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Abstract
Our aim in this paper is to apply Al-Tememe Transformations to solve linear ordinary differential equations
(LODE) with variable coefficients using without any initial conditions.

1. Introduction

We can use Al-Tememe transformation (7°.T) to solve (LODE) with variable coefficients without using any initial
conditions, this method summarized by taking (7.T) to both sides of the equation with simplistic and taking inverse Al-
Tememe transformation (7 1. T) to both sides, so we obtain the solution of (DE) whose solution required.

2. Preliminaries
Definition 1: [1]

Let f is defind function at period (a, b)then the integral transformation forf whose it's symbol F(p) is defined as:

b
F(p) = j k(p, ) f () dx

Where k is a fixed function of two variables, called the kernel of the transformation, and a, b are real numbers or Foo ,
such that the integral above converges.

Definition 2:[3]

The Al-Tememe transformation for the function f(x) ; x > 1 is defined by the following integral:

TIF)l = [, x7P f(x)dx = F(p),

such that this integral is convergent , p is positive constant.

Volume 5, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 526



http://www.scitecresearch.com/journals

Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Property of this transformation 1 :[3]
This transformation is characterized by the linear property ,that is

T[Af (x) + Bg(x)] = AT[f (x)] + BT [g(x)] ,
Where A, B are constants, the functions f(x) , g(x) are defined when ; x > 1.

The Al-Tememe transform of some fundamental functions are given in table(1)[3] :

= © 5P — .
ID Function ,f(x) Fp) = J; xPf(x)dx Regional of
Tf(x) convergence
k
1 k; k = constant —t p>1
1
2 x® ,n€R —p—(n+1) p>n+1
> nx ﬁ p>1
1
a
S5 sin(alnx) oira? p>1
p—1
6 cos(alnx) il p>1
7 sinh(a In x) (;7—16)1—2—(12 Ip—1|>a
p—1
8 cosh(aln x) —(p—l)z—az p—1|>a
Table 1.

From the Al-Tememe definition and the above table, we get:

Theorem1:

If [ f(x)] = F(p) and ais constant, then T[x ™ f (x)] = F(p + a).see [3]
Definition 3: [3]

Let f(x) be a function where (x > 1) and T[f(x)] = F(p), f(x) is said to be an inverse for the Al-
Tememe transformation and written as 7~1[F(p)] = f(x) , where T returns the transformation to the
original function.

Property 2:[3]
If 771F,(p)] = fi(x), TUF,(») ] = fo(xX),...., TE,(p) ] = f,(x) and a4, a, ..., a,are constants then,

THaiFi(p) + a;Fo () + -+ + @ F,(0)] = an fi () + azfo () + -+ + an fo (1),

Definition 4: [4]

The equation,
n n-—1

d
+ alxn—l Y 4o an_lx—y-i- a,y = f(x),

dxn—1 dx

Where a4, ay, ..., a, are constants and f(x) is a function of x , is called Euler’s equation.
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Theorem 2:[3]
If the function £ (x) is defined for x > 1 and its derivatives f (1 (x), f @ (x), ..., f ™ (x) are exist then:

Tx"fP)] = -f" PO - -nf* 20— ~@-n{p-nm-1)..(rh—2)f (1)
+ (@ —-n!F(p)
We will use Theorem(2) to prove that

n!

T(lTlX)n:W; neN
if 1= 7T(lnx) ! ( Tablel) (D
if n= nx) =-——-== able
(p — 1)?
If n=2 = y=(Inx)? = y(1) =0
y'=21nx.%=%lnx = xy =2inx

. 1 2
T(xy)=2T(lnx) =2 "GoI? = o1

“Txy)=—-y(D+@-DTQ) = Txy)=@-1DTY)

2 2!
“(p-1DTW) = CES T(y) = G- oo ®
fn=3 =y=(nx)3 = y(1) =0
y =3(Inx)? = =2(nx)? = xy =3(Inx)’
T(xy) =3T(Inx)? = 3.(p_21)3 = (p_61)3
T(xy)=p-DTQY)
6 3!
(P—l)T(}’)=mﬁT(}’)=(p_1)4=(p_1)4... (3)

Also, y=(lnx)" = y(1)=0

y =n(lnx)"! i = xy =n (Inx)"!

i _ n—-1 _ . (n—l)' — n!
Txy)=nT(nx)" " =n o D"~ oo

»T(xy) = —-1DT()
n! n!

