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Abstract. We give direct and inverse theorems for the weighted approximation of functions with
endpoint singularities by combinations of Bernstein polynomials by the rth Ditzian-Totik modulus of

smoothness w( f, )« where o is an admissible step-weight function.

Key words and phrases. Bernstein polynomials; Endpoint singularities; Pointwise approximation;
Direct and inverse theorems.

1. Introduction

The set of all continuous functions, defined on the interval I, is denoted by C(l). For any
feCi[0.1]), the corresponding Bernstein operators are defined as follows:

n 2
Bn( f )= Z l‘-*_lf’nk*l ).
mn
k=0

Where
P () == (:)ﬁu )k E=0,1,2,....n, z € [0,1].

Approximation properties of Bernstein operators have been studied very well (see [2], [4], [5]-[9].
[14]-[16], for example). In order to approximate the functions with singularities, Della Vecchia et al.
[4] and Yu-Zhao [14] introduced some kinds of modified Bernstein operators. Throughout the paper,
C denotes a positive constant independent of n and a-., which may be different in different cases.

Ditzian and Totik [5] extended the method of combinations and defined the following
combinations of Bernstein operators:

r—1
B, .(f,x):= Z Ci(n) By, (f, ),

i=0
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with the conditions:
(a) n=mng <ny < < n,q < Cn,
(h) i lGm) <,
(¢) YIg Ciln) = 1.
(d) Y a G =0 for k=1,...,r — 1.
Now, we can define our new combinations of Bernstein operators as follows:
r—1
(1.1) BY (f,x) =By (Fn r)= Z Ci(n) By, (Fu, x),
i=0
where ;( ) satisfy the conditions (a)-(d). For the details, it can be referred to [13].

Let pix) = y/x(l —x)andlet & : [0,1] — R, ¢ # 0 be an admissible step-weight function
of the Ditzian-Totik modulus of smoothness, that is, « satisfies the following conditions:

0] For every proper subinterval [a. b < [0, 1] there exists a constant My = M {a,b) = 0
Such that M1 < () < M, for z € [a,B].

()] There are two numbers (01} = 0 and F(1) = 0 for which

(z) 2500 as x — 0+,
qila) e ) 14
! (1— )7, as ¥ — 1 —.

(X ~ Y which means €'~V < X < 'Y for some ().
Combining condition (1) and (1) on «; we can deduce that

M~ ga(x) € dfx) € Maq(x).x € [0.1].

Where ¢a(x) = 91 — )% and A is a positive constant independent of .

Let
w(r)=z(1—z)°, a. 320, a+5=0, 0<x< 1.
and
Cw ={FfeC(0,1)): xlEIIZH'f:I(:r:I = mli_n‘lDl:urf]l:‘r] =0}
The norm in 'y, is defined by ||w f||c, = ||wf]| = S |(wf)(x)|. Define

Wii={feC,: f"VeAc((01)), |we f < ocl,
W, ={f€Cu: f" N eAdc (D), |we™ " < oo}
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For f & (. define the weighted modulus of smoothness by

_— “
Wi (fit)w = e {llw b fllnenza—1en2) + iy flloerz) + lw g flln—16n211 1
Dkt

where

Apsflz) = Z':—ljk (;) flz+ I\% — k)ha(x)),

k=0
E;f':*‘:l = Z(_HR‘ (;)fl:: + (r—k)h),
k=0
Ry fz) =Y (-1 (;‘,)f.;f k).

