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Abstract
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1. Introduction

Closed sets are fundamental objects in a topological space. For example one can define the topology on a set by
using either the axioms for the closed sets or the Kuratowski closure axioms. In 1971, Levine [ 7 ] introduced the
concept of generalized closed sets in topological spaces. Also he introduced the notion of semi open sets in
topological spaces. Bhattacharyya and Lahiri introduced a class of sets called semi generalized closed sets by
means of semi open sets of Levine and obtained various topological properties.

The notion of Q" - closed sets in a topological space was introduced by Murugalingam and Lalitha [ 9] in 2010 . In
the year 2012, P. Padma introduced the concept of ( 11, T, )* - Q* closed sets in bitopological spaces . Also she
introduced the notion of (T4, T, )* - Q* continuous maps in bitopological spaces.

The aim of this paper is to introduced the new type of closed sets called Q* g closed. We introduce and study a new
class of spaces namely ( i , 7 )* - Q*g Ti,r'g space and ( T, T )* - Q*g Tah space. Also we find some basic

properties and applications of ( 7, 7; )* - Q* g closed sets.
2. Preliminaries
Throughout this paper X and Y always represent nonempty bitopological spaces ( X , t; , 7, ) and
(Y ,o1,0,). Forasubset Aof X, ti-cl (A), ti-Qcl (A) (resp.ti-int (A) .ti-Qint (A)) represents closure
of Aand Q’closure of A ( resp. interior of A, Q" - interior of A ) with respect to the topology t; . We shall now

require the following known definitions.

Definition 2.1 - A subset S of X is called 111, -0penif S € t; U 1,and the complement of 717, - open set is 717,

- closed.

Example2.1-LetX={a,b,c},t:={¢,X,{a},{a,b}} andt,={¢, X, {b}}
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Thent,-open setson X are ¢,X,{a},{a b}andt,-o0pen setson X arep, X, {b}. Therefore, 117, -
opensetson X are¢p, X,{a},{b},{a,b} andt,t,-closedsetsare X,¢ ,{b,c},{c,a},{c}.

Definition 2.3 - A subset A of a bitopological space ( X, 11, 1, ) is called ( 71, T, ) * - semi generalized closed
(‘briefly (1, 12 ) * - sg closed) set if and only if 1,7, - scl (S) < F whenever S < F and F is 1,1, - semi open set .

The complement of ( 71, 1, ) * - semi generalized closed set is 131, - Semi generalized open.

Definition 2.4 - A subset A of a bitopological space ( X, 11, 1) is called ( t1, 12 ) * - generalized closed ( briefly
(71, 72) *-gclosed) setifand only if ty1, - ¢l (S) < F whenever S < Fand F is 1,1, - open set . The complement

of (11, 12) * - generalized closed set is ( T, , 1o ) * - generalized open.

Definition 2.5 - A subset A of a topological space ( X, t) is called a Q* generalized closed set ( briefly Q* g -
closed ) if cl(A) < U whenever A < U and U is Q* open in ( X, t) . The complement of a Q* g - closed set is

called a Q* g - open set.

3. Q* g closed

In this section we introduce a new type of closed set called Q* g closed.

Definition 3.1 - A subset A of a bitopological space ( X , 11, 1, ) is called a ( 7, 1j )* - Q* generalized closed set
(‘briefly (i, 7j)* - Q* g closed ) if 7; 7; - cl(A) < U whenever Ac Uand U is 1y tj- Q*openin (X, 11, 712),

wherei,j=1,2andi=]j.Thecomplementofa (7, tj)*-Q*g-closed setis calleda (7, 7j)* Q* g - open set .

Example3.1: LetX={a,b,c}, u={¢, X}o={¢,X,{a}}then(7,1)*-Q*gclosedsetsare ¢, X,
{b},{c} . {a,b},{b,c},{c,a}and (7, 7)*-Q*gopensetsarep,X,{a,c},{a,b} {c}, {a},
{b}.

Theorem 3.1 : Every (7, 7 )* - Q* g closed set is ( 7, 7j)* - semi closed.
Remark 3.1 : The converse of the above theorem need not be true . The following example supports our claim.

Example 3.2 :LetX={a,b,c},t1={¢,X,{a},{b},{a,b} }andt,={¢,X}then (71,7)*-Q*g
closed setsare ¢ , X, {c},{b,c},{c,a}.Here{a,b}is (i, tj)*-semiclosed but not (7, 7;)*-Q*g

closed.

