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Abstract

We give direct and converse results for the weighted approximation of functions with inner singularities by
a new type of Bernstein operators.
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1. Introduction

The present work continues to study modified Bernstein operators following [11]. Here, the notation is
referred to [11], for convenience, these notations will be listed. The set of all continuous functions,

defined on the interval 1, is denoted by C(l). For any f € ([0, 1]}, the corresponding Bernstein
operators are defined as follows:

T
J ) i F'" 1 P
Brl(f,z) = E fk;,u}nmau.
k=0

where
Prplr) = (:;);rr""(l —)"k k=012, ..., n, » e [0,1].
Let
wr)=lr—¢&" 0<£&<1, a=0
and
Co:={feC([0,1]\&): lim (of)(z) =0}
r—3E
The norm (', is defined as || f||c. == ||@f|| = sup |(@f)(x)|,and
Nrl
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. - (r—1) Sy - ()
Wo={feCg: " Ve A.C((0,1)), |we” ) < oo}
For f & (g, we define the weighted modulus of smoothness by

) . _ _—=3 e
we(f.t)e = JSup (o &b, flpenz 1—16n2) + 10 LR Flla6m2) + 1P L RS 11602 11}
et

where

fk” | = Zl—l,l (L)flL - l§ klhe(x)).
_:’
Ayflz) = Z(—l']k(:;) flz+ (r—k)h),
k=0
— il r

andw(x ) = +/x(1 — x). The weighted K-function is given by

Krplf- 1) = itlf = o)l + t"|lwe"a|| - g € Wi}

It was shown in [5] that I, (. &7 )@ ~ a;{':;['fj}@. Della Vecchia et al. firstly introduced B} (f. )
and By ( f. r)in [3], where the properties of B*(f.x)and Bu(f.z) are studied.
Among others, they prove that

lw(f = Bl < Cwli(f.n™V2), | € Cy.

o [v/7]
”“_'Lf - Eﬂ-[‘f‘]:‘” 3 3 Z"r‘ lf _:'-w f = ’(-'w

Where w(z) = 2*(1 —2)°, a.f 20, a+5>0, 0< 2 < 1.

-

In[11], forany ., 3 = 0, n = 2y + a + 3, there hold

lewBn (£l < Cllwfl, feCy
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fo(Ba () = )l < { aef s ug 7o), f ey
. S CW(fon Y2y + 07 |wf]),  f € Cu.
Cn'||w fl|. ey,

2r k(2] ¢ o
2T g2 < - P »
||H e .7 lfJ” = { (-l”ﬂf” + ”ﬂ-‘k,ﬁ'zrfl‘zﬂ”]- fe [__I_.t_Er_

and forany (} < ~ < 2p

(B (f) = )] = O(n™2) = ¥ (f.t)w = O(F").

The main purpose of the present paper is to give another new type of combinations of Bernstein operators
so as to obtain higher approximation order. Throughout the paper, C denotes a positive constant
independent of 72 and =, which may be different in different cases.

2. Main Results

For any positive integer r, we consider the determinant

1 1 1 1
2r+1 2r+ 2 2r+ 3 dr+1
A= [(2r)(2r+1) (2r+1)(2r +2) (2r+2)(2r+3) -- (4r)(dr + 1)
2. (2r+ 1) 3. (2r+2) 4. (2r+3) - (2r4+2)---(dr+ 1)
We obtain A4, = HELE 4!. Thus, there is a unique solution for the system of nonhomogeneous linear
equations:
a1 + 2 + + 241 = 1.
(2r + 1)ag + (2r + 2)as + e+ (4r + 1)aop41 = 0.
(2r+1)(2rja; + (2r+1)(2r+2)az + + (4r)(dr + 1)agr4q = 0.2
(2r+10a;y  + 3 (2r+2ja + - + (2r+2)---(4r +1)ag,pn = 0.
Let
a”_.ﬁr+1 4 lI_,IEJ_.Q:“+'3 44 a2r+11~—1r+ll D<oy <l
WP(r)=4¢ 0, r < 0,
1. r=1.
with the coefficients @1, @2. -+ . f@2,41 satisfying (2.1). From (2.1), we see that W ({x) &€