E=0
Recently Felten showed the following two theorems in [6]:

Theorem A. Let p(x) = /(1 —x) andlet & : [0, 1] — R, & # 0 be an admissible step-
2 /52

weight function of the Ditzian-Totik modulus of smoothness([S]) such thal ¢2 and are
concave. Then, for f € €'[0,1] and 0 = o < 2, |Bn(f, z)—f(x)]| < 3(;‘ 7;—1 EE::E;L'

Theorem B. Let o(x) = /(1 — z) and let ¢: [0, 1] — K. @ # 0 be an admissible step-
weight function of the Ditzian-Totik modulus of smoothness([5]) such that ¢ and 22 [a? are

concave. Then, for f = C'[0,1] and () = o < 2, | Br (] — flx)| = o((n~Y z‘mgng ,

implies ., |f t) = Oft*).
Our main results are the following:
Theorem 2. 1. Forany a, 4 = 0, min{3(0),3(1)} = 1, f € C,,. we have

(2.1) lw(z)e" () B (f.x)] € Cn¥|lwf|.

nr—1

Theorem 2.2. For any v, & = 0. f € W[ .we have

(2.2) Jw(x)o" (2) BRTLy (f.2)] < Cllwe” ).
Theorem 2.3. For f € Cw. «, A =0, min{3(0}, 5(1}} = % we have

_1
(2.3) w(@)|f(x) = B p_y(f,2)] = O((n 367 (2)6(2))°) = w](f.t)w = Ot

L-k|:| '\II
1

where aqn € (0, 7).

3. LEMMAS
Lemma 3.1. ([15]) For any non-negative real = and v, we have
n—1 I I
(3.1) ;(?_:,. (1-— ?_?) Pailz) < Cz™™(1—x)7".

Volume 5, Issue 4 available at www.scitecresearch.com/journals/index.php/jprm 584




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Lemma 3.2. ([4])If ~ € I, then

i
(3.2) z |l — nx|Tp, plx) < Cnta(z).
k=0

Lemma3.3. Forany f< W, a, 5 =10, wehave
(3.3) e | < Cllwg ).

Proof. By symmetry, we only prove the above result when = € (0, 1/2]. the others can be done
similarly. Obviously, when = € (0, 1/n], by [5], we have

il
n

LW (fox)| = C|E’if|ﬁﬂ)| < C-‘rz"EHf w? | ) ()| du
T 0
= 1‘17?1_1‘}"'1||1wn..'l""_i“'"*"||]-q wTw ™ (u)e™" (u)du.
0

So

() 6" (@) S ()] < Cllavg £

If = € [L, 2], we have

lwiz)e () F ()| = fwlx) o™ (@) f7 ()] + lwlz) o (z)(fla) — Fulz))™

= 11 414
For I, we have
flr)=Folx) = (inz—=1)+ 1) f(x)—=L.(f, x)).
wizjo (x| flr) — Falz) :,U‘J| = wirio (x) Z rlillz_flz.r] — Ly I:f.:]::l:lur_i”.

i=0
By [5], then
|(F(@) = Lol o)z 2) OO F = Lollz 2y + 07 17z, 0 <<
Now, we estimate
(3.4) I :=w(x)e"(x)|fla) — Lo(x)].

By Tailor expansion, we have

=1 ;3 .
L i

i ——x)" 1 -
(3.5) f.;—;.:szW(IH—f (L — g ) (s)ds,
n fr

! (r—1}! M

al=

w=I0

It follows from (3.5) and the identities
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Y (S)Vh(x) = Ca®, v =0,1,--- 7.

—~n
We have
i ) . % i 1 - ) I?f?. r—1 g(r) .
L.(f.x) ZIZD ,i” Nzl (x) +m;mx;]‘m (— —s)" U (s)ds
r—1 I T B
i | 3 L3 w—1 2 © 3y
= fla)+ Y @) Cr-x) Z(H] li(z))
u=1 v=il i=1

—1 - f % 2 r—1 pir] \
+ (1._1]:;£i|~'rj£ EH_S) F (s)ds,

Which implies that

1 i \
) —lz—u,l.r IIZEI:I:If |:——s:|f'_1_f“"4'|:5:|ds,
'r'_

w(z) " (x)|f(x) —

Since |l;(z)| < C for x € [0, 2], i = 1,2, 1.

i _gr=1 i _gr-1 .
It follows from l“u.ﬁl,;, = l“w,-lmlj, . & between -and x.then

T 3 .
o(@)e" ()| f(x) = Lo(fox)| € Cuw(x)d"(x)Y f (= — )"0 (s)ds
i=1v% "
1" i
\ noq
< Cor@lwe Y TG - o0rte T s
n
i=1"¥
' .
— Nl ™ £1
< —werfO).

