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1. Introduction.

LetH (U )be the class of analytic functions in the open unit disk U ={z C:|z|<1} , and let
H [a; p]be the subclass of H (U ) consisting of functions of the form :
zP (ae),

f(z)=a+az’+a, ,

For simplicity, H [a] =H [a;1]. Also, let A(p) denote the class of functions f (z) of the form

(1.1) fz)=2"+Yaz"" (peN={L2.})

Which are analytic and p-valentinU .

If f,geH U),we say that the function f is subordinate to g ,or the function g is superordinate tof , if
there exists a Schwarz function @, ie, weHU) withw(0)=0 and |w(z)|<LzeU, such that

f (z)=9(w(z)) for all z €U . This subordination is usually denoted by f (z)<g(z). It is well known
that, if the function g is univalent in U, then f (z) < g(z)is equivalent tof (0)=g(0) and f U)cgU)
(cf., e.g., [9], see also [5]).
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Supposing that p, h are two analytic functions in U , let
o(r,s,t;2):C*xU - C.

If p(z)and (p( p(z),zp'(z),zzp"(z);z)are univalent functions in U and p(z) satisfies the second-order
differential subordination

(1.2) h(z)<e(p()zp'(2).2°p"(2)i2),

then p(z) is called to be a solution of the differential superordination (1.2). An analytic function q(z) is
called a subordinant of the solution of the differential superordination (1.2) , if q(z) < p(z) for all the
functions p(z) satisfying (1.2). A univalent subordinant ¢ that satisfies q(z) < ¢(z) for all of the subordinants
g of (1.2), is called the best subordinant (cf., e.g., [9], see also [5]).

Recently, Miller and Mocanu [10] obtained sufficient conditions on the functions h, g and ¢ for which
the following implication holds:

h(z)<e(p@).2p'(2).2°p'(2);2)=a(z) < p().
For functions f; (z)eA(p), given by
f@)=2"+Ya, 2" (j=12),
n-1
we define the Hadamard product (or convolution) of f,(z) and f,(z) by

(f,*f,)(z)=z°" +§:an’lanvzz P =(f,*f,)(z) (zeV).

n=1

In terms of the Pochhammer symbol (&) given by

1, (n=0)
(9)”={9(9+1)....(9+n—1), (neN={1,2,..}),

we now define a function @, (a,c 'z )by

(1.3) ¢p(a,c;z):zp+i

(aeRiceR\Z,;Z, ={0,-1-2,..};z€U).

With the aid of the function ¢, (&,C;z ) defined by (1.3), we consider a function ¢, (a,c;z )given by
the following convolution

p

9, (a,c;z)*¢, (ac;z)= (A>-p;z V)
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which yields the following family of linear operators | ,f (a, C) :

(1.4) 1/ (a.c)f (2)=g,(aciz)*f(2) (aceR\Zy;A>—p;z eU).

For a function f (z) € A(p), given by (1.1), it is easily seen from (1.4) that

(1.5) 1) (a,c)f (z)=2" +imapmz P (z eU),

(a), (),

which readily yields the following properties of the operator | ; (a, C) :

(1.6) z (17@c)f@2) =(2+p)1;*@c)f (2)-Al}@c)f (2)
and
(1.7) z (17 @+Le)f (z))' =al/(a,c)f z)—-(a-p)l(@a+Le)f (2).

The operator | ; (a, C) was introduced and studied by Cho et al. [6].

We observe that:

1°(p.DF (2) =12 (p +1f (2) =F ()12 (p.f () =2 ;Z)’

22f '(2)+z2% '(z) .
p(p+1)

O g,

1o (p.Df ()=

I)@+1Df (z)= p]

1) (@,a)f (z)=D""7f (z) (neN,n>-p),

Where D"*P*f (z) is the Ruscheweyh derivative of (n+ p —1)th order, see[8].Many interesting result of

multivalent analytic functions associated with the linear operator | ; (a, c) have been studied in [6].

Also we observe that:
(i) I°(1,l)f(z) = I1(2,1)f(z) = f(2), Il(l,l)f(z) = zf'(z),

I2(1,1)f(z)=%(22f'(z)+22f"(z));
(i) 17(u+2.0f (2)=F,(f )(2) (> 1), where
F(F)2) = ‘;—tlzjtﬂlf ()it (see [3]):

(i) 1°(n+1Df(2) =1, f (z)(n eN, =N U{0}) (Noor integral operator,see[13]);)

(iv) 1 (u+2,Df (z)=1I aul @)A>-Lu>-2) (Choi —Saigo —Srivastavaoperator,see [7]).
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Recently many authors ([1], [11], [12] and [14]) have used the results of Bulboac™a [4] and shown some
sufficient conditions applying first order differential subordinations and superordinations.