C2r)(—no, +0a), 0 < w(r) < 1for 0 < x < 1.Moreover, it holds that (1) = 1, 1_,-‘.-'52'1-'{{1]1 =
0, i=0,1,---,2r. and (1) =0, i =1,2,---,2r.
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Let
r+1
Lo(foa) = flz)ls(z),
i=1
Where
r+1 .
li(z) = Hj:f,_;;éz‘(il‘— lj) ‘
H;Zu;&(xi —xj)
. [n& —((r—1)/2 +-;.)\/ﬁ]! P19t 1.
n
and
r+1
i=1
Where
r+1 TR
Ifx) = Hj:llriiéir:x_ L)
L ' #* w0y
H;:],}#i(mi — ;)
= n— [mj—lflfr; 1);2—!—1&].‘/'5]! 519 p il
Further, let
¢ [nE=2vm] + mE—+/n] + [nE+m] o+ [né+ 24/n]
Set

Fo(f.x)i=Fu(z) = (1 —t(nz = 1) Lo(f.2) + ({1 —(nx —n+ 2))(ne — 1) f(z)

]

+ib(ne —n+ 2)R(f. x).

Lol f.x). r e [0,1/n],
(1 —(ne — 1)) Le( f, ) +0(ne — 1) f(x), r e [l/n,2/n],
fla), re2/n,1—2/n],
(1 —t(nr—n+2))flz)+inr—n+2)R.(f.x), z[l—2/n,1—1/n],
Ry(f.x). re[l—1/n1].

F.,( f, x)isa linear is a linear polynomial of degree r, and F,(f.x) & C'27)([0,1]), provided that

fec®(o,1]).

We define our combinations of Bernstein operators as follows:

r=1
Bpp(fix) i= Bpp(Fpox) = Ci(n) By, (Fp, ),
i=0
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where ;{7 ) satisfy the conditions (a)-(d).

(a)n =1ng < g <« < Np_q = C'n,

1 —1

(b) 32y |Caln)| < C,

(c)SI2) Ciln) = 1.

(dd) Z:.:O C‘i{n']n;k =0 fork=1,....r— 1.
We have our main results as follows:

Theorem. Forany v = 0, 0 <= A < 1.we have

|eBE ()| < Cn||of|, fe W2,

_poa D (21
w(x)e™ " (x) By
| (L= () n.r (f,x | { s |.||ﬂf

@B, (f)|l < Clef|l. feCy

nﬂH“ FIl + o 20, fews,

0 By (f) — )| € -
| 0(Bnr (£) = £l { --ﬁf nV g + a7 |l f ), f e Cg.

and for () < ~ < 2r,
[@(Bur () — F)| = O(n™?) = W' (f, t)a = O(1").
3. Lemmas
Lemma 1. ([13]) For any non-negative real u and v, we have
bk _ k.

l?—,l "l — ;]_""pn;..{:rr'] < Cr ™1 —ux)
=1

—

Lemma 2. For any positive real e, and f € W2, we have
|l =2 20| < C||of || + |lae® F27)).

Proof. It follows from Kolmogolov's inequality that

1
(2r=3) (2
A < CU g + 17 | ja374)

Moreover,

1

fEr—j‘l
10

2
L C(l@f pjasg + 12 F* 1 a30)-

Volume 5, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm

Cr™{max{n™1=) L2 A=10 o), e Ca.
+llg ), fewy,

(2.6)

(3.1)

565



Journal of Progressive Research in Mathematics(JPRM)

When() € = < 12 if [t —¢ = %”_‘ then fl(2r—i+1i(¢) _£ (. Morever we have @(x) <

w(t)(1+n2|t—z|)

[N

. 1
(=3 (z) — FE =T ul < f | £t () | du
T

- (—_1 || tFI}__.-,EJ"—E_iH'Ef'._E‘P—_iH‘lJ || /% ﬁ‘lJJr_‘fH
L ﬁ"l _Ijl

w(u )2 =22 (y)

7] 4 2

w(x)

< C||lwyg 3?"—7:-'+Eflﬁ'i“ _F+1-J||

Which, together with (3.3), gives that

(@)™ = () f &7 ()| < C(|lwp? 722 R 4 |l f|| + [lap® £27)).