Thus I < C'||we” 17|, Sowe get T < Clwe” f™]|. Above all, we have

()@ (x) By ()] < Cllwe™ £, O

Lemma3.4. If f € W], a, 3= 0. then

(3.6) lw(z)(f(z) — L,(f. < Of vfjji )" e £
) " i i 5y Ijﬂ'l 'rjl L7 bl
(3.?} |lt'|z:[:’||:f|‘_r:| —_— R""I-.f‘m.-l.-lhl_g ‘Vl.l'_c.”-r ”-u-m f{ .n|||‘
Proof. By Taylor expansion, we have
r— 1 .- -1_ -. 4 a
L3 - * il 1 " 2 r—1 I 1
(3.8) JF._._ Z cn T gy 4 oI L ':H — ) ) (5 ds,

It follows from (3.8) and the identities
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]
|
-

Pl =Cx", v=0.1,...,r

-
II
-

3 I Lo

we have

w r £

1 o \
L.(f.x) = ZZ fﬁ'“s'l.rjil.r]+mzmxjfm (i—s)‘"_lfﬂ‘"*'(sjlds

i=1 u=0 . =1
r—1 L7 .

_ i ) ) L u— i vy Wy
- .ﬂx}l+;f @3 Gl R () Ule)
+ ;ii-fr]f%(i—s]’"_lf“;'(s‘lds

[1._1:':{;:1 B ) e

55|=h

Which implies that

wiz)|flr) — Ly f:::||— ———w(r Zil.rf —-—s:r 1¢(r)(s)ds,

Since |li(z)| < C for x € [0,2], i =1,2,--- 1.

e P -
wig) T wiz)

It follows from |

. s between %and ., then

w(;.:j.|f[xj_Lr(f.xﬂ < ELL-(:I:)E:]-"(i_S:If'—1|fﬂ1".:'|:5:||d3
T
i=1v®

i r '? E
= H‘?”'Ei: I we” fr) I Zf ,% _ S)r_ltf?_f'l:s]fﬂs
LF.II - P Y
s mr,_r ”t AN Zf (—— ~"(s)ds
A1) .
= O ——1"||wa” el
oty 147
The proof of (3.7) can be done similarly. O

Lemma 3.5. ([13]) For every «, 4 = (0, we have

(3.9) lwBy, 1 (Al < Cllaw s

Lemma 3.6. ([17]) Let min{7(0}, (1)} = %.then re N, 0 <t < Slv and

S <wx<1—%, wehave

b
(3.10) ff ¢ |I+Zu;‘ Vg - - - du, < Ct =" (x).

)
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Lemma 3.7. ([10]) Let @, & = 0, forany f € ', we have
(3.11) B ()] < Crrllwf].

mn,r—1

4. Proof of Theorems

. we discuss it as follows:

b =

4.1. Proof of Theorem 2.1. When f € C'y,,min{5(0), 5(1)} =

Case 1. If 0 < p(x) < Jﬁ by (3.11), we have
|1L'I:x:|q.f-'F|:I:IB:F:’]_1I:f.:r:I| = Cw“{r)%hu{r Bﬂl,,"_ (f, ]
: ,r':" |‘:[:
(4.1) < Cn?lwf].

Case 2. If w(x) = ‘%ﬁ. we have

1B (fox)| = | Byya_y

nr—1%

< (¢ (x))~ ZZQ}@mClnanZhr——._ljF|— N e L

i=0 F=0

iy

By [5], we have

Qs ns) = (naw(1 — )5, and (92 ()" Qs (w, na)nd < Clns/ ().

So
|u-|:x:|¢*"|:x:| B (f,x)]
Culrmlxlgg wzlr Z| F'm'h'i'ml_'l':'
= Cw(x)o™(x)| |uf||zz —F{Z_r__ y 11:
i=0 =0 \E i

b —3 Jtl.' . . 1
{Z w I‘_’I}?ﬂllkl:x-ll}g

Py i
(4.2) < On# [lw].

