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Abstract 
Our aim in this paper is to apply Al-Tememe Transformations to solve linear ordinary differential equations 
(LODE) with variable coefficients using without any initial conditions. 

 

1. Introduction 

We can use Al-Tememe transformation (𝒯.T) to solve (LODE)  with variable coefficients without using any initial 

conditions, this method summarized by taking (𝒯.T) to both sides of the equation with simplistic and taking inverse Al-

Tememe transformation (𝒯−1 . 𝑇) to both sides, so we obtain the solution of (DE) whose solution required. 

2. Preliminaries 

Definition 1:  1  

Let 𝑓 is defind function at period (𝑎, 𝑏)then the integral transformation for𝑓 whose it′s symbol 𝐹(𝑝) is defined as: 

𝐹 𝑝 =  𝑘 𝑝, 𝑥 𝑓 𝑥 𝑑𝑥
𝑏

𝑎

 

Where 𝑘 is a fixed function of two variables, called the kernel of the transformation, and 𝑎, 𝑏 are real numbers or ∓∞ , 

such that the integral above converges. 

Definition 2: 3  

The Al-Tememe transformation for the function 𝑓 𝑥  ; 𝑥 > 1 is defined by the following integral: 

𝒯 𝑓(𝑥) =  𝑥−𝑝∞

1
𝑓 𝑥 𝑑𝑥 = 𝐹(𝑝), 

such that this integral is convergent , 𝑝  is positive constant. 

 

 

 

http://www.scitecresearch.com/journals
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Property of this transformation 1 : 𝟑  

This transformation is characterized by the linear property ,that is 

𝒯 𝐴𝑓 𝑥 + 𝐵𝑔(𝑥) = 𝐴𝒯 𝑓(𝑥) + 𝐵𝒯 𝑔(𝑥)  , 

Where  𝐴 , 𝐵  are constants, the functions  𝑓 𝑥   , 𝑔(𝑥)    are defined when  ;   𝑥 > 1. 

The Al-Tememe transform of some fundamental functions are given in table(1) 3  : 

Regional of 

convergence 

𝑭 𝒑 =  𝒙−𝒑𝒇 𝒙 𝒅𝒙 =
∞

𝟏

𝓣𝒇(𝒙)  
Function ,𝒇(𝒙) ID 

𝒑 > 1  
𝑘

𝑝−1
  𝑘; 𝑘 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  1 

𝒑 > 𝑛 + 1   
1

𝑝−(𝑛+1)
  𝑥𝑛    , 𝑛 ∈ 𝑅  2 

𝒑 > 1  
1

(𝑝−1)2
  𝑙𝑛 𝑥  3 

𝒑 > 𝑛 + 1  
1

 𝑝−(𝑛+1) 2
  𝑥𝑛 𝑙𝑛 𝑥 , 𝑛 ∈ 𝑅    4 

𝒑 > 1  
𝑎

(𝑝−1)2+𝑎2
  𝑠𝑖𝑛(𝑎 𝑙𝑛 𝑥)  5 

𝒑 > 1  
𝑝−1

(𝑝−1)2+𝑎2
  𝑐𝑜𝑠(𝑎 𝑙𝑛 𝑥)  6 

 𝒑 − 𝟏 > 𝑎  
𝑎

(𝑝−1)2−𝑎2
  𝑠𝑖𝑛𝑕(𝑎 𝑙𝑛 𝑥)  7 

 𝒑 − 𝟏 > 𝑎  
𝑝−1

(𝑝−1)2−𝑎2
  𝑐𝑜𝑠𝑕(𝑎 𝑙𝑛 𝑥)  8 

Table 1. 

From the Al-Tememe definition and the above table, we get: 

Theorem1: 

If 𝒯  𝑓 𝑥  =  𝐹(𝑝) and 𝑎is constant, then 𝒯 𝑥−𝑎𝑓 𝑥  = 𝐹(𝑝 + 𝑎).see [3] 

Definition 3:  𝟑  

    Let 𝑓(𝑥) be a function where ( 𝑥 > 1) and 𝒯 𝑓(𝑥) = 𝐹 𝑝 , 𝑓(𝑥) is said to be an inverse for the Al-

Tememe transformation and written as  𝒯−1 𝐹 𝑝  = 𝑓(𝑥)  , where  𝒯−1returns the transformation to the 

original function. 