Similarly, we can prove that the above inequality also holds when1 /2 << = < 1. Therefore
we obtain that

() = (2) fO ) ()] € C(|lwp™ 722 fEIH 0| o f || + o™ 7). (3.4)
Now, the result follows from (3.4) when 7 = 1, and thus the result can be deduced from (3.4)
by induction when 1 < 7 < r.

Lemma3. f € W2",a > 0, we have
. . c o ) - o
[o(f = L) llp.2y < (N sl + wg® 2], (35)

lo(f = Re ()2 4y < i—,.,t’llﬁ-*fll + [loe® FE)). (3.6)
The proof is similar to the lemma 3 of [?],we don't give a proof here.
Lemma 4. Forany f & W2" and & > 0, we have
[ EZ7 || < (|l £ + |lwfl). (3.7)

The proof is similar to the lemma 4 of [11], we don't give a proof here.

Lemma5. ([3]) Let An(x) = @(x) > pax(x). Then An(z) < Cn™/? for
lle—né|< /7
0 < & < land o > 0.

Lemma6. For () < £ << 1, e, 3 = [),we have
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w(x) Z L —-n:t:|"3pn1k r) € Cn” = -pjlf:tr,l. (3.8)
|k—ng|<y/m
Proof. By (3.1) and the lemma 5, we have
R S . Zm—1 3 1  f-a
w(@)T (w(x) Y par@) T (D |k —naPp(e)= < O P ().

|k—né|<n |k—né|< T
4 Proof of Theorem 1
4.1 Proof of (2.2)

We first prove = € [0, 1] (Thesameas » € [1 — 1, 1]]Tnow

r—1
@B () < ue Y Z 1Cn) R B2
i=( i
= 2r ey 1 _} r k ) "
£ Cu '-TJZ”?, Z |(—z n AL n(;”fjni—‘}!r,k(xl
i=0 i ¢
r—1 nt—‘Z'r r kot —j‘
< Cw(x) ng 2r Z ZCQ,JC }1,|Fn|f— |, —2r g ()
i=0 k=0 j=0 i
— 2 —j
< Cilz) nE*Zc L Ci(n) Fn( )[Pri—2r0()
T
i= i=
r—1 2r
—|—C‘ﬁ.~[:r:)2-n§"2 |C i Fn[ ,||;1:uﬂ,z Irn;—2r( )
i=0 i=0
ni—2r—1 2r
k+2r—
Znﬂ"“ Z Z Cin)Fy anpm_gr,km
= H1+H2+H3. (4.1)

We have
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2r—1
Hy = Cw( :L‘JZHETTIZ |C(n) F (

j\ 1 1 Y
)+ [ Fn(0)] ), —2r.0(2)

r—1 ‘2

& C-"I?,zr D I??;'I‘_(E' ‘;Ir_',t 1—:1?)”’5_2?
= | | ZI::I p= _j' _ R-ii_(f |:
-1
< Cn¥ o) X (e - €)°(1 o)
i=0

< On®|lwf).
Similarly, we can get Ho < C'n?"||w flland Hy < Cn?"||wf]|.

When = & [1.1 — l], according to [5], we have
() B (f.x)]
= |o(z)BP(E,, 2|

r—1 2r
_ o . ; ko k
= w(x)(*(x)) 2TZZ|Q§(L 1) Ci(n)|nd Z |fI—E_J3Fn'fE_:'|EJni,k'fI?
i=0 j=0 k/niEA ! ‘
r—1 2r ko i
)P @) T T @) Y @ L pHE )
i=0 j=0 <k n; < ! !

= T + T2 'f‘l-?)

—=

Where A := [0, x5 U [x5. 1], H is alinear function. If %1 £ A, when ﬂi"— Cll+mn; *|k—

11=-

7 7|" ). we have |k —ni&| = @,then

Qj(x,n;) = (nx(1 — )=/ and (L2 (2)) 72 Q;(x. ng)n? € Clny/p?(x)) H/2,
By (3.8), then

r—1 2r
no< Con Y el fﬂfﬂzm-—ﬂpnr:—_npm_.km
i=0 =0 i
r—1 2r
< Cllaf D |G mI(; Vﬂ*?Z[Hn fu—}aﬁxlﬂna——wpn #()
i=0 j=0 Je=0
= 11 + 1.
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By a simple calculation, we have 1 < C'n?" || f||. By (3.1), then

r—1 2r n;
L <C ||uf||ZZ|(zuaJ|n ( T )12 ZH — x| py plx) € Cn® ||
i=0 =0 k=0

Wenote | H( £ )| < max(|H(})|.|H(x})]) :== H(a).

