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1. Introduction and Preliminaries

The existence of equilibria is an abstract economy with compact strategy sets in R™ was proved by G. Debreu
[3]. Since then many generalization of Debreu’s theorem appeared in many directions (see

[41,[5]1.[12],[13].[14].[15],[16],[17],[18], and the references therein).

The purpose of this paper is to give some new common equilibrium existence theorems for pair of non-
compact abstract economies with an uncountable number of agents with an general constraint
correspondences and preference correspondences. Our results improve and generalize some known results in
literature[4,11,16,18].

Now we give some notations and definitions that are needed in the sequel.

Let A be a subset of a topological space. We shall denote by 24 and A the family of all subsets of A and the
closure of A in X, respectively. If A is a subset of a topological vector space X, we shall denote by coA and
coA the convex hull of A and the closed convex hull of A, respectively.

Let X,Y be two topological spaces and T:X — 2¥ be a multivalued mapping.T is said to be upper
semicontinuous (respectively, almost upper semicontinuous) if for any x € X and any open set V in Y with
T(x) c V, there exists an open neighborhood U of x in X such that T(z) c V (respectively, T(z) c V) for
z € U. Obviously, an upper semicontinuous multi- valued mapping is almost upper semicontinuous (see
[12],[16]). T is said to be lower semicontinuous if for any open set V in Y, the set {x € X:T(x) NV # @} is
open in X. It is clear that T is upper semicontinuous (respectively, lower semicontinuous), if and only if for
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any open set (respectively, closed set) M in Y, the set {x € X: T(x) c M} is open (respectively, closed) in X.
T is said to have open graph in X x Y if the set {(x,y):x € X,y € T(x)}isopenin X x Y.

An abstract and socio-economy are a family of quadruples T; = (X;;A;,Bi;Pis1)ier and
I = (Xi; Ai, Bis Paig2)ier respectively, where | is a finite or an infinite set of agents, X; is a nonempty
topological space (a choice set), A;, Bi: X = [[jeiX; — 2Xi are constraint correspondences and Py; 1, Pyi2: X =
2%i are preference correspondences. A common equilibrium of T and T, is a point £ € X, such that for each
i €1,%; € B;(®) and Py 11 () N A;(R) = B; Pyi42(R) N A; () = 0.

I = (Xi; Pais1)ier and I = (Xi; Prig2)ier are said to be a pair of qualitative game if for any i € [, X; is a
strategy set of player i, and Py, Poj12: X = [[jerXj 2%i are preference correspondences of player i. A
common maximal element of I'; and I, is a point X € X, such that Py;,1(X) N Py, (X) = @ foralli € I.

Lemma 1.1.[11]

Let I be an index set. For each i € I, let X; be a nonempty convex subset of a Hausdorff locally convex
topological vector space E;,D; a nonempty compact subset of X; and S;, T;: X = [Jxe; Xk — 2Pi are two
multivalued mappings with the following conditions:

(1) forany x € X, @ # coS;(x) c T;(x),

(2) S; is almost upper semicontinuous.
Then there exists a point X € D = [Jx¢/Dk, such that x; € T;(X) forall i € I.
Lemma 1.2.[18]

Let I be an index set. For each i € I, let X; be a nonempty convex subset of a Hausdorff locally convex
topological vector space E;, D; a nonempty compact metrizable subset of X; and S;, T;: X = [[xe/ Xk — 201 are
two multivalued mappings with the following conditions:

(1) forany x € X, @ # coS;(x) c T;(x),
(2) S; is lower semicontinuous.

Then there exists a point £ € D = []Jx¢/Dk, such that x; € T;(X) forall i € I.

2. Common Equilibrium Existence Theorems
In this section, we give some new common equilibrium existence theorems for pair of abstract economies.

Theorem 2.1. Let I7 = (X;; A;, B;; Pyiy1)ier and I = (X;; A;, B;; Pyiy2)ier be a pair of generalized games
(abstract economy), where | be any index set such that for each i € I:

(1) X; be a nonempty convex subset of a Hausdorff locally convex topological vector space E; and D; is a
nonempty compact subset of X;.

(2) For all xeX = HiEIXi'PZH-l(x) C Di and P2i+2(X) C Di'Ai(x) C Bi(X) C Di' and Bi(X) is
nonempty convex.