Property 2: 𝟑  

   If  𝒯−1 𝐹1(𝑝)  = 𝑓1 𝑥 ,  𝒯−1 𝐹2(𝑝)  = 𝑓2(𝑥),…, 𝒯−1 𝐹𝑛(𝑝)  = 𝑓𝑛(𝑥) and 𝑎1, 𝑎2 , … , 𝑎𝑛are constants then,  

 𝒯−1 𝑎1𝐹1 𝑝 + 𝑎2𝐹2 𝑝 + ⋯ + 𝑎𝑛𝐹𝑛 𝑝  = 𝑎1𝑓1 𝑥 + 𝑎2𝑓2 𝑥 + ⋯ + 𝑎𝑛𝑓𝑛 𝑥 , 

Definition 4:  𝟒  

The equation,  
𝑎0𝑥

𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎1𝑥

𝑛−1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1
+ ⋯ + 𝑎𝑛−1𝑥

𝑑𝑦

𝑑𝑥
+ 𝑎𝑛𝑦 = 𝑓 𝑥 , 

 
Where 𝑎1 , 𝑎2 , … , 𝑎𝑛  are constants and 𝑓(𝑥) is a function of 𝑥 , is called Euler’s equation. 
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Theorem 2: 𝟑  
     If the function 𝑓(𝑥) is defined for 𝑥 > 1 and its derivatives 𝑓 1  𝑥 , 𝑓 2  𝑥 , … , 𝑓 𝑛  𝑥  are exist then:  

 

𝒯 𝑥𝑛𝑓 𝑛  𝑥  = −𝑓 𝑛−1  1 −  𝑝 − 𝑛 𝑓 𝑛−2  1 − ⋯−  𝑝 − 𝑛  𝑝 −  𝑛 − 1  … ( 𝑝 − 2 𝑓 1 

+ (𝑝 − 𝑛)! 𝐹(𝑝) 
We will use Theorem(2)  to prove that  

                                  𝒯(𝑙𝑛 𝑥)𝑛 =
𝑛!

(𝑝−1)𝑛+1 ;     𝑛 ∈ ℕ 

if    𝑛 = 1 ⟹ 𝒯 𝑙𝑛 𝑥 =
1

 𝑝 − 1 2
                      ( Table1)                                  … (1) 

If  𝑛 = 2   ⟹ 𝑦 = (𝑙𝑛 𝑥)2         ⟹  𝑦 1 = 0 

𝑦′ = 2 𝑙𝑛 𝑥 .
1

𝑥
=

2

𝑥
𝑙𝑛 𝑥            ⟹   𝑥𝑦′ = 2 𝑙𝑛 𝑥  

                                       𝒯 𝑥𝑦′ = 2𝒯(𝑙𝑛 𝑥) = 2 ∙
1

(𝑝−1)2 =
2

(𝑝−1)2  

∵ 𝒯 𝑥𝑦′ = −𝑦 1 +  𝑝 − 1 𝒯 𝑦   ⟹  𝒯 𝑥𝑦′ =  𝑝 − 1 𝒯 𝑦   

  ∴   𝑝 − 1 𝒯 𝑦 =
2

 𝑝 − 1 2
  ⟹   𝒯 𝑦 =

2

 𝑝 − 1 3
=

2!

 𝑝 − 1 3
… (2) 

If  𝑛 = 3      ⟹ 𝑦 = (𝑙𝑛 𝑥)3         ⟹  𝑦 1 = 0 

                                𝑦′ = 3 (𝑙𝑛 𝑥)2  ∙
1

𝑥
=

3

𝑥
(𝑙𝑛 𝑥)2       ⟹   𝑥𝑦′ = 3 (𝑙𝑛 𝑥)2   

                                                𝒯 𝑥𝑦′ = 3 𝒯(𝑙𝑛 𝑥)2 = 3.
2

(𝑝−1)3 =
6

(𝑝−1)3  

                                         ∵    𝒯 𝑥𝑦′ =  𝑝 − 1 𝒯 𝑦   

 𝑝 − 1 𝒯 𝑦 =
6

(𝑝 − 1)3
⟹ 𝒯 𝑦 =

6

(𝑝 − 1)4
=

3!

