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Abstract

In this paper, we solved the coupled sine-Gordon equation of fractional order. The
fractional derivatives are described in the Caputo sense. The methods are homotopy
analysis method (HAM) and modified decomposition method (ADM). We use the
numerical simulation to compare these solutions.
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1. Introduction

It is difficult to solve nonlinear problems actually, but we can solve it analytical-
ly. Homotopy analysis method (HAM) is applied for analytic solution. The Homotopy
analysis method (HAM) was first proposed by Liao in his Ph.D. thesis in 1992 [1, 2].
This method used to solve many types of homogeneous or non homogeneous equa-
tions, nonlinear partial differential equations (PDE) in engineering and science [3-7].
Also, many types of PDE with HAM by others [8-22]. And the HAM solutions for
systems of nonlinear fractional differential equations were presented by Bataineh et al
[23]. HAM applied to linear, homogeneous one and two-dimensional fractional heat-
like subject to the Neumann boundary conditions [24]. The HAM contains a certain
auxiliary parameter 7 which give us with a simple way to control the convergence
region and the rate of convergence series of solution. In this paper, we will use Homo-
topy analysis method and modified decomposition method (in short MDM) to obtain
the fractional solution of the coupled sine-Gordon equation.

Also the decomposition method provides an effective procedure for analytical solu-
tion of a wide and general class of the dynamical systems representing real physical
problems [25-30]. This method efficiently works for initial-value or boundary-value
problems and for partial differential equations and for linear or nonlinear. A reliable
modification of Adomian decomposition method has been done by Wazwaz.

2. Preliminaries

In this paper, we shall consider the fractional order coupled sine-Gordon equa-
tions in the form
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Uy —uX2X =—o67sin(u—w), 2.1)

W, —C“W,, =sin(u—w),
Which was introduced by Khusnutdinova and Pelinovsky [31]. The coupled sine-
Gordon equations generalize the Frenkel-Kontorova model [32, 33]. The system (2.1)
by c=1 was used to describe the open states in DNA [34]. In order to solve these sys-
tem we will use the homotopy analysis method (HAM), It is one of the most effective
method to obtain the exact solution. HAM contains an auxiliary parameter# , which
help us to adjust and control the convergence region of series solution. Also the de-
composition method for solving coupled sine-Gordon equation has been implemented.
By using a number of initial values, The solution is calculated in the form of conver-
gent power series with easily computable components. The method performs in terms
of simplicity, efficiency, stability and accuracy.

3. Fractional calculus

In the fractional calculus the basic mathematical ideas (integral and differential
operations of noninteger order) were developed long ago by mathematicians Leibniz
(1695), Liouville (1834), Riemann (1892), and the attention of the engineering world
by Oliver Heaviside in the 1890s. The first book on this theme was posted by Oldham

and Spanier. Here we state some of definitions of fractional calculus.

Definition 3.1. The operator I." defined on the usual space L [a,b] by
I“f(x)_—j(z )= f(t)dt,

121 (x) = f(x)

is called the Riemann-Liouville fractional integral operator of order « , we mention
the following properties for f € L [a,b], &, >0, and y > —1:

M 117 f(x) =17 £(x)
Q117 f(x) =171 “f(x)
I'(y+1
INa+y+1)

a+y

) 1*x” =
Definition 3.3. The Caputo sense is defined as

D“f(x)=1"“ D" f(x) —(—j(x )™ £ M (1) dit

Definition 3.4. The Caputo derivative is defined as
Jt' m —-a+l a U(X t)
0“ u(x,t) F(m —-a)s

ot " u(x,t)
atm ’

., form-1l<a<m
D“u(xt) =

forc =meN
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Definition 3.5. For a homotopy —Maclaurin series ¢ = u,q"
k=0

It holds the recursion formulas

(D, (") =e”*

@)D, ) =3 (1-$)u, D, (e),

Where m >1is an integer, and « = 0 is independent of the homotopy-parameter g.

(3) D, (Sing) = Sinu,
@D, (Sing) =3 A~ )u,, (4)D,Cos

4. (1) Fundamentals of the Homotopy analysis method
The basic idea of HAM, we will consider the following differential equation
N[u(x,t)]=0 4.1)

where N is nonlinear operators, x and t refer to the independent variables and u is
known function. Liao constructs the so-called zero-order deformation equation

(1= p) LI(xt; p) —uo (X, ] p7e H (x,1) N[¢(x, t; p)] (4.2)

Where p €[0,1] is embedding parameter, 7% = 0is a non-zero auxiliary parameter, L is
an auxiliary parameter, H(x,t) = 0 denotes a nonzero auxiliary function, u,(x,t)is an
initial guess of u(x,t)and ¢(x,t, p)is an unknown function. When p=0 and p=1, it
holds ¢ (x,t,0) =u, (x,t), ¢(x,t,1) =u(x,t) . Thus as p increase from 0 to 1, the solu-
tion u(x, t) varies from the initial guess u,(x,t) Expand ¢(x,t, p)in Taylor series
with respect to p, one has

BXLP) = Uy (1) + DUy (X0 P @3
Where
oy L200)
m aq” oo

If the auxiliary linear operator, auxiliary parameter 7 , the initial guess and the aux-
iliary function are chosen, then the series () convergence at p=1 so we have

u(x,t) =uy(x,t) +ium(x,t)

It must be one of the solutions of the nonlinear equation, as proved by Liao. Define
the vector
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u,” = (U (X, £),u; (X, 1),u, (X, 1) U, (x,1)).