Sp-DTQ) = =>T(}’)=W

o= 1" ..(n)

n!

n €N

. n — .
=~ T(Inx) =G

Also we will use Theorem(2) to find T[x™(Inx)"] ; n,m €N
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The firstcase: If n =1

T[x™Inx] = m;m € N Tablel

The second case: If n = 2 To find 7 [x™ (In x)?]
If m=1 = T[x(nx)?]
Consider, y=x(lnx)?= y(1)=0
y =x-2(lnx) -%+ (Inx)? = xy =2x(nx)+ x(lnx)?

T(xy) = 2T [x(In )]+ T(B) = 2 =5 + T )

“Ty) = (- DTG = (- DTG) = 55 +TG)

2 2
= (p — Z)T(y) = (}9——2)2 - T[x (lnX')Z] = (27_—2)3 (4)
If m=2 = T[x%(lnx)?]
Consider, y =x?(Inx)>* = y(1) =0
o 1 ,
y =x%-2(Inx) T~ 2x(Inx)? = xy = 2x%*(Inx) + 2x*(Inx)?
T(xy') = 2T [x*(Inx)] + 2T (y) = 2 - (p_lg)Z + 27 (¥)
“Tay)=@-DTQ) = (- DTG) =255 +270)
= (p-3)T(y) = _2 = T[x*(Inx)?] = 2 ..(5)
(p—3)? (p—3)°
If m=3= T[x3(nx)?]
Consider, y=x3(lnx)>?= y(1)=0
y =x3-2(lnx) -%+ 3x2(Inx)? = xy = 2x3(Inx) + 3x3(Inx)?
T(xy) =2T[x3(nx)] +3T(y) =2 (p_14)2 + 3T (y)
_ —p._ 1 3027 -2
P-DTQ) =2 o= )2 +37(y) = T[x°(Inx)?] (6)

17

Tx™(nx)’;meN =>y=x"(Inx)>= y(1)=0

’ 1 r
y =x™-2(lnx) '~ +mx™ 1(Inx)? = xy =2x"(Inx) + mx™(Inx)?
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' 1
T(xy) =2T[x"(Inx)] + mT(y) =2- =t D + mT(y)
P-DTQ) =2 s + MT ()
= T[x™(Inx)?] = Miﬁ;m EN ..(m)

Note: These cases are also true form € Q
The third case: To find 7'[x™ (In x)3]
If m=1= T[x(lnx)3]
Consider, y=x(Inx)>= y(1)=0
y =x-3(lnx)? -§+ (Inx)® = xy =3x(Inx)? + x(Inx)3

T(xy) = 3T[x(In0)?] + T() = 3 =5 + T ()

3!
(p—2)3

=@E-DTQY) = + 7 ()
3!

= @P-2)TQY) = (7

3!
(p-2)
If m=2= T[x*(inx)3]

Consider, y =x%*(Inx)?>= y(1)=0

. 1 ,
y =x?-3(lnx)? = +2x(Inx)® = xy = 3x%(Inx)? + 2x?(Inx)3

2

Tlry) = 3T (Inx)*] + 2T (¥) =3 57 + 2T (¥)

(p—1DT(y) =3 (pf3)3 +27(y) = T(x2(nx)?) = (pf’g)4 . (8)
If m=3= T[x3(nx)3]
Consider, y=x3(Inx)? = y(1) =0
y = x3-3(lnx)? -§+ 3x%(Inx)3

xy =3x3(nx)? +3x3(Inx)3 = T(xy) = 3T[x3(Inx)?] + 3T (v)
2
=3- EE + 3T (y)
2 3!