(3) ThesetW; = {x € X: A;(x) N Py;11(x) # @ and 4;(x) N Py; 4, (x) # @ }isopenin X.
(4) The mappings H;, G;: X — 2Pi, defined by

H;(x) = A;(x) N Py 41 (x)

and

Gi(x) = Ai(x) N Py yp(x),Vx EX

are upper semicontinuous and B;: X — 2Pi is upper semicontinuous.

(5) For eaCh X € VVL"xi € E(AL (X) N P2i+1 (X)) and aISO X E E(AL(X) N P2i+2(X)).
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Then I; and T, have a common equilibria point, i.e, there exists a point X € D = II;¢;D;, such that x; €
Bi(f);P2i+1(5C\) n AL(J,C\) = w and PZH—Z()?) n AL(J,C\) = ¢ for a“ i € I

Proof. Foreachi € I and x € X, let

S.(x) = {gzg%n Pyi1(%), ll]]:jcf ; MM;Z
and
T.(x) = {E (A;(x) N Pyiyq(x)), if x eW,
' B;(x), if x & W,.

Then, S;, T;: X — 2Pi are two multivalued mappings with nonempty values and coS;(x) < T;(x) for all x € X.
Now, we prove that S; is upper semicontinuous. In fact, for each open set V in D;, the set
fxeX:Si(x)cV}={xeW:A,(x)NPy(x) cV}IU
{x € X\\W;: B;(x) c V}
c{xeW;:Hx)cV}iu{xeX:B;(x)cV}.

On the other hand, when x € W; and H;(x) c V, we have S;(x) = H;(x) c V. When x € X and B;(x) c V,
since H;(x) < B;(x), we know that S;(x) < V and so

{xeW:H(x)cV}Uu{xeX:Bi(x) cV}c{xeX:S;(x)cV}
Therefore,
{xeX:S;(x)cV}={xeW;:H;(x) cV}U{x € X:B;(x) cV}
=W,n{xeX:H(x)cV}iu{xeX:B;(x) cV}

Since H; and B; are upper semicontinuous, the sets {x € x: H;(x) c V} and {x € X: B;(x) c V} are open. It
follows that {x € X:5;(x) c V} is open and so the mapping S;: X — 2P: is upper semicontinuous.

By Lemma 1.1, there exists a point X € D = [];¢; D;, such that, X; € T;(x) for all i € I. By Condition (5), we
have fi € Bl()/C\) and P2i+1(5e) N AL(J/C\) == @ for a" l € I

Similarly, it can be established that for each i € I, X; € B;(X) and P,;,,(X) N A;(X) = @, i.e.,, I} and I, have
a common equilibria point. This completes the proof of Theorem.

Theorem 2.2. Let I7 = (X;; A;, B;; Pyiy1)ier and I, = (X;; A;, B;; Pyiy2)ier be a pair of generalized games
(abstract economy), such that for each i € I, the following conditions are satisfied.

(1) X; is a nonempty convex subset of a Hausdorff locally convex topological vector space E; and D; is a
nonempty compact metrizable subset of X;.

(2) For all xeX = l—IiEI Xi!PZH—l(x) [ Di and P2i+2(.X') [ Di ,Ai(.X) C Bi(X) C Di and Bi(x) is
nonempty convex.

(3) ThesetW; = {x € X: A;(x) N Py;11(x) # @ and 4;(x) N Py; 4o (x) # @ }is closed in X.

(4) The mappings A4;: X — 2P (respectively, Py; 1, Psiro: X — 2P0) is lower semicontinuous, Py; 1, Pyji2
(respectively, A;) have open graph in X x D;, and B;: X — 2Pi is lower semicontinuous.

(5) Foreach x € W, x; & to(A;(x) N Py;41(x)) and also x; & co(A4;(x) N Py (x)).

Then [; and I, have a common equilibria point, i.e, there exists a point X € D = I1;¢;D;, such that x; €
Bi(X); Pyi ;1 (X)) NA;(X) =@ and Py, (%) NA;(X) =@ forall i el.