(𝑝 − 1)4
…                                                            (3) 

    ⁞                               ⁞                                 ⁞                               ⁞ 

    ⁞                               ⁞                                 ⁞                               ⁞ 

    ⁞                               ⁞                                 ⁞                               ⁞ 

Also,      𝑦 = (𝑙𝑛 𝑥)𝑛         ⟹  𝑦 1 = 0 

𝑦′ = 𝑛 (𝑙𝑛 𝑥)𝑛−1  ∙
1

𝑥
     ⟹   𝑥𝑦′ = 𝑛 (𝑙𝑛 𝑥)𝑛−1  

𝒯 𝑥𝑦′ = 𝑛 𝒯(𝑙𝑛 𝑥)𝑛−1 = 𝑛 ∙
 𝑛−1 !

 𝑝−1 𝑛
=

𝑛!

 𝑝−1 𝑛
  

∵ 𝒯 𝑥𝑦′ =  𝑝 − 1 𝒯 𝑦  

∴  𝑝 − 1 𝒯 𝑦 =
𝑛!

(𝑝 − 1)𝑛
         ⟹ 𝒯 𝑦 =

𝑛!

(𝑝 − 1)𝑛+1
                                         … (𝑛) 

 

∴ 𝒯(𝑙𝑛 𝑥)𝑛 =
𝑛!

(𝑝−1)𝑛+1
;     𝑛 ∈ ℕ  

Also we will use Theorem(2)  to find 𝒯 𝑥𝑚  𝑙𝑛 𝑥 𝑛   ;     𝑛, 𝑚 ∈ ℕ 
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The first case: If  𝑛 = 1 

𝒯 𝑥𝑚 𝑙𝑛 𝑥 =
1!

 𝑝− 𝑚+1  2
; 𝑚 ∈ ℕ  Table1  

The second case: If  𝑛 = 2 To find 𝒯 𝑥𝑚  𝑙𝑛 𝑥 2  

If  𝑚 = 1     ⟹ 𝒯 𝑥 𝑙𝑛 𝑥 2  

Consider,      𝑦 = 𝑥 𝑙𝑛 𝑥 2 ⟹  𝑦 1 = 0  

                                 𝑦′ = 𝑥 ∙ 2 𝑙𝑛 𝑥 ∙
1

𝑥
+  𝑙𝑛 𝑥 2    ⟹   𝑥𝑦′ = 2𝑥 𝑙𝑛 𝑥 + 𝑥 𝑙𝑛 𝑥 2                 

                        𝒯 𝑥𝑦′ = 2𝒯 𝑥 𝑙𝑛 𝑥  + 𝒯 𝑦 = 2 ∙
1

 𝑝−2 2 + 𝒯(𝑦)  

                    ∵ 𝒯 𝑥𝑦′ =  𝑝 − 1 𝒯 𝑦  ⇒  𝑝 − 1 𝒯 𝑦 =
2

 𝑝−2 2 + 𝒯 𝑦             

                  ⟹  𝑝 − 2 𝒯 𝑦 =
2

 𝑝 − 2 2
    ⟹ 𝒯 𝑥  𝑙𝑛 𝑥 2 =

2

 𝑝 − 2 3
 …                                         (4) 

If    𝑚 = 2   ⟹  𝒯 𝑥2 𝑙𝑛 𝑥 2  

Consider,   𝑦 = 𝑥2 𝑙𝑛 𝑥 2 ⟹   𝑦 1 = 0    

𝑦′ = 𝑥2 ∙ 2 𝑙𝑛 𝑥 ∙
1

𝑥
+ 2𝑥 𝑙𝑛 𝑥 2  ⟹  𝑥𝑦′ = 2𝑥2 𝑙𝑛 𝑥 + 2𝑥2 𝑙𝑛 𝑥 2 

                                      𝒯 𝑥𝑦′ = 2𝒯 𝑥2 𝑙𝑛 𝑥  + 2𝒯(𝑦) = 2 ∙
1

 𝑝−3 2 + 2𝒯(𝑦)  

∵ 𝒯 𝑥𝑦′ =  𝑝 − 1 𝒯 𝑦  ⟹  𝑝 − 1 𝒯 𝑦 =
2

 𝑝−3 2 + 2𝒯 𝑦   

               ⟹  𝑝 − 3 𝒯 𝑦 =
2

 𝑝 − 3 2
    ⟹ 𝒯 𝑥2 𝑙𝑛 𝑥 2 =

2

 𝑝 − 3 3
                                       … (5) 