The main object of the present paper is to find sufficient condition for certain normalized analytic functions
f(2),9(z )in U such that1 ; (a,c)g (z) =0 for 0<|z|<1 and satisfy

I (@,c)f (z)
I, @c)g()

where q,, g, are given univalent functions in U. Also, we obtain the number of known results as their special
cases.

G, (2) < <0,(2),

2. Definitions and preliminaries.

In order to prove our results, we shall make use of the following known results.

Definition 1 ([9]). Denote by Q, the set of all functions f that are analytic and injective on U\ E(f), where

E(f)={geau lim f(z)=oo}

and are such that

f'(¢)=0 forg e AU \E(f).

Lemma 1 ([10]). Let q be univalent in the unit disk U and let 6 and ¢ be analytic in a domain D containing
q(V) with ¢(w) =0 when o eq(U). Set

v (2) =129 (2)p(q(2)) and h(z) =(a(2)) +y(2).
Suppose that
(1) w(2)isstarlikeunivalentinu,

(ii) Re{Zhl((ZZ))} >0, zeU.
%

If pisanalyticin Uwith p(0)=q(0),pU) <D and

(2.1) 0(p(2)) +zp (2)p(p(2)) < 6(a(2)) + 29 (2)(a(2)),
then

p(z) < a(z)
and q is the best dominant.

Lemma 2 ([4]). Let q be convex univalent in the unit disk U and let 6 and ¢ be analytic in a domain D
containing gq(U). Suppose that
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(i)Re CACIC) I PRy
»(d(2)) ’ ’

(i) w(z)=2q9 (2)e(q(z)) isunivalent inU .
If peH[q(0),]]~Qwith pU)cDand 8(P(z))+zp (z)@(p(z)) is univalent in U and
(2.2) 0q(z))+2q (2)e@(z)) < 0(p(2)) +2p (2)p(p(z)),
then
q(z)=< p(2),
and q is the best subordinant of (2.2).
3. Subordination results.

Using Lemma 1, we first prove the following theorem.

Theorem 1. Leta # 0, # > 0 and q(z) be convex univalent in U with

g(0) = 1. Further assume that

3.1) {ﬂ Pa +2q(z)+( Zq"(z)j}w (z eU).
q(z)

If f,9eA(p) satisfy

3.2) y(.9,a,0)<(B-pa)a(z)+aq’(z)+az (2),

Where

@ef @) (17@o) @) i
I, (a,c)g(z)

y( 9.0, 8)=(B-(p+Da)-L 1/(2,c)g(z)

(3.3) +a(A+p+ )—Ip+ @of @)

1/ (a,.c)g(z)
—a(3ep) 17 (a, c)g(z)[l“l(ac)f (Z)J
1/(ac)g(z) | 1](ac)g(z)
then
17 (a,c)f(2) <q(2)
1/ (a,.c)g ()

And g is the best dominant.
Proof. Define the function p(z) by
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1M @) (2)
S 1(ac)g(2)

Then the function p(z) is analytic in U and p(0) = 1. Therefore, differentiating (3.4) logarithmically with
respect to z and using the identity (1.6) in the resulting equation, we have

(3.4) p(z) (z €V).

| (a,c)f (z) I (@,c)f (z)

oo |” P o)
| (a,c)f (z) 1% (a,c)g(z)
(3.5) +a(A+ p+1)—I p“l(a,c)f(z) —a(A+ —I,f(a,c)g(z)

=(B-pa)p()+ap’(z)+azp (z).

By using (3.5) in (3.2), we have
(36) (B-pa)p@)+ap®(z)+azp (2)=<(B-pa)i(z)+aq’(z)+az (2).
By setting

(o) = a0’ +(f-pa)o and p(w)=a

we can easily observe that 6(w) and ¢(w) are analytic in C\{0} and that ¢(w) = 0 . Hence the result now
follows by using Lemma 1.

Remark 1. Putting A =0, a = ¢ =1 and taking f (z) =g(z)(z €U)in Theorem 1, we obtain the result obtained
by Murugusundaramoorthy and Magesh [9, Corollary 2.9].

Putting f(z) =g(z)(z€U)in Theorem 1, we obtain the following corollary.

Corollary 1. Let =0, >0 and g be convex univalent in U with q(0) = 1 and (3.1) holds true. If
f e A(p) satisfies

| (@,c)f (z) 1% (a,c)f (z) I (@,c)f (z) ’
(p=(p+Da) 17 @c)f ) raldvp+l I7@c)f ) _a(“p_l)i |7 (@c)f (z)] then

< (B-pa)@(z)+aq’(z)+az(z),
1" (a,c)f(2)

1) (a,c)f () =a()

and q is the best dominant.