T[x™(Inx)3]
Consider = y =x"(Inx)®* = y(1) =0

’ 1 !
y =x™-3(Inx)? '~ +mx™ (Inx)® = xy =3x"(Inx)? + mx™(Inx)3
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T(xy) =3T[x™(Inx)?] + mT(y) = 3~

p—m+Dp O

—3.__2
(p - 1)T(3’) =3 [p—(m+1)]3 + mT()’)

Gradually we find now

Consider, y = x™(Inx)" = y(1) =0

!

1 i
y =x™-n(lnx)*! '~ +mx™ (Inx)" = xy =nx™(Inx)"" ! + mx™(Inx)"

T(xy') = il ()] + mT () = n-— D7)
xy ) =nT[x"(Inx mI) =n e S T mT
=17 =n-—" D L)
P Y —m+r Y

nl
T[x (lnx)]z[p_(m+1)]n+1 ;mEN ,neN

How to use Al-Tememe Transformation for solving (LODE) without using any initial
conditions

We can generalized the idea of the researcher Mohammed [2] to find solution of an ODEs that have constant
coefficients without using any initial conditions by using Laplace transform

Suppose we have a linear ordinary differential equation (LODE) of order (n) with variables coefficients it’s
from :

aoxny(n) + alxn—ly(n—l) 4 et an—lxyl +a,y = f(x) ...(10)

Without using any initial conditions, that is mean y(1) , ..., y®~1(1),y™) (1) are unknown and the Al-
Tememe transformation of f(x) is known. To solve equation (10) we take (7.T) to both sides we get:

_ h®
TO) = oo - (A1)

Where as L(p) is a polynomial of (p) represents the denominator of (7°.T) of the function f(x) its degree
(n) ,and K(p) is also a polynomial of (p) its degree mso the degree of [L(p).k(p)lequal (n + m),and h(p)
is also a polynomial of pand its degree less than(n + m), and not necessary to know the terms of h(p)we only
denoted it by this symbol. Now by taking 7! to both sides of equation (11), we get the following solution:

y=A4191(x) + A29,(x) + -+ A gy (x) + B1ky(x) + Byky(x) + -+ + By ey (%) - (12)
= Di=14i9:(x) + XL Bk (x)

Whereas A4, 4y, ..., A,and By, B, ..., B, are constants, g4, gz, ..., gn and k¢, k,, ..., k,,, are functions of x.
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The number of the constants B;and the number of the functions k;,i = 1,2, ..., m are equal to the degree of
k(p)which is supposed to be (m) .

Note: Since the order of equation(10) is (n), therefore its general solution contains (n) constants, but the
solution in (12) contains (n +m) constants and to solve this problem we can eliminate some of these
constants (By, B, ..., B, ) whose values obtaining by substituting the solution (12) in equation (10), so we get a
solution contains (n) constants (as unknown) as the required solution. By this method we get the general
solution of equation (10) without using any initial conditions by using Al-Tememe transformation.

Example 1: To solve the differential equation:

xy + 2y = cos(Inx) ..(13)
By using (7.T) without any initial conditions we take (7°.T) to both sides of it we can write:
TG) = — 2 (14)

(+DIP-D2+1] ™
Whereas h(p) has a degree less than three, (p+1) is the coefficients of 7(y) and

1. .
Tl the denominator of cos(In x).