Proof. Foreachi € I and x € X, let
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(A (x) N Pyipq(x), if xeW,
Si(x) = {Bi(x), 2i+1 AP
and
T.(x) = €0 (4;(x) N P41 (x)), if x €W,
i(x) _{Bi(x)’ if x & W,

Then, S;, T;: X — 2Pi are two multivalued mappings with nonempty values and coS; (x) < T;(x) for all x € X.
From Condition (4) and [19, Lemma 4.2], we know that the mapping H;: X — 2P defined by

Hi (.X') = Ai (.X') n P2i+1 (x),Vx eX
is lower semicontinuous.

Now, we prove that S; is lower semicontinuous. In fact, for each closed set V in D;, as in the proof of
Theorem 2.1, we have

xeX:Si(x)cV}={xeW:A4,(x)NPy1(x) cV}IU
{x € X\W;:B;(x) c V}
={xeW;:H((x)cV}iu{xeX:B;(x)cV}
=W, n{xeW;:H;(x)cV}u{x €X:B;(x) cV}.

Since H; and B; are lower semicontinuous, the sets {x € X: H;(x) c V} and {x € X:B;(x) c V} are
closed. It follows that {x € X:S;(x) < V} is closed and so the mapping S;: X — 2Pi is lower semicontinuous.

By Lemma 1.2, there exists a point X € D = [];¢; D;, such that, x; € T;(X) for all i € 1. By Condition (5), we
have fi € Bl()/C\) and P2i+1(5e) N AL(J/C\) == @ for a" l € I

Similarly, it can be established that for each i € I, X; € B;(X) and P,;,,(X) N A;(X) = @, i.e.,, I and I, have
a common equilibria point. This completes the proof of Theorem.

Theorem 2.3. Let I7 = (X;; 4;, B;; Pyiv1)ier and I = (X;; A;, B;; Pyiv2)ier be a pair of generalized games
(abstract economy), such that for each i € I, the following conditions are satisfied.

(1) X; be a nonempty convex subset of a Hausdorff locally convex topological vector space E; and D; is a
nonempty compact subset of X;.

(2) For all xeX= HiEIXi'PZH—l(x) C Di and P2i+2 (.X) C Di'Ai(x) C Bi (X) C Di, P2i+1 (X) and
P,; 42 (x) are convex and B;(x) is nonempty convex.

(3) ThesetW,; = {x € X: A;(x) N Py;;1(x) #= @ and A;(x) N Py;,»(x) # @ }isopenin X.
(4) The mappings B;, Pyi11, P2i+2: X — 2Pi are almost upper semicontinuous.
(5) Foreach x € W;,x; & B;(x) N Py;41(x) and also x; & B;(x) N Py (x).

Then [; and I, have a common equilibria point, i.e, there exists a point X € D = I1;¢;D;, such that x; €
Bi(X); Pyi ;1 (X)NA;(X) =@ and Py, (%) NA;(X) =@ forall i €l.

Proof. Foreachi € I and x € X, let

T,(x) = {Bi(x) N Pyip1(x), if x €W,
L m: lfxevvl

Then, T;: X - 2P is a multivalued mapping with nonempty closed convex values. Since B; and P,;,, are
two almost upper semicontinuous multivaled mappings with convex values, by [12, Lemmas 1 and 2], we
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know that B; and P,;,, are upper semicontinuous. Hence, B; N P, is upper semicontinuous by [1,
Proposition 3.1.7 and Theorem 3.1.8]. As in the proof the Theorem 2.1, we know that T; is upper
semicontinuous.

Define mapping T: X — 22 by T(x) = [];e; T;(x),V x € X,

then T is an upper semicontinuous multivalued mapping with nonempty closed convex valued by [9, Lemma
3]. Therefore, by applying Himmelberg’s fixed-point theorem [10], there exists a point X € D = [];¢; D;,
such that, X; € T;(x) for all i € I. By Condition (5), we have X; € B;(x) and P,;,1(X) N 4;(X) =@ for all
i el

Similarly, it can be established that for each i € I, £; € B;(X) and P,; . ,(X) N 4;(X) = @, i.e.,, [} and I, have
a common equilibria point. This completes the proof of Theorem.

Remark: In Theorem 2.1-2.3, when A;(x) = B;(x) = X; for all x € Xandi € I, we can obtain some new
common existence theorems of maximal element for qualitative games.
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