It follows from combining with (4.1) and (4.2) that the theorem is proved. U

4.2. Proof of Theorem 2.2. When f & W, by [5], we have

1".!-,—1"

k
(43) Byl Zf? L D A N ES)
k=0
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If 0= k < n; —r, wehave

— k ek
(4.4) |AT Fo(— )| < Cn;"‘"l f |FL (= 4 u)|du,
g ni 0 i
If i: = 0, we have
- "} N / nL’ r=1|gir)
(4.5) |AT FL(0)] < Cf u"THEFY (w)|du,
r&: I:I
Similarly
b — - 1 r %
(4.6) |J.L mr?.,, : )| = Crz;'""'lf (1— w) T |FL (u)|du.
g ; ]—

TRy

By (4.3)-(4.6), we have

|b'. (Ilm IIjBn.r llif"‘r”

Jo*
(4.7) < Cwlz)e"(x ||um’"F“"*'||Z Zlﬂm '—'Pm ke (),
i=0 k=0 ti

If b* = 1for £ =0, k* =n; —r—1for E=mn;—rand £* =kor 1 < k < n; —r.
By (3.1), we have

iy —v L'*
Zlum I 1|—|pn=_,,k|: < Clwo™) " z).
k=0 i

which combining with (4.7) give

w ()" (2) Bal i (f.2)] < Cllwe” fT.0

nr—1\
Combining with the theorem 2.1 and theorem 2.2, we can obtain
Corollary. Forany «, 5 =0, 0< A < 1, we have

(4.8)

()™ (@) BLL, (f,2)] < { o e Sl L feCa.

n,r—1 f‘”tt ,,r)\f(”” f c H"'—:. A

4.3 Proof of Theorem 2.3.
4.3.1. The direct theorem. We know

1 t .
(4.9)  Fa(t) = Fulz) + FR(t)(t —x) + - + - 1~.f (t —u)" = ) (w)du,
I_‘I'— ..I‘ T

(4.10) By el — )k =0 k=12, ,r—1.
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According to the definition of W[, forany 4 € Wi.wehave BY _ (g.x) = Bnr—1(Gnlg). ),

and ur(.r:||Gn|:.r]—Bﬂ,r_1[Gﬂ.:n]| = w(z)|Bn 1 (Be(Gr b, x), 2|,

thereof R,(Gy.t,x) = [(t —u)"" 1G4 (u)du, we have

du. x)

t
w(z)|Grlx) — Bpro1(Gr,x)| € Cllwe™ G ||w(x) n.'r'—]_[f

w(w)dr(u)

t =1
= C-‘”ur.:;'a‘"Gfﬁ:i'||u.~|::r::||:Bn.,,_1(f I 2:4 ) du“r]]%.
; (w
r—1
(4.11) B, 1'f It~ | =l o)t
w?(
also
|t — u|‘" L |t —x|" [t — |t [t — x|
4.12 ; . < .
(4.12) f ) ——du < qulz‘"l:.r] L o2 (0) du o2(0)

By (3.2), (3.3) and (4.12), we have
w()|Gn(x) = Bnro1 (G, x)| < Cllwe "G |67 () B 1 (|t — "

T

| .

g ()

2 sy

t.-?'”[ﬂﬁ:'

(4.13) = (=228 e ().
v”_ml.r

e G|

By (3.6), (3.7) and (4.13), when g € W[, then

w(x)

(2) = B, 1(9.2)| € w(z)|g(w) — Gnlg, )| +w()|Gnlg, z) — BY ,_y(g.)]
< Jw(@)(9(z) = Lo(9.2))|o, 2 + (@) (9(z) = Rolg,2) g2