If   𝑚 = 3 ⟹ 𝒯 𝑥3 𝑙𝑛 𝑥 2  

Consider,      𝑦 = 𝑥3 𝑙𝑛 𝑥 2 ⟹   𝑦 1 = 0 

𝑦′ = 𝑥3 ∙ 2 𝑙𝑛 𝑥 ∙
1

𝑥
+ 3𝑥2 𝑙𝑛 𝑥 2 ⟹  𝑥𝑦′ = 2𝑥3 𝑙𝑛 𝑥 + 3𝑥3 𝑙𝑛 𝑥 2 

 

𝒯 𝑥𝑦′ = 2𝒯 𝑥3 𝑙𝑛 𝑥  + 3𝒯 𝑦 = 2 ∙
1

 𝑝−4 2 + 3𝒯(𝑦)  

 𝑝 − 1 𝒯 𝑦 = 2 ∙
1

 𝑝 − 4 2
+ 3𝒯 𝑦 ⟹  𝒯 𝑥3 𝑙𝑛 𝑥 2 =

2

 𝑝 − 4 3
 …                  (6) 

                                   ⁞                               ⁞                                 ⁞                               ⁞ 

                                   ⁞                               ⁞                                 ⁞                               ⁞ 

                                   ⁞                               ⁞                                 ⁞                               ⁞ 

 

𝒯 𝑥𝑚  𝑙𝑛 𝑥 2 ; 𝑚 ∈ ℕ  ⇒ 𝑦 = 𝑥𝑚  𝑙𝑛 𝑥 2 ⟹   𝑦 1 = 0  

𝑦′ = 𝑥𝑚 ∙ 2 𝑙𝑛 𝑥 ∙
1

𝑥
+ 𝑚𝑥𝑚−1 𝑙𝑛 𝑥 2 ⟹  𝑥𝑦′ = 2𝑥𝑚  𝑙𝑛 𝑥 + 𝑚𝑥𝑚  𝑙𝑛 𝑥 2 
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𝒯 𝑥𝑦′ = 2𝒯 𝑥𝑚  𝑙𝑛 𝑥  + 𝑚𝒯 𝑦 = 2 ∙
1

 𝑝 − (𝑚 + 1) 2
+ 𝑚𝒯(𝑦) 

                                         𝑝 − 1 𝒯 𝑦 = 2 ∙
1

 𝑝− 𝑚+1  2 + 𝑚𝒯 𝑦   

                                 ⇒ 𝒯 𝑥𝑚  𝑙𝑛 𝑥 2 =
2!

 𝑝− 𝑚+1  3
; 𝑚 ∈ ℕ  … (𝑚)  

Note: These cases are also true for 𝑚 ∈ ℚ 

The third case: To find  𝒯 𝑥𝑚  𝑙𝑛 𝑥 3  

If    𝑚 = 1 ⟹ 𝒯 𝑥 𝑙𝑛 𝑥 3  

Consider,     𝑦 = 𝑥 𝑙𝑛 𝑥 3 ⟹  𝑦 1 = 0  

𝑦′ = 𝑥 ∙ 3 𝑙𝑛 𝑥 2 ∙
1

𝑥
+  𝑙𝑛 𝑥 3 ⟹  𝑥𝑦′ = 3𝑥 𝑙𝑛 𝑥 2 + 𝑥 𝑙𝑛 𝑥 3  

                        𝒯 𝑥𝑦′ = 3𝒯 𝑥 𝑙𝑛 𝑥 2 + 𝒯 𝑦 = 3 ∙
2

 𝑝−2 3 + 𝒯(𝑦)  

        ⟹  𝑝 − 1 𝒯 𝑦 =
3!

 𝑝−2 3
+ 𝒯 𝑦   

        ⟹  𝑝 − 2 𝒯 𝑦 =
3!

 𝑝 − 2 3
    ⟹ 𝒯 𝑥  𝑙𝑛 𝑥 2 =

3!

 𝑝 − 2 4
 … (7) 

If    𝑚 = 2 ⟹ 𝒯 𝑥2 𝑙𝑛 𝑥 3  

Consider,     𝑦 = 𝑥2 𝑙𝑛 𝑥 3 ⟹   𝑦 1 = 0   

                     𝑦′ = 𝑥2 ∙ 3 𝑙𝑛 𝑥 2 ∙
1

𝑥
+ 2𝑥 𝑙𝑛 𝑥 3 ⟹ 𝑥𝑦′ = 3𝑥2 𝑙𝑛 𝑥 2 + 2𝑥2 𝑙𝑛 𝑥 3 

           𝒯 𝑥𝑦′ = 3𝒯 𝑥2 𝑙𝑛 𝑥 2 + 2𝒯(𝑦) = 3 ∙
2

 𝑝−3 3 + 2𝒯(𝑦)  

 𝑝 − 1 𝒯 𝑦 = 3 ∙
2

 𝑝−3 3 + 2𝒯 𝑦   ⟹ 𝒯 𝑥2 𝑙𝑛 𝑥 3 =
3!

