m-1)1)°
or
- o(4-2m)p AS“
Z Mﬂ—aqs—ﬂrs(m—z)ﬂé‘sa +ias Sé‘r?wn +1<1.
s=ny, ((m_l)l) 65 o

By using (2.5) and fact that AJ," < O, which contradicts to (2.2).
Assume Case(iii) hold. Taking into consideration that @, (Am_lxn )a is nonincreasing, we have

a’ A" x <a’“A™'x , s>n>n
or

/a A m-1
a’“A" X
m-1 n n
ATX < ———

a

S
Summing the last inequality from n to ¢ —1, we have

1

al/0¢ )

S

-1

m-2 m-2 Ua pAm-1

A", —A"x, <a) A X Y
s=n

Letting ¢ — oo, we get
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= 1
m-2 o A m-1
0-A™?x, <a“A™'x > —-

s=n “g

or
m-2 Ua pm-1
—A"X, <a “ATTX O,

Summing the above inequality from N to oo, we have

m-3 1/a Ao m-1 S
—A"3X, = - AT DS,

n

Again summing the last inequality from N to oo atotal of (N—4) times, we have

(m-4)
(2.8) ~AX, > -a/ A" X Z(Hl n) Y
= (m-4)!

Summing the above inequality from N to oo implies that

(2.9) —ar“A™'x z(s+1 )" 3)5.
' & (m=3)r ¢
Define
a (A™x )"
(2.10) u, :M.

XG(

n

Then U, <0 forall n>n,, we have

Aun _ A(an (A:lxn) )_ n+1 (Aam_: n+1)a AX:.
X XX

n+1

Using (1.1) and (2.10) in the last inequality, we have

X, AX
(2.11) AU, <~ —>—U,,, —
Xn Xn

By Mean Value Theorem, we have
AX? = ot “AX,,.

where X, <t <X ,,.Since & =1, we have

n+1
(2.12) AX? > ax “AX, .
Again using the inequality (2.12) in (2.11), we obtain

AX

n
o« aun+1 X

n n

a
Tn

Au, <,
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Using the inequality (2.8) in the last inequality, we have

a

X
Au, <—q, 1+1/052(S+1 n)
X s=n

(m-4)
AL
4)!

We observe that AX, <0 and 7, <N, then there exist a constant M >0, such that

n+1
n

X; (s+1 n)m*
" 11/
AU < O — o rﬁ nilaz s
n s=n )
(m-4)
_ 11/ (S+l n)
_anﬂ ‘-a nilaz ) 55'
s=n

Multiplying the above inequality by R” and summing the resulting inequality from 1, to N —1, we have

Ry, — Ry Au, —ZR“M“ +aZu R (AR,) aZR“ Uy Q,

or

n-1
(213) Rfu,—RIAu —aZu R (AR,)+ D RIM P +aZR“ uryeQ, <0.
s=n; s=n, s=n

a+l a a+l
— B
By setting A=R”Q,, B=—(AR,)R™ and V=—U,. Using the inequality Av « — BVZ—(QTF
a+

A>0 in (2.13), we have

n— a+l a+l
Zl M#qRS ——Z (4R,) <R°u_ +1<1.
= (@+)*" RQ o

Letting the limit supreme in the last inequality, we get a contradiction to (2.3). This completes the proof.

From Theorem 2.1, we obtain the following corollaries.

Corollary 2.1. Let m>4 be even, and (C,)—(C,) hold. Further, assume that =/ and 7, =n—K, K is a
positive integer. If

e m-1\% a
(2.14) lim supi q, (T; ) >((m=-1)1)°* (Lj :

(2.15) limsup > | g, Z—Sﬂéj‘ + A5; >1,

and
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- n-1 a+l AR a+l
(2.16) limsup 3| a,R;" - (ail _ ( - SQ)"‘ >1

hold, then every solution of equation (1.1) is oscillatory.
Corollary 2.2. Let &> 8, M >4 beeven, and (C,)—(C,) hold. Assume that

B

-1 m-1
. Ts
(2.17) lim sup Y. q, S| =
s=ny -

If (2.2) and (2.3) hold for every constant M > O, then every solution of equation (1.1) is oscillatory.
3. Examples
In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the fourth order difference equation

(3.1) A(e”A‘°‘xn ) +(n+1)e"*x,_,=0,n>3,

Here a, =€",q, =(n+1)e"", 7. =n-1, m=4 and o= B=1. Itis easy to see that all conditions of Corollary
2.1 are satisfied. Hence every solution of equation (3.1) is oscillatory.

Example 3.2. Consider the fourth order difference equation

n-1

(3.2) A(e"Ax, )3 +(n+1)e 3 x,,=0,n>3.

n-1
Here @, =e",q, =(n+De ®, 7, =n-1, m=4, a=3 and f=1. Itis easy to see that all conditions of Corollary
2.2 are satisfied. Hence every solution of equation (3.2) is oscillatory.
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