Putting a =+ p +1(x >—(p +1))and c =1 in Theorem 1, we obtain the following corollary.

Corollary 2. Let =0, >0 and g be convex univalent in U with q(0) = 1 and (3.1) holds true. If
f,g e A(p) satisfy

n 9,08 =<(B-(P+Da)q(z)+a0’(z)+azq (z)
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where

I /1+1,/1f | ’1+1v/1f 2
7t g,a ) =(B—(p+Da)-2 (Z)m[ : (z)]

37 - Ip"‘g(Z)ﬂl Ip"‘gl(f)
+a(/1+p+1)w—a(l+ Ipi’f(z)(lpl'f(z)}
1179(2) 11%9@) [ 1;79()
then
Ip“"’f(z)
W<Q(Z),

and g is the best dominant.
Puttinga = + p+1 (4>-p ), c =1 and A = p in Theorem 1, we obtain the following corollary.

Corollary 3. Let ¢ #0,£>0 and g be convex univalent in U with q(0) = 1 and (3.1) holds true. If
f,g e A(p) satisfy

7,(f. 9,0, 8)<(B-a+au)q(z)+aq’(z)+az (z),

where
f f i
7(f.9.af)=(f-arou)g ((gz))(z)”[F ((gz))(z)J
(38) H“,p H“.p
o zf (z) —a(u+p) 0(z) f(z) .
F..(9)2) F..(9)2)F,,(9)z)
then
f(2)
—Fﬂ‘pg(z)<Q(Z),

and q is the best dominant.

Corollary 4. Let =0, >0and g be convex univalent in U with q(0) = 1 and (3.1) holds true. If
f e A(p) satisfies

7 (fLa, B)=<(B-pa)uz)+aq’(z)+azq'(z),

where
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f(z) iy zf '(z)

e P)=Pmar e 60y F 0@

3.9) —a(u+p —1)(%]

then
f(z)
— .~ =a(@), (#>-p),
F..(F)2) ( )
and g is the best dominant.

4. Superordination and sandwich results.

Theorem 2. Let o # 0, > 0. Let g be convex univalent in U with g(0) = 1. Assume that

pa—p
(4.1) Re{q(z)}> Re{m}.
1 (a,c)f () . .
Let f,g eA(p), eH [q(0),1]NQ ,Let ¥( f,g,c, B) be univalent in U and
1) (a,c)g(z)
(4.2) (B-pa)a@z)+aq’(z)+ezq'@)=<y(f .9, ),

where y(f, g, a, B) is given by (3.3), then

1% (ac)f (2)
I (a,c)o(z)

4.3) q(z)=<

and q is the best subordinant.

Proof. Let p(z) be defined by (3.4). Therefore, differentiating (3.4) with respect to z and using the identity
(1.6) in the resulting equation, we have

y(f.9.a,8)=(B-pa)p(z)+ap®()+azp'(2),
then
(B-pa)a@)+aa’(z)+azq'(z) < (B-pa)p@)+ap’(@)+az p(@).
By setting 8(w) = aw’ +(S—pa)w and p(w)=a, itis easily observed that &(®) is analytic in C. Also,
@ () is analytic in C\{0} and that ¢ () # 0.. Since q(z) is convex univalent, it follows that
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0'0@)| _n.[B-P2
RE{m}—Re{ o +2q(2)}>0 (Z eU )

Now Theorem 2 follows by applying Lemma 2. D
Putting f(z) = g(z) (z € U) in Theorem 2, we obtain the following corollary.
Corollary 5. Let « # 0, #>1and g be convex univalent in U with g(0) = 1 and (4.1) holds true.

I (a,c)f (z)

Let f e A(p), o @)

eH [q(0),1]NQ.

Let

I (@,c)f (z)
—I;“(a,c)f A +a(A+p+1)

1 @c)f (2))
I (ac)f (z) )

1% (a,c)f (z)

y(f .. B)=(8-(p+Da) 1 /(@a,c)f ()

—a(A+p —1)[

be univalent in U and

(B-pa)a(z)+aa®(2)+azq'@z) <y (f . B),
then
I (@,c)f (z)
Q(Z)<m,

and g is the best subordinant.
Putting a = p +p+1 (1 > —(p+1)) and ¢ =1 in Theorem 2, we obtain the following corollary.
Corollary 6. Let « =0, # > 0and g be convex univalent in U with q(0) = 1 and (4.1) holds true.