 𝑝−3 4                                               … (8)  

If    𝑚 = 3 ⟹  𝒯 𝑥3 𝑙𝑛 𝑥 3  

Consider,    𝑦 = 𝑥3 𝑙𝑛 𝑥 3 ⟹   𝑦 1 = 0   

𝑦′ = 𝑥3 ∙ 3 𝑙𝑛 𝑥 2 ∙
1

𝑥
+ 3𝑥2 𝑙𝑛 𝑥 3      

𝑥𝑦′ = 3𝑥3 𝑙𝑛 𝑥 2 + 3𝑥3 𝑙𝑛 𝑥 3 ⟹  𝒯 𝑥𝑦′ = 3𝒯 𝑥3 𝑙𝑛 𝑥 2 + 3𝒯(𝑦)  

                                 = 3 ∙
2

 𝑝−4 3 + 3𝑇(𝑦)             

 𝑝 − 1 𝒯 𝑦 = 3 ∙
2

 𝑝 − 4 3
+ 3𝒯 𝑦   ⟹ 𝒯 𝑥3 𝑙𝑛 𝑥 3 =

3!

 𝑝 − 4 4
 … (9) 

                                              ⁞                               ⁞                                 ⁞                               ⁞ 

                                              ⁞                               ⁞                                 ⁞                               ⁞ 

                                              ⁞                               ⁞                                 ⁞                               ⁞ 

𝒯 𝑥𝑚  𝑙𝑛 𝑥 3  

Consider   ⟹  𝑦 = 𝑥𝑚  𝑙𝑛 𝑥 3 ⟹   𝑦 1 = 0   

𝑦′ = 𝑥𝑚 ∙ 3 𝑙𝑛 𝑥 2 ∙
1

𝑥
+ 𝑚𝑥𝑚−1 𝑙𝑛 𝑥 3 ⟹ 𝑥𝑦′ = 3𝑥𝑚  𝑙𝑛 𝑥 2 + 𝑚𝑥𝑚  𝑙𝑛 𝑥 3 
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𝒯 𝑥𝑦′ = 3𝒯 𝑥𝑚  𝑙𝑛 𝑥 2 + 𝑚𝒯(𝑦) = 3 ∙
2

 𝑝 − (𝑚 + 1) 3
+ 𝑚𝒯(𝑦) 

                                           𝑝 − 1 𝑇 𝑦 = 3 ∙
2

 𝑝− 𝑚+1  3 + 𝑚𝑇 𝑦   

                                   ⇒ 𝒯 𝑥𝑚  𝑙𝑛 𝑥 3 =
3!

 𝑝 −  𝑚 + 1  4
  ; 𝑚 ∈ ℕ  … (𝑕) 

    ⁞                               ⁞                                 ⁞                               ⁞ 

    ⁞                               ⁞                                 ⁞                               ⁞ 

    ⁞                               ⁞                                 ⁞                               ⁞ 

Gradually we find now 
𝒯 𝑥𝑚  𝑙𝑛 𝑥 𝑛    ; 𝑚 ∈ ℕ  , 𝑛 ∈ ℕ 

Consider,  𝑦 = 𝑥𝑚  𝑙𝑛 𝑥 𝑛 ⟹ 𝑦 1 = 0 

𝑦′ = 𝑥𝑚 ∙ 𝑛 𝑙𝑛 𝑥 𝑛−1 ∙
1

𝑥
+ 𝑚𝑥𝑚−1 𝑙𝑛 𝑥 𝑛 ⟹ 𝑥𝑦′ = 𝑛𝑥𝑚  𝑙𝑛 𝑥 𝑛−1 + 𝑚𝑥𝑚  𝑙𝑛 𝑥 𝑛  

𝒯 𝑥𝑦′ = 𝑛𝒯 𝑥𝑚  𝑙𝑛 𝑥 𝑛−1 + 𝑚𝒯 𝑦 = 𝑛 ∙
(𝑛 − 1)!

 𝑝 −  𝑚 + 1  𝑛
+ 𝑚𝒯 𝑦  

 

 𝑝 − 1 𝒯 𝑦 = 𝑛 ∙
(𝑛 − 1)!