Theorem 3.2 : Every (ti, 7j)* - Q* open setis ( 7, 7j)* - Q* g open.

Remark 3.2 : The converse of the above theorem is not true as shown in the following example.
Example 3.3 : Inexample 3.2, {a}is (i, tj)* - Q* g - open set but not ( 7; , 7 )* - Q* open.
Theorem 3.3 : Every (7, 1j)* - Q* closed set is ( 7, 1;)* - Q* g closed.

Proof : Let Abean (1, 7)* - Q*closed set. Then X — A'is ( 1, 7j )* - Q* open . We have to show that A is

(T, 1 )*-Q*gclosed . Since every (7, 7; )* - Q* open setis ( 7, 7 )* - Q* g open , we have X — A is
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(ti,T)*-Q*gopen. Thus, Ais (1, 75)* - Q* g closed.
Remark 3.3 : The converse of the above theorem is not true as shown in the following example.
Example 3.4 : Inexample , {b,c}is (i, tj)* - Q* g closed set but not ( t;, 7; )* - Q* closed.

Theorem 3.4 : Every (7, 1 )* - Q* g closed set is ( 7, 7j)* - g closed.

Proof : Let Abean (1, 7j)* - Q* g closed set and U be any ( 7, 1;)* - Q* open set containing A in X . We have
to show that Ais ( t; , 7j )* - g closed . Since every ( 1;, 7j )* - Q* open setis (i, tj)* -openand Ais ( 7, 7 )* -
Q* g closed we have 1 1; - ¢l (A) < U whenever Ac Uand U is ( 7, tj)* - open in X . Hence Xis (ti, 7 )* - ¢

closed.
Remark 3.4 : The converse of the above theorem is true as shown in the following example.

Example3.5:LetX={a,b,c},t1={¢, X}, 12={¢,X,{c}, {a,c}}then(r, 7 )*-gclosed sets and
(ti,T)*-Q*gclosedsetsarep, X, {b},{a,b},{b,c}

Theorem 3.5 : Every (7, 1j)* - Q* g closed set is ( 7, 7j)* - ag** closed.

Proof : Let Abe an (1, 1j)* - Q* g closed set such that A — U, where U is (7, 1;)* - Q* open . We have to show
that Ais (7, 7 )* - ag™™* closed . Since every ( T, 7j )* - Q* open setis ( 7, 7; )* - open, (T, 7j)* - closed set is
(T, T)*-aclosed and Ais (7, 1y )* - Q* g closed we have 1; 7; - a ¢l (A) < U whenever A c U and U is

(i, T)*-g**openinX.Hence Ais (7, tj)* - ag** closed.
Remark 3.5 : The converse of the above theorem is true .

Example 3.6 : In example 3.1, (7, 5 )* - ag** closed and (7, 1j)* - Q* g closed setsare ¢, X, {b},{c},
{a,b},{b,c},{c,a}.

Theorem 3.6 : Every (7, 7j)* - open setis (i, ;)* - Q* g open.
Proof : LetSbe an (7, 1j)* - opensetin X . Then X -Sis (7, 1;)* - closed.

Claim:Sisa(ty,72)*-Q*gopenset.i.e)toprove X—Sisa(t;,12)*-Q*gclosedset.i.e)toprovet;T;-
cl (X-S)c Fwhenever X-S cF,Fis(t,t)*-open.LetX—-S < FandFis (7, t)*- open. Since
X—=Sis(ti,1)*- closed, wehavet,7,-¢l (X-S)=X-S c F.

= X-Sisa(ty,72)*-Q*gclosed set.
Thus, Sisa(ty,7,)* - Q* gopen set.
Theorem 3.7 : Every (7, 1j)* - closed set is ( 7, 7j)* - Q* g closed.

Proof : Let Abean (1, tj)* - closed set. Then X — A'is (1, 1;)* - open . We have to show that Ais ( 7, 7j )* -

Q* g closed . Since every open set is ( ti, 1 )* - Q* g open , we have X — A'is ( i, 1j )* - Q* g open. Thus,

Volume 2, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm/index 71|




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218
Ais (1, 15)* - Q* gclosed.

Remark 3.6 : The converse of the above theorem is not true as shown in the following example.

Example 3.7 : Inexample 3.1, {a, b} is (1, 7j)* - Q* g closed but not ( 7;, 7; )* - closed in X.