Lt g eAp). 2 )
e s T —————
M NFTE)

(B-pa)a(@)+aq’(z)+azq ()< (f .9, B),
Where y,(f ,9,a, f)isgiven by (3.7) , then

eH [q(0),1]NQ.Let »,(f ,g,a, B)be univalent in U and

I p“l’”f (z)
O Tk

and q is the best subordinant .

Putting a= u+ p+1(x>—(p+1),c=1and A= in Theorem 2, we obtain the following corollary.
Corollary 7. Let a # 0, #>1and q be convex univalent in U with q(0) =1 and (4.1) holds true.

f 2)

Let f g EA(p) , m

eH [q(0),1]NQ. Lety,(f,g,a, ) be univalentin U and
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(B-pa)(@)+aq’(z)+azq (z) <y, (f .9, B),
Where y,(f ,9,a, B)is givenby (3.8), then

f(z)

) =@y

and g is the best subordinant .

Putting f(z) = g(z) (z € U)in Corollary 7,we obtain the following corollary .

Corollary 8. Let o # 0, #>1and q be convex univalent in U with q(0) = 1

and(4.1) holds true. Letf < A(p),% eH [q (O),l]mQ.Let 7.(f ., p)

be univalent in U and
(B-pa)q@)+aq’(z)+az (2)=<7(f ,a, B),

where y,(f , e, £)is givenby (3.9),

f(z)

@O

(1 >-p).

and g is the best subordinant .

We conclude this section by stating the following sandwich result.

Theorem 3. Let g1 and g2 be convex univalent in U, a #0and B > 1. Suppose q2 satisfies (3.1) and ql
satisfies (4.1). Moreover, suppose

I (@,c)f (z)
17(a,c)g ()
and ¥(f,g,a, ) isunivalentinU. If f,g eA(p) satisfy

eH[11]NQ

(B-pa),(z)+e0,’(2)+azd, (2) < y(f .9, B) < (B—pa)d,(z) +am,’(z) +ozq (2),

where y(f, g, a, B) is given by (3.3),then

I (@,c)f (z)
1;@c)g ()

and g1, g2 are, respectively, the best subordinant and the best dominant.

G (2) < <0,(2)

By making use of Corollaries 2 and 6, we obtain the following corollary.

Corollary 9. Let ql and g2 be convex univalent in Ua = 0and S >1. Suppose q2 satisfies (3.1) and gl
satisfies (4.1). Moreover, suppose
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1" (a,c)f(2)
1#(a,c)9()
and y1(f, g, a, B) is univalent in U. If f ,g € A(p) satisfy

eH [11]NQ

(B-pa)a,(z)+am,’ (@) +azq,(2) < n(f .9, B) < (B-pa)d,(z) +ad,’ (@) +azd,(2),

where 3, (f , g, «, B)is givenby (3.7),then
I;“l"‘f (z)
19 (z)

and ¢, q, are, respectively, the best subordinant and the best dominant.

G (2) < <0,(z) (#>—(p+1)

By making use of Corollaries 3 and 7, we obtain the following corollary.

Corollary 10. Let gand g, be convex univalent in U, o #0,and >1. . Supposeq, satisfies (3.1) and Q,
satisfies (4.1). Moreover, suppose

Dy

F (o " HNe
7,(f,9,,p) isunivalentin U. If f,g eA(p) satisfy
(B-pa)a,(z) +a'q12 (z )aqu'(Z )=<7.(f.9,a,B8)<(B-pa)d,(z) +aq22(z )azqzl(z ):
where y,(f,9,, ) isgiven by (3.8), then

f(z)
F.»(9))

and q,,q, are, respectively, the best subordinant and the best dominant.

G (z) < <0,(z) (u>-p)

By making use of Corollaries 4 and 8, we obtain the following corollary.

Corollary 11. Let g,and g, be convex univalent in U, =0and £ >1. Supposed, satisfies (3.1) and Q,
satisfies (4.1). Moreover, suppose

@)y
F.o ()@ L1Ine

And y,(f ,a, ) isunivalentin U , f € A(p) satisfies
(B-a)q,(2) +aq12 (2) +0£Zl'(2) <7(f, 0, B) < (B-)q,(2) +0(q22(2) +a22-(z)
Where y,(f,a, ) isgiven by (3.9), then

f(z)

F @) <0,(z) (#>-p)

Gy (z) <
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and q,,q, ,are respectively, the best subordinant and the best dominant.

Remark 2. Putting p=1, we obtain the results obtained by ] Aouf and El-ashwah [2].
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