 𝑝 −  𝑚 + 1  𝑛
+ 𝑚𝒯 𝑦  

 

𝒯 𝑥𝑚  𝑙𝑛 𝑥 𝑛 =
𝑛!

 𝑝 −  𝑚 + 1  𝑛+1
   ;  𝑚 ∈ ℕ  , 𝑛 ∈ ℕ 

 

How to use Al-Tememe Transformation for solving (LODE) without using any initial 

conditions 

   We can generalized the idea of the researcher Mohammed [2] to find solution of an ODEs that have constant 

coefficients without using any initial conditions by using Laplace transform 

   Suppose we have a linear ordinary differential equation (LODE) of order (𝑛) with variables coefficients it’s 

from : 

                 𝑎0𝑥
𝑛𝑦 𝑛 + 𝑎1𝑥

𝑛−1𝑦 𝑛−1 + ⋯ + 𝑎𝑛−1𝑥𝑦′ + 𝑎𝑛𝑦 = 𝑓 𝑥                                               … (10)  

    

Without using any initial conditions, that is mean 𝑦 1  , … , 𝑦 𝑛−1  1 , 𝑦 𝑛 (1)  are unknown and the Al- 

Tememe transformation of  𝑓(𝑥)  is known. To solve equation (10) we take (𝒯.T) to both sides we get:            

                                                    𝒯 𝑦 =
𝑕 𝑝 

 𝐿 𝑝 .𝐾 𝑝  
                                                                                     …  11   

  Where as 𝐿 𝑝   is a polynomial of (𝑝) represents the denominator of (𝒯.T) of the function  𝑓 𝑥  its degree 

(𝑛) , and 𝐾 𝑝   is also a polynomial of (𝑝) its degree 𝑚so the degree of   𝐿 𝑝 . 𝑘 𝑝  equal (𝑛 + 𝑚),and 𝑕 𝑝  

is also a polynomial of 𝑝and its degree less than(𝑛 + 𝑚), and not necessary to know the terms of 𝑕 𝑝 we only 

denoted it by this symbol. Now by taking 𝒯−1 to both sides of equation (11), we get the following solution: 

𝑦 = 𝐴1𝑔1 𝑥 + 𝐴2𝑔2 𝑥 + ⋯ + 𝐴𝑛𝑔𝑛 𝑥 + 𝐵1𝑘1 𝑥 + 𝐵2𝑘2 𝑥 + ⋯ + 𝐵𝑚𝑘𝑚  𝑥                   … (12)  
   =  𝐴𝑖𝑔𝑖 𝑥 +  𝐵𝑗𝑘𝑗  𝑥 𝑚

𝑗 =1
𝑛
𝑖=1   

   Whereas 𝐴1 , 𝐴2 , … , 𝐴𝑛and 𝐵1 , 𝐵, … , 𝐵𝑚  are constants, 𝑔1 , 𝑔2 , … , 𝑔𝑛  and 𝑘1 , 𝑘2 , … , 𝑘𝑚  are functions of 𝑥. 
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The number of the constants 𝐵𝑖and the number of the functions 𝑘𝑖 , 𝑖 = 1,2, … , 𝑚 are equal to the degree of  

𝑘 𝑝 which is supposed to be (𝑚) . 

Note: Since the order of equation(10) is (𝑛), therefore its general solution contains (𝑛) constants, but the 

solution in (12) contains (𝑛 + 𝑚)  constants and to solve this problem we can eliminate some of these 

constants (𝐵1 , 𝐵, … , 𝐵𝑚 ) whose values obtaining by substituting the solution (12) in equation (10), so we get a 

solution contains (𝑛) constants (as unknown) as the required solution. By this method we get the general 

solution of equation (10) without using any initial conditions by using Al-Tememe transformation. 

Example 1: To solve the differential equation: 
                                             𝑥𝑦′ + 2𝑦 = 𝑐𝑜𝑠 𝑙𝑛 𝑥                                                                               … (13)  

By using (𝒯.T) without any initial conditions we take (𝒯.T) to both sides of it we can write: 

                                           𝒯 𝑦 =
𝑕 𝑝 

 𝑝+1   𝑝−1 2+1 
…                                                                                  (14)  

   Whereas 𝑕 𝑝   has a degree less than three,  𝑝 + 1  is the coefficients of 𝒯 𝑦  and  
1

 𝑝−1 2+1
is the denominator of 𝑐𝑜𝑠 𝑙𝑛 𝑥 . 