Note 3.1 : The family of all ( 7 , 7 )* - Q*g closed subsets of a bitopological space X is denoted by
(ti,5)*-Q*g.

Proposition 3.1 : IfA,B € (1i, 77)*-Q*gthen AUB € (7, 11)*-Q* 0.

Proof : Let Aand B be ( 7, 1j)* - Q* g closed sets in X.

Claim: AuBhbea(rT,1)*-Q*gclosedsets in X . i.e) to prove 7 7 - ¢l (A U B) < U whenever A U B c U and
Uis (1, 1)*-Q*openin X. Since, A and B be ( tj, tj )* - Q* g closed sets in X we have t;7; - ¢l (A) c U
whenever Ac Uand U is (7, tj)* - Q* open in X and t; 1 - ¢l (B) < U whenever Bc Uand Uis ( 7, 1;)* - Q*

open in X. Since X be a bitopological space , we have finite union of closed sets are closed.
=1 Tj- ¢l (AU B) c Uwhenever AuB)cUandUis (7, 7j)* - Q* open in X.
=>AuUBIis(1,1)*-Q*gclosed sets in X.
=>AuUBe(1,1)*-Q*g.

Remark 3.7 : The intersection of 2 ( 7;, 7 )* - Q* g closed sets are ( i, 7 )* - Q* g closed . The following example

supports our claim.

Example 3.8 : Inexample 3.2, {b,c}and{c}are (7, 7)*-Q*gclosedset.{b,c}n{c}={c}is(m, T
)* - Q* g closed.

Remark 3.8 : The union of 2 ( 7, 7; )* - Q* g closed sets are ( t;, 7j )* - Q* g closed . The following example

supports our claim.

Example 3.10 : Inexample 3.1, {c,a}and {c}are (7, t)*-Q*gclosedset. {c,a}yu{c}={a,c}is
(i, T)* - Q*gclosed.

Theorem 3.8 : The intersection of a ( 7;, 7j)* - Q* g closed and a ( t;, 7;)* - g closed set is always ( ti, 7;)* - Q* g

closed.

Proof : Let Abea (7, 1j)* - Q*gclosed and let F be ( 7;, 7j)* - g closed . If Uisan (1, 7;)* - Q* open set with
AnFcUthenAcUuFandsotit-cl(A)cUUF . Nowrtit-cl(AnF)crtt-cl(A)nFcU.

Hence AN Fis (1, 7)* - Q* g closed.

Example 3.11 : Inexample 3.2, { b }is (i, 7 )* - Q*gclosedand {a,b }is (i, 7 )*-gclosed. {b}{a,b
y={b}is(m,1)*-Q*gclosed.
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Proposition 3.2 : If Alis (1, j)* - Q* g open and ( t; , 7j )* - Q* g closed subset of X then Alisan (i, 7 )* - Q*

closed subset of X.

Proof : Since Ais (1, 7j)* - Q*gopenand ( 7, 7;)* - Q* g closed , 1 1 - cl(A) c U . Hence Ais (1, 1)*-¢

closed.
Remark 3.9 : The following example supports our claim.

Example 3.12 : Inexample 3.1, {a,c}is(ti, 1)*-Q*gopenand (7, 7 )*-Q*gclosed. Then {a,c}is

(7, 7)*-9gclosed.

Theorem 3.9 : If Ais (i, 7 )* - closed set in X then Ais (7, 7;)* - Q* g closed if and only if titj-cl(A)-A

is (i, 1j)* - g closed.
Proof : Necessity : Let Abea (1, 7;)* - closed set.

Claim:tit-CI(A)-Ais (7, 1)*-g-closed.ie) Toprovetit-cl (A)-A=¢.Since Ais (1, 7)* -
closed , we have tjtj-cl (A)=A.ie)tt-cl (A)—A=¢.Hencetitj-cl (A)—Ais (7, 7)* -9 - closed.

Sufficiency : Let tjtj-cl (A)-Abea (7, 1)* -9 -closed set.

Claim: Ais (7, 1;)* - closed . ie ) Toprove tj tj-cl (A) = A.Since, titj-cl (A) - Ais (1, 17)* - g closed.
= 7TT-cl(A)-A=¢. AlsoAis(1,t)*-Q*gclosed. Therefore, Ais (7, tj)* - closed.

Proposition 3.3 : If Alis (7, 7j)* - closed subset of X then A is ( t;, 7;)* - Q* g closed.