Differentiate the zeroth-order deformation equation (4.2) m-times with respect to p
then dividing them by m! and setting p=0 so we get

L[um(x’t) _Im um—l(xit)] = h Rm (urﬁ—l)i (44)

Where

N 1 0™ IN[s(X,t,

Ro(U7) == [o(x P
m! op |p=0
And
B 0, m<i
In =11 ms1

After we applying the Riemann-liouville integral operator |“on both side of Eq (4.4)
we have

Up = Zm Una (GO + TR (U7)]
(1) The analysis of modified decomposition method
We consider the coupled sine-Gordon equations (1) in the operator form

L,u=L,u—35°N(u,w),

) (4.5)
L,w=c"L,w+N(u,w),
0? 0?
Where L,u = e L, = P represent the linear differential operators and
X

N (u,w) = sin (u—w) represent the nonlinear operator.

t t
Applying the integration inverse operator Ltt’1 = I()_[(o) dtdt to the Equ (4.5) and
0 O

using the initial conditions
u(x,t) =u(x,0)+tu, (x,0)+ L, 'L u—5&%L, "N(u,w) 46)
w(x,t) =w(x,0) +tw, (x,0)+¢ 2L, "L w+ L, "N(u,w) '

The Adomain decomposition method [29, 30] assumes an infinite series solution for
the function u(x, t) and w(x, t) as

u(xt)= iun(x,t)
n=o 4.7

w(x,t) = iwn(x,t)
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AndN(u,v) =D A (Ug, Uy, Uy, Ug,oeeeeeee. U, Wy, Wy, Wy e, w,), where A is the
n=0

Adomian's polynomial, that we can defined it in the general formula as

_1d [N(i/lkuk,iikwk)]bzo, n>0 (4.8)

Uy, U, U, u.,Wy,W,,....... W )=—
An(o 142 n» Wor Vg n) nl dA” —

We can give the first few Adomian polynomials for N(u,w) =sin(u —w) as

A, =sin (U, — W)

A = (u; —w;)cos (uy —wp)
2 2
A, = (u, —w,)cos (U, —W,) +U,w, sin (U, —w,) —%sin (Up —W,) —WTlsin (Up —W,)

As = (us —W3)COS(UO _WO)_(ul _Wl)(u2 _Wz)Sin (uo _Wo)_%(ul _W1)3 COS(UO _Wo)

and so on, the ret polynomial can be calculate in similar manner. Substituting the ini-
tial conditions into (3) and select the zeroth components u, andw,, So we obtain the

Subsequent components as
u, =L L.u -8°L, " (A), n=0 9
w,=c’L, L, w +L,(A), n=0 '

Wazwaz [31] proposed the construction of the zeroth component of the decomposi-
tion series in a different way. In [35], he assumed that if the zeroth component u, =g

where the function g is divided into two parts such as g, and g, so we will have the
modified recursive scheme as

U, =0,
u =9, + I—nil Lxx Uy _52|—n71(Ao)
u,=L L,u -8°L, " (A) nx1 (4.10)

Similarly, if the zeroth components w, = g"and the function g’ can be divide in to

! !
two parts such as g, and g, so we have the modified recursive scheme as

!/

W, =0,
W, =9, +L Lew, —5°L, " (A) (4.12)
W = I—tt_l Lxx W, _52 Ltt_l(An)’ n>1

This type of modification helps us to solve complicate nonlinear differential equa-
tions. It avoids the unnecessary computation especially in calculation of the Adomian
polynomials. The decomposition series (4.7) solutions are generally converge very
rapidly in real physical problems [36]. This rapidity of this convergence means that
few terms are required.