  By taking 𝒯−1  to both sides of equation (14)  we get the following solution : 

                               𝑦 =  𝒯−1  
𝐴

 𝑝 + 1 
+

𝐵𝑝 + 𝐶

 𝑝 − 1 2 + 1
  

So,                 𝑦 = 𝐴𝑥−2 + 𝐵𝑐𝑜𝑠 𝑙𝑛 𝑥 + 𝐷𝑠𝑖𝑛 𝑙𝑛𝑥                                                                     … (15) 
Such that  𝐷 = 𝐵 + 𝐶 
    The given equation is of order one, so the general solution of it must contain only one constant while 

equation (15) contains three constants, therefore, we should eliminate the contants B and D, for this, we get y′  

from equation (15) as follows:  

                        𝑦′ = −2𝐴𝑥−3 − 𝐵𝑥−1𝑠𝑖𝑛 𝑙𝑛 𝑥 + 𝐷𝑥−1𝑐𝑜𝑠 𝑙𝑛𝑥                                                     …  16   
And substitute 𝑦, 𝑦 ′in equation (16) to find the values of 𝐵 and 𝐷, so: 

 2𝐵 + 𝐷 = 1                                                                                                                      …  17  
−𝐵 + 2𝐷 = 0                                                                                                                      …  18  

By solving equations (17) and (18), we get: 

𝐵 = 2
5   , 𝐷 = 1

5  
Therefore the general solution of the given ODE is given by : 

𝑦 = 𝐴𝑥−2 + 2
5 𝑐𝑜𝑠 𝑙𝑛 𝑥 + 1

5 𝑠𝑖𝑛 𝑙𝑛𝑥   
This solution contains only one constant (A) and this is equal to the order of equation (13) 

Example 2: To solve the differential equation: 

 

𝑥2𝑦″ + 𝑥𝑦′ = 𝑠𝑖𝑛𝑕 2𝑙𝑛 𝑥   
 By using (𝒯.T) without any initial condition. We take (𝒯.T) to both sides of it we can write: 

                                                𝒯 𝑦 =
𝑕 𝑝 

 𝑝−1 2  𝑝−1 2−4 
                                                                               … (19)  

 Whereas h p   has a degree less than four. 

By taking 𝒯−1  of both sides of equation (19) we get: 
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𝑦 =  𝒯−1  
𝐴

 𝑝−1 
+

𝐵

 𝑝−1 2
+

𝐶𝑝+𝐷

 𝑝−1 2−4
   

⟹ 𝑦 = 𝐴 + 𝐵𝑙𝑛 𝑥 + 𝐶𝑐𝑜𝑠𝑕 2𝑙𝑛 𝑥 + 𝐸𝑠𝑖𝑛𝑕 2𝑙𝑛 𝑥  ;   𝐸 = 𝐶 + 𝐷               …  20  
   The given equation is of order two, so the general solution must contain only two constants while equation 

(20) contains four constants, therefore, we should eliminate the contants C and E, for this, we get y′ , y″  from 

equation (20) as follows:                                                                                                                                         
𝑦′ = 𝐵𝑥−1 + 2𝐶𝑥−1𝑠𝑖𝑛𝑕 2𝑙𝑛 𝑥 + 2𝐸𝑥−1𝑐𝑜𝑠𝑕 2𝑙𝑛 𝑥  
𝑦″ = −𝐵𝑥−2 + (4𝐶 − 2𝐸)𝑥−2𝑐𝑜𝑠𝑕 2𝑙𝑛 𝑥 + (4𝐸−2𝐶)𝑥−2𝑠𝑖𝑛𝑕 2𝑙𝑛 𝑥  
And after we substitute  y and  y″  in (D.E) to find the values of E, C  we get: 

𝐸 = 1
4    , 𝐶 = 0  

 
⟹ 𝑦 = 𝐴 + 𝐵𝑙𝑛 𝑥 + 1

4 𝑠𝑖𝑛𝑕 2𝑙𝑛 𝑥   
Example 3: To solve the differential equation: 
𝑥3𝑦‴ − 𝑥2𝑦″ − 2𝑥𝑦′ + 6𝑦 = 2𝑥−4  
Take (𝒯) to both sides of it and we can write: 

𝒯 𝑦 =
𝑕 𝑝 

𝑝 𝑝−4  𝑝−3  𝑝+3 
  

Where as h p   has a degree less than four. 