If v € 2], ﬁﬂl] we have w(r) < w(a).

» < C(a)H (a)n" ™" (x) < Cn®"|@f|.

If = & [z, z]]. then @w(a) > -nz._%we have

ao = Civ(a)H (a)e™ ['.rr']z?'[':rr']z(_"z-['-n]rn:-'_% Z Pn.klz) € C n“‘“||u fl-

whEk/nErl
It follows from combining the above inequalities (4.1) and (4.2) that the theorem is proved.

4.2 Proof of (2.3)

(1) When f € C'y, we discuss it as follows:

Case 1. If () < () 1 by (2.2), we have

()™ (x B@ﬂf | < Cn~Mio(e) BED(f.x)| < O™ | (4.3)

“ﬁl

Case2. If w(x) = \%H we have
(2r) (
|BED (f.2)] = |B (Fn.x)]

_ k
< (£(2)) 2’"Z:Z:I )i(2,m)Cy kfll|?!32|li -~ )Fx l— onae(2),

i=0 j=0 fe=0
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Qilz,n;) = (nz(1 — a2 =02 and (p2(z)) Qi (x,ny)n I < O(ngJ ()12, So

i.
w(z)e™ () BE (f.x))|

r—1 2r
< Cw(z)™ Mz ZZ|( ) ng‘ r+3“’22| - — :"F 'f— o x(z)
i=0 j=0
r—1 2r s k
= Cw(z)p™™ ZZ|£ n) 1 yrafz Z n(;_”ﬁn;,k(ﬂ
i=0 j=0 kingeA !
r—1 2r - » o 2
@ TS GO oL o)
i=0 j=0 b <k fns<r ! ‘
= Ty + T3 (4.4)

Where A := [0, z5]U[x], 1]. We can easily get 71 < n" P AU (Y|l f]|. og € 0" AU () |l f.
By bringing these facts (4.3) and (4.4) together, the theorem is proved.

2) When f e W2 we have

I”‘M(Fn x) = Z‘:z'{?”ngr Z i‘*i n( :'Pnz arde(T). (4.5)

If 0 < k< ny— 2r.wehave

2r
—op = K ni = fe
|AY F, (=)< Cnf —2rtl f |FE(Z 4 )| du, (4.6)
ng T 0 i
If k. = 0, we have
|_\2*’F (0)] € CnymH! f w TP () |, (4.7)
Similarly
1
—r _ Tl — ey
B F(M20) < ot f (1 — w2 =1 E27) ().
ng Ty l_2r

™y

By (4.5) and (4.6), we have
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n;—2r
o(z)e? @) BN Foe)| € Colz)p®™( w)ZIC (n)fni™ Y |AEan—len ora(2)
k=0
r— mny—2r—1
=cwmmﬁﬁymw@‘z m”(—m%mm
i=0 k=1
+Cw(x)" Nz ZIC mlng"’lﬁ” (0)]Pn, —2r0(7)
— 1 — ni — 2r
+':?'m(m:|"-r?2rl(3:) Z |C.'E-|:}1:||-;r]§v|ﬂ2if'n( . e )lpni—ﬂr,n;—Zr(I)
i= i i

= L1+ 1+ Is.
By (4.6), we have

r—1 ny—2r—1
I < C?I-‘I:.'I.‘:IQQTJTI:IZI;|C-}Ifi‘1]|]‘!z- Z f |F"2ﬂ£ + ) |dupp, —op g )
.

—  Cw(x)™N IJZIC (n)ni > f Een (& (. + wldupn—2ri(2)

kine=A

™™ (z) Z |Ci(n)|n; Z f Hm"*I T )| dupn, —2r k()

ek /nETy
= T+ 15.
Where A := [0, 2] U [25. 1], H isa linear function. If %1 e A, when u,'1_‘ (14 mn, E|Jl -
x| ). we have |k —n&| = —‘£ by (3.1) and (3.7), then
= k
T, < rl\Fk‘Zr‘J , Zr)\ (- f =2 d . i
L < Ol PO (e $JZ| e > 0 ) (o)
r—1
< Ol FE || o2 mJZ|(_ rz)|nzzf [1+mn; §|R—nzx|a]}. 2”( )a’.upna_gr;c(mj
i=0
< Cllog™ EE7) < C(llof || + lop®™ F27)).