5. Implementation of the methods
Example 1. Consider the following fractional coupled sine-Gordon equation
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Diu-u, +&%sin(u—-w) =0 5.0)
Dfw-c’w, —sin(u-w)=0 1<a<2, —owo<x<ow, t>0
Subject to initial condition
u(x,0) = Acosk X, w(x,0) =0
u,(x,0)=0 w, (x,0) =0

We adopt modified decomposition method for solving Eq. (5.1). In the light of this
method we can write

u,(x,t)=0
W, (X,t) =0
u,(x,t)=u(x,0)+ L, L, (u)- %L, (A)) = Acosk x

w, (X, 1) = ¢ L, "L, (W) + L, (A) =0

§ i} —A(k?+06%)coskx _,
u, (X,t) = L, ' Lo (ul)_52 Ly l(Al) B ( [« +3-) t
Acoskx

INa+1)

W, (X,t) =c’ Ltt_lex (Wl) + Ltt_l(Al) =

2(Kk2 2 2 2 2
Uy 060) = Ly Ly (U) = 87 L, () = K LCE )OO (o AT [ 2008 KX o

I'2ax +1) I'2a +1)
§ § —Ac’k®coskXx,,, A@l+k*+5%)coskx,,,
(00 =67 Ly L) Ly () = e e ARTC 9 S

Also

And so on, in this manner the other components of the decomposition series can be
easily obtained of which u(x, t) and w(x, t) were evaluated in a series form

— A(k? +5%)cosk x @ Ak ?(k? +5%)cosk x (2, AS? (A+k?+5%)cosk X o,

u(x,t) = Acosk x

['a+1) I'2a +1) ['2a +1)
Wix.t) = Acoskxta — Ac®k? coskxt2a CA@+K? +52)coskxt2a N
' INa+1) I'2a +1) rQa+1y 777 ’

Follow immediately with the aid of Mathematics.
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Also with Homotopy analysis method and by using Egs. (4.2- 4.4) we could be able to
calculate some of the terms of the homotopy series as:-

Uy (X,t) =u(x,0) = Acosk x
W, (X, t) =w(x,0) =0
u,(x,t) =x,u, —1u

a

+1)

+8%1% sin(u, —w,)]

0xx

= ,[Acosk X + (Ak? cosk x + &7 sin (Acosk x))]

—h,t”
INa+1)

W, (X,t) =71, [w, —c? 19w, —1%sin(u, —w,)] = sin[Acosk x]

u,(x,t)=Q+7x,)u, —a,[1%u
hl
T T(a+)MQ2a+1)

1xx +52| a(ul _W1)005(uo _Wo)]

[t“T(2c +1) (Acosk x(k* +2 7,k* — 521, cos(Acosk x)

+8%(L+hy) sin(Acoskx)+%F(a +1)(2A@L+7,)cosk XxIT'(2ar +1) +t** (2 AK? 1,

(k? cosk x+ As?sin® k xsin (Acosk X + 62 (=5°h, + 1, )sin (2 Acosk x)))]

WZ(X,'[) = (1+h2)W1 _hz[czl an _(ul _Wl) sin (uo _Wo)]

XX

=—h,t"[Q+7%, - Ah,cosk x)T'(2a +1) sin (Acosk x)]

6. Numerical evaluation and discussion

The fractional solution of the coupled sine-Gordon Eg.(5.1) have been shown in Fig. 1
with help of ¢, and ‘¥, for the decomposition series solution of u(x,t) and w(x,t). We
have assumedc =0.5 A=1, k=1, 6 =05 a =2. We have drawn by using Mathe-
matica.

Volume 6, Issue 4 available at www.scitecresearch.com/journals/index.php/jprm 837|




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

.
gl

(b) (b)

Fig. 1. The behavior of: (a) u(x, t) and (b) w(x, t) obtained by by ADM for coupled sine-Gordon at
A=1c¢c=05k=La=2,6=05

Also we will represent the behavior by using the homotopy analysis method

(©) (©)
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Fig..2. The behavior of: (c) u(x, t) and (d) w(x, t) obtained by HAM
h,=-01,h,=-1, a=2,A=1c=05,6=05, k=1
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Fig.3.The comparison of the u(x, t) obtained by HAM and ADM at (a) t =0, (b)t=0.2
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Fig.4.The comparison of the u(x, t) obtained by HAM and ADM at (¢) t = 0.4, (d)t=0.6
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Conclusion

In this paper, we were used ADM and HAM for finding the fractional solution for the coupled
sine-Gordon with the initial conditions. The approximate solution to the equations has been
calculated without any need to linearization of the equations and any need to transformation
techniques. This method eliminates the difficulties and huge computation work. The series
solution can be easily computed using any mathematical symbolic package. The decomposi-
tion method is straightforward. It provides more realistic series solutions that is converge very
rapidly in real physical problems. HAM is a very powerful and efficient technique for finding
solutions for wide classes of nonlinear problems in the form of analytical expressions and
displays a rapid convergence for solution. Many of the result achieved in this paper confirm
the idea that is a powerful mathematical tool for solving different kinds of nonlinear problem
emerging in various fields of science and engineering. HAM provides highly accurate numer-
ical solutions for nonlinear problems, in a comparison with other methods. This method
avoids linearization and physically unrealistic assumptions
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