By taking 771 to both sides of equation (14) we get the following solution :

_ o[ A, BptC
S (CES VAN R VR
So, y = Ax™% + Bcos(In x) + Dsin(Inx) ... (15)

Suchthat D =B+ C

The given equation is of order one, so the general solution of it must contain only one constant while
equation (15) contains three constants, therefore, we should eliminate the contants B and D, for this, we get y
from equation (15) as follows:

y = —24x3 — Bx 'sin(in x) + Dx~'cos(inx) ..(16)
And substitute y, y in equation (16) to find the values of B and D, so:
2B+D =1 - (17)
—-B+2D =0 .. (18)

By solving equations (17) and (18), we get:
B=2/. D=1/
Therefore the general solution of the given ODE is given by :
y=Ax"%+ 2/5 cos(ln x) + 1/5 sin(lnx)
This solution contains only one constant (A) and this is equal to the order of equation (13)

Example 2: To solve the differential equation:

x?y" +xy = sinh(2in x)
By using (7°.T) without any initial condition. We take (7°.T) to both sides of it we can write:

_ h(p)
TO) = ore—n=4]

Whereas h(p) has a degree less than four.

.(19)

By taking 71 of both sides of equation (19) we get:
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— A B Cp+D
=7 o5+ |
Y -1 @-1)?  (-12-4
= y=A+Blnx+ Ccosh(2ln x) + Esinh(2Inx); E=C+D ..(20)

The given equation is of order two, so the general solution must contain only two constants while equation
(20) contains four constants, therefore, we should eliminate the contants C and E, for this, we gety ,y from
equation (20) as follows:

y = Bx~' + 2Cx " 'sinh(2in x) + 2Ex*cosh(2In x)

y = —Bx?+ (4C — 2E)x " %cosh(2In x) + (4E—2C)x " ?sinh(2In x)
And after we substitute yand y~ in (D.E) to find the values of E, C we get:

E=1/, ,c=0

=y =A+Blnx + 1/, sinh(2in x)

Example 3: To solve the differential equation:
4

m

x3y" —x%y" —2xy + 6y =2x"

Take (77) to both sides of it and we can write:

_ h(p)
TO) = o he-90m

Where as h(p) has a degree less than four.

Taking 71 to both sides to the last equation we get :

— -1 é B C D ]
Y T [p + (p—4) + (»-3) + (»+3)

y =Ax"' + Bx3 + Cx* + Dx™*

The given equation is of order three, so the general solution must contain three constants while equation

"

contains four constants, therefore, we should eliminate the contant D, for this ,we gety,y ,y from
equation as follows:

’

y = —Ax"?+3Bx?+2Cx — 4Dx™>
y =2Ax"% + 6Bx + 2C + 20Dx°

y" = —6Ax"*+ 6B — 120Dx~’

And after we substitutey’, y" andy" in (DE) to find the value of D we get:
——1

D=""/e3

=y =Ax"1 4+ Bx® + Cx? = 1/ax7
Example 4: To solve the differential equation:
xty® —6x2y" = x71(In x)?
Take (7°) to both sides of it we can write:

_ h(p)
TO) = o209

Where as h(p) has a degree less than seven.

Taking 7~ to both sides of equation we get :
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_ 1[A, B ,C D E F G
y=17 [p tetaten e oo (p—6)]
y=Ax'+BxlInx+ Cx '(Inx)>+ D + Elnx + Fx + Gx°

The given equation is of order four, so the general solution must contain four constants while last
equation contains seven constant , therefore, we should eliminate the constants A, B, C, for this ,we get

’

v,y .,y y® from last equation as follows:

y =(B—A)x"2+ 2C—-B)x%lnx—Cx?(nx)*+ Ex~ '+ F + 5Gx*

y" = (2A-3B +2C)x3 + (2B — 6C)x3lnx + 2Cx3(Inx)? — Ex~% + 20Gx®

y" =(11B — 64 — 120)x~* + (22C — 6B)x*Ilnx — 6Cx~*(Inx)? 4+ 2Ex~3 + 60G x>

y® = (244 + 70C — 50B)x~> + (24B — 100C)x°In x + 24Cx>(Inx)* — 6Ex™* + 120Gx
And after we substitute y, y', y and y™® in (D.E) to find the values of A,B and C we get:

A=169/,16 B=%4/g ,c=1/15 50

y = 169/216x_1 + 4/9 x Hnx+ 1/12 xY(Inx)>+ D+ Elnx + Fx + Gx®
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