Similarly, we can get Ty < C(|[wf|| + |[we®* f27|). so Iy < C(||@f|| + |

.E_,,.T?‘Z?'J'-. f[‘Z-r) ” )
and by (4.7), we have
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_ | I
I < (_?-afﬂrf;r)-pzmlijz|(_T‘?;|fn,||-nf'r|.ﬂziFn(D”pm_zf,u(m)
i=i) "y
r—1 ar
< Cw(z)e™™Mz Z|(_ n,||n’"+1f ur 1|F'~2’"j (1) |duipy, —or0(x)
i=0
0 ‘r_]- i
< Cla® B | Y (i) V(1 = 2)™ < Ollap™ EE)|
i=0

< O(mf| + e F20).

Analogously, Iz < C'(||@f] + ||'i:F-'T-ﬂ2r}' flr.g’":' ||}, then the theorem is proved.
Corollary 1. If &« = U and\ = (), we have

Cn*|lafl, f € Ca,

(2r]
BN < i g, e wd

Corollary 2. If ¢ = 0 and A = 1, we have

Cn'||la@f|. feCa.

—fon ey i 2r) )
W)= ()BT )| < . . R
[ole)e™ () Bar ] m{ C(llwf] + g™ FEO1).  F e W

4.3 Proof of (2.4)

r—1mn;—1
|@(2) Bop(f.2)| = |0(2)Byp(Fpox)| < 0(x) Y ) |Ciln) Fy f—)lpn x(z)
=0 k=1
r—1 r—1
+(x) Y |Ci(n)Fa(0)]pn,0(z) + 0(x) > |Ci(1) Fn(1)|pn; m; ()

= 1+ 12+ Is.

Analogously, the theorem can be proved easily.

4.4. Proof of (2.5)

Weassume f € W2 then [[i(Bop(f) = Bl < S (s + o™ 0],
Recall that [?], then

Buy((t—zp,2)=0, 5=1,2,--- .1, (4.8)

. . 1 1
Bry((t—2)7 7 2)=0n~ "> % (2)), z € [~ 1——], =012 (4.9)
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Casel. r [% 1- %] By using Taylor expansion, we have

tIf:ljf:F'nI::I.‘:l - Bn,r(FH~Ijj

2r—1
1 o
= (@) ) Wﬂn.fm — )3, ) FE D) (2)
j=1 \" '
() By f (t — w)> LB (u)du, )
= 11+ 1o,

By (3.2), (3.7) and (4.9), we have fl < 7 = r, then

w(z)p* ¥ (x)

.H?"

By (4.8) and (4.10) , we have

I S BT SR ¢
F(a) < —([[@Fll + |0 B ) < —(lwfll + |we® £, (4.10)

r—1

PP oo B o
(@)X Gr oyt Bar(t = 97 DEE @) < S |+ g r o)
i=1

o |u_I|E1—— |t rlﬂr 1
If wtis between  and 1 we have ) = 270 . Then

1 t P
o ( xJBﬂT(mf (t —u) = EE () du, )|

r—1 nj
< Z'C“ i |f — w) LB ()| dupy, g (20)
Fi:=|:|
1
oSS G f — )L ()i ()
i=0 k=1

r—1 -
+£?-1E(IJZ|C}(}1]|(1 — I)”*f ug’"_1|1~="ff” (1)|du
i=0 0

r—1 1
+Cw(x) Y |Cifn)]a™ f (1 — )2~ P2 (1) |du
i=l x
= Ji1+ Jo + Js.

We have
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Jy

L

L
Ci(z)y™ (@ Z S G (= — 2)* Y f Lo )| EE) (0)|dopn, i 2)
x

i=0k/n;eA

k
. ke Oy n; N . .
oY Y Cutm) o= 2] [ G ) ) @)l p(a)
'Z_Dl'g-..‘-;k"n! g 2 T

= o0+ 0o
Analogously, we can get oy < <L (||w f|| + |[we® f127)||).We note that |2 (v) H 2" (v)] <

max (| (24 ) H 2 (2], |-p2’"|f:rjle':2ﬂrf;rf1)|) = |p* (a)H'*)(a)|, H*)(x) isalinear
function.