Taking 𝒯−1  to both sides to the last equation we get : 

𝑦 =  𝒯−1  
𝐴

𝑝
+

𝐵

 𝑝−4 
+

𝐶

 𝑝−3 
+

𝐷

 𝑝+3 
   

𝑦 = 𝐴𝑥−1 + 𝐵𝑥3 + 𝐶𝑥2 + 𝐷𝑥−4  
    The given equation is of order three, so the general solution must contain three constants while equation  

contains four constants, therefore, we should eliminate the contant  D , for this ,we get y′ , y″ , y‴  from   

equation as follows:                                                                                                                                                 
𝑦′ = −𝐴𝑥−2 + 3𝐵𝑥2 + 2𝐶𝑥 − 4𝐷𝑥−5 
𝑦″ = 2𝐴𝑥−3 + 6𝐵𝑥 + 2𝐶 + 20𝐷𝑥−6 
𝑦‴ = −6𝐴𝑥−4 + 6𝐵 − 120𝐷𝑥−7 
And after we substitutey′ ,  y″  and y‴  in (DE) to find the value of D  we get: 

𝐷 = −1
63  

⟹ 𝑦 = 𝐴𝑥−1 + 𝐵𝑥3 + 𝐶𝑥2 − 1
63 𝑥−4  

Example 4: To solve the differential equation: 
𝑥4𝑦(4) − 6𝑥2𝑦″ = 𝑥−1(𝑙𝑛 𝑥)2   
Take (𝒯) to both sides of it we can write: 

𝒯 𝑦 =
𝑕 𝑝 

𝑝3 𝑝−1 2 𝑝−2  𝑝−6 
  

Where as h p   has a degree less than seven. 

Taking 𝒯−1  to both sides of equation we get : 
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𝑦 =  𝒯−1  
𝐴

𝑝
+

𝐵

𝑝2
+

𝐶

𝑝3
+

𝐷

 𝑝−1 
+

𝐸

 𝑝−1 2
+

𝐹

 𝑝−2 
+

𝐺

 𝑝−6 
   

𝑦 = 𝐴𝑥−1 + 𝐵𝑥−1𝑙𝑛 𝑥 + 𝐶𝑥−1(𝑙𝑛 𝑥)2 + 𝐷 + 𝐸𝑙𝑛 𝑥 + 𝐹𝑥 + 𝐺𝑥5  
     The given equation is of order four, so the general solution must contain four constants while last 

equation  contains seven constant , therefore, we should eliminate the constants A, B, C, for this ,we get 

y′ , y″ , y‴ , y(4) from last equation as follows:                                                                                                         
𝑦′ = (𝐵 − 𝐴)𝑥−2 + (2𝐶 − 𝐵)𝑥−2𝑙𝑛 𝑥 − 𝐶𝑥−2 𝑙𝑛 𝑥 2 + 𝐸𝑥−1 + 𝐹 + 5𝐺𝑥4 
𝑦″ = (2𝐴−3𝐵 + 2𝐶)𝑥−3 +  2𝐵 − 6𝐶 𝑥−3𝑙𝑛 𝑥 + 2𝐶𝑥−3 𝑙𝑛 𝑥 2 − 𝐸𝑥−2 + 20𝐺𝑥3 
𝑦‴ = (11𝐵 − 6𝐴 − 12𝐶)𝑥−4 +  22𝐶 − 6𝐵 𝑥−4𝑙𝑛 𝑥 − 6𝐶𝑥−4 𝑙𝑛 𝑥 2 + 2𝐸𝑥−3 + 60𝐺𝑥2 
𝑦(4) = (24𝐴 + 70𝐶 − 50𝐵)𝑥−5 +  24𝐵 − 100𝐶 𝑥−5𝑙𝑛 𝑥 + 24𝐶𝑥−5 𝑙𝑛 𝑥 2 − 6𝐸𝑥−4 + 120𝐺𝑥 
   And after we substitute  y, y″ ,  y‴  and y(4) in (D.E) to find the values of A,B and C  we get: 
𝐴 = 169

216   , 𝐵 = 4
9   , 𝐶 = 1

12   , so 
𝑦 = 169

216 𝑥−1 + 4
9 𝑥−1𝑙𝑛 𝑥 + 1

12 𝑥−1(𝑙𝑛 𝑥)2 + 𝐷 + 𝐸𝑙𝑛 𝑥 + 𝐹𝑥 + 𝐺𝑥5 
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