Al
n )
b Oy e G|
(4.14) < (288 g,
- < g 1o

For f € C'w, we choose proper g € W} .by (3.9) and (4.14), then

w(z)|flx) — M r)| < wx)|flx) —glz)| + LL'IxI|Bm, =g,z
+wlx)|glz) — By _q1(g, x|

P, N 5 |:le P PP T
Clllwlf — o)l + '*W" [liwag"™ )
<o (f, =ty o

CVng(x)
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4.3.2. The inverse theorem. We define the weighted main-part modulus fo I3 = R, by(see [5])
ﬂ;(f‘~ f~ﬂw = 8up ||w"ﬁ“1¢f||[f_'-'h‘.:x:]~
O ht
Qu(1, fot)w = Q5 F t)w.
The main-part K-functional is given by
Koo fit")w = sup igf{”w(f — g)llichr o) + 1108 iohe 0oy, 9T € AC((CRT, 20))}.
O hst

By [5], we have

[ —1lgr ‘
(4.15) CY (fot)w € w

-]
-
-\_

(4.16) CTUK 6 (fot")w < Q5(f, u.gf‘hw Fot ).
Proof. Let § = (1. we choose proper i so that

17 Jw(f = 9l € CU(F 8wy e g € COQ(F, 8

Forre N. 0 <t « 1 and 2 = r 51—? we have

(@) AR fa)| < |wla) ARy (f(x) = By 1 (f.x))| + |w(z) AR By 1 (f — 9.7

+ |w(=)Apg By »_1(9, )]

= Zcﬂfn_%' On(x + [E — i)holz)) o0
‘ dlr + (g — J)holx)) :

F=0
n‘1¢-§:) -‘1*:-5-1'] r
fﬁ fﬁ tu.rleﬂL:"I(f—g~I+Zu;¢)¢fu1-~~fEttr
_hg(m) _hgim) 1
haaiz) haia) T
— hé(m) _hé(=) (mlBﬂr 1|Q~I+Zukjdul‘“dur
[-118) = Jl +J2-|—J3.
Obviously
(4.19) Jy < C(n~T¢ 1 (z)8,(x))®

By (3.11) and (4.17), we have

.l1¢ = hai{m)

< Cn'||w(f — g|||jim:I f duty - - - diy.

_ heim)
3

< O () |w(f — g)
(4.20) S On"h" " (z)2L(f, 6]
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By the first inequality of (4.8), we let X = 1, and (3.10) as well as (4.17), then

.'1.¢ L)

Jg{f‘n?”wf gl”f

(4.21)

hé(:j

h.c-E.r]

o (x4 Z w g - - - didy
——a k=1
< CnTh™o" (x)p~" ()|l f — a)|
< CnTh"¢" (x)p™ " (@) (16w

By the second inequality of (3.10) and (4.17), we have

hie)

I3 < Cllwe”g"™ [|wix)

_ haiz)

he(m)

L "
w o+ w)e~ (@ + Y wy)duy - du,
ha(m)
- o

]

(4.22)

< Ch"[|lwe"g™|
< Ch 6 f. ).

Now, by (4.18)-(4.22), there exists Jd = (I so that

. ) 1 g ()
. ™ = =Ty}
w(x) ALy ()] < O~ 5
+1111n{n1‘m '(i:' A" 6" () T (fy 8)e + hT 5" (2 6))
< o((n=#22lya
¢lx)
i _]_..I
ML AT e (7 5), 1 RS (f6) )
() o)
< C((n#2r e
@(x)
1§n|rr:|-._r rE—T T Yooy
+h"M"(n™ VT (Fe )+ RS (fL 8 ).

o(x)

When n = 2, we have

rz_%ﬁﬂ(.r] < (n—1)" ’iéﬂ, 1l vrrz 1’6 (x)
Choosing proper =, 4, n € NN, so that
n_%ét;[:cl <6< (n 1)—11; Gﬂ._,l (]
blx) @)

Therefore
| lx) AL, flx)] < C{6%° 4 RT7TQL(f,6)w }

By Borens-Lorentz lemma, we get
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QL(f, 1)y < Ct20.

So, by (4.15) and (4.23), we get

EOr U‘ r:| . t
wyl(fithe < r:f 2 Tir = r:/ reo—lgr — oy,
i ]

T [l
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