If v € [2], 2], then @(x) < w(a). Sowe have

—1n;—
o2 € Cwla)p™ (a)|H?(a)|p ZT(IJZ Z |Cam)|( ——l‘J "Pn k()
im0 k=1
o 9 (2r)
< — (el + [lee™ 7)),

—=

If = & [z, 2)].by w(a) = n, ?,we have

-y _— Vo= % l' 5 ¥ k '
gy = Cwla)p 2’"(.:1;|Hf-2”(aj|z > ”EIC-J-MI(;—Iig’"pm.kfm
i=0 zh<k/n;gxg !

—

o _ )
< —(llfl+ e FE).

For .J5, we have

r—1 r
Jy € Cllwe™ EPw() Y " |Ci(n)|(1 — x)™ f w? ™ ()™ (u) du
=0 0

-

C o v g(2r)
< (s + g 7).
Similarly, we have

(_‘\
mn T

Jy < £l + e F27)).

(I

i
By bringing these facts together, we have

_ _ C ( .
|(Bnr (1) = Fu)ll < (N0 + g™ 7)),
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Case 2. = = [0, %] (Similarlyas = € [1 — %, 1]). By using Taylor expansion, we have

(1)

B ) =B < LS [ (¢ — ) EO () du. 2

Hfl:‘ ~ Yoo Fir41) 7.
47
E |Ci(n) (1 —a)™ w T EYTT Y (u)|du

= 0
= Ji+ J-z
r—1 n; )
i< Ca@)) ) f — )" B () dupp, ()
i=0 k=0
r—1n;—1
= lt‘f;rjz Zf nJ(— w)" FY ()| dupy, ()
i=( .ic 1
+Chin(x) Z |Ci ()| =™ f (1 — )" |F{ Y () |du
i=0 *
r—1 T
+Cin(x) Z |Ci(n)](1 — o)™ f w"|FU T ()| du
i=0 0
= L1+ 1o+ Is.

Analogously, we can get

o, _ T
o< —(llef) + g s,

'8 s
I < —(lof]+ o F2),

C o
Iy & —(|[of]l + o fE7)).

C oo _ (20114
o< —'f||'u-'f||‘|‘||ﬂ-""”‘2ff"2ﬂ||,l-

Ja

A

< (sl + g 1)), (4.11)

e

So, we have

(&

[0(Brr(£) = Fa)ll € —(llf | + [l S 2.

Then
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|@(Bor(f) = FIl < IItPif—Fn['f}}||+||ﬁ-u~"n(f'1—B'n,rff}'lll

2 2r)
< l||ﬂf||+||ﬂ*rrf|‘r||

n”"
If f € C'z, there exists g = F—-‘[-"?;j.%”'~ by (2.4) and the first inequality of (2.5), then
”i'-E':B_n;r[.f:' — f:'” { ”l?'lif - ."-.fn".]” + ”"'-I'Bn,f":f - .'_5'.]” + ”E":Q — B_ln,r[.!-_’.".] J”

< C(lm(f = a)ll + —(lwa] + @ g |))

i

CWZ(forn™ ) + 07" |w ).

4.5. Proof of (2.6)

From the proof of (2.5), we actually have

”m':-En,r[.f} fJ|| . CK 7?*\;.-|-f t" )

Therefore, I or o (f. 7" ) = O(t™) implies
.= ;o . P
|@( By o (f) — FII| < (772

EerQr)”

By (2.3) and (2.4), we may choose g properly such the|| i < oo and

1/, wf = e
wy (f.n 1"2”'+”;3—-r” < @ Bay(f) = )l + —kllttvg’"ﬂm”lf —alll
-|—||ﬁ.‘al;-2rﬂ'f2”|.( ,I|| Ll | ” f”
f
< ” ” J "(Jl@(f — gl
+k~ 1"||'u-'L.;-Q’"_f_;'*'}r\"|| + k™ ’”||u-'f||l
_, L kL . —1/9
€ o(f = Bas (M) +C k;J’"Lw.ﬁ"’Lf- E2)g
+ET @ ).
Hence, by [5], we obtain the converse inequality.
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