Proof : Let Abe (7, 1;)* - closed in X.

Claim: Ais (7, tj)* - Q* g closed. ie., to prove 1 7;- ¢l (A) < U whenever Ac Uand U is (1, 1j)* - Q* open

inX. LetAcUandUis (7, 1j)* - Q* open in X. Since Ais (7, 1j)* - closed in X, we have ; 7; - ¢l (A) = A
Since A c U, we have 1; 1j-cl (A) = Ac U . Therefore , Ais (7, 7 )* - Q* g closed.

Remark 3.10 : But the converse of the above proposition is not true in general. It is shown in the example 3.1 . The

subset { b } of a bitopological space X is ( 7, 7j)* - Q* g closed but it is not ( 7 , t;)* - closed in X.

Proposition 3.4 : If Aisa (7, 1;)* - Q* g closed set of X suchthat Ac B titj-cl (A)thenBisalsoan (1, 7
)* - Q* g closed set of .

Proof : Let Abean (7, 1;)* - Q* g closed set of X suchthat Ac B — 7 7j-cl (A).

Claim: B is (7, 7)* - Q*gclosed set of X . ie) to prove 7; 1j- ¢l (B) c U whenever Bc U & Uis (7, 7j)* -
Q*openinX.LetBcU&Uis (1, 1)*-Q*openinY . Since Ais (1, 7;)*-Q*gclosed in X, we have 1 1 -
cl (A)c Uwhenever Ac U &Uis (7, t)*-Q*openinX. Since Ais (7, 7j)* - closed in X , we have

Titi-Cl(A)=A.SinceAcBcrit-cl(A),wehaveBis(t,1)*-closedin X &tit-cl(B)=B.Since B
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c Uwe have Bis (7, 1j)* - Q* g closed.

Remark 3.11 : The following example show that ( t; , 7; )* - Q* g closeness is independent from ( 7 , 7j )* - g

closeness, (t;, 7j)* - sg closeness , (i, T )* - ga closeness and ( ti, 7j )* - a closeness.

Example 3.11 : Inexample 3.1, (7, t;)* - { a, b } is Q* g closed but neither ( 7 , 7j )* - 4 closed , (7, T))* - 59

closed and the set { &, c }is (7, 7 )* - Q* g closed but neither ( 7, tj)* - ga closed and ( t;, 7;)* - o closed.
Theorem 3.10 : Every (7, 1;)* - Q* g closed set is ( ti, 7j )* - sg closed.
Proof : Let Abe an (1, 1;)* - Q* g closed.

Claim: Ais (i, 1;)* - sg closed . Since every ( 7;, 7 )* - closed setis ( 7;, 7;)* - semi closed and Ais (7, 7j)* -
Q* g closed we have t; 1j - scl (A) < U whenever Ac U & U is (7, 7)*-openinX.Hence Ais (7, 1)*-sg

closed.
Remark 3.12 : The following example shows that converse of the above theorem need not be true.
Example 3.12 : Inexample 3.2, {a}is (7, tj)* - sg closed but not ( t;, 7;)* - Q* g closed.

Theorem 3.11 : A subset S of X is ( 7j, 1;)* - Q* g closed if and only if (i, 7;)* - ¢l (S ) — S contains no non -

empty (7, 7j)* - closed set.
Proof:
Necessity : Suppose that S is (i, 7;)* - Q*g closed.

Claim: (7, 1j)* - ¢l (S)— S contains no non - empty (7, 7; )* - closed set . Assume the contrary . Let F be a

(i, 7j)* - semi closed set such that F < (i, 7j)* - ¢l (S)-S.
SinceFc (i, 1)*-cl(S)-S,wehave Fc (1, 1)*- cl(S) N (X-S).
=Fc(ti,7)*-cl(S)and Fc X-S ............. (3.1).

Since Fis (i, 7;)* - closed , we have X — Fis (7, 1;)* - openin X .Since Fc X—-S,wehave Sc X-F.
Therefore, Sc X—-Fand X -Fis (1, tj)* - open.

By the definition of (7, 1;)* - Q* g closed set, it follows that
(ti,g)*-cl(S)c X-F
=>Fc X—(,1)*-cl(S) ... (3.2).
From(3.1)and (3.2), we have

Fel(n, g)*-cl(S)] n [ X=(7i,45)*-cl(S)] = ¢
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Therefore , (i, 7;)* - ¢l (S)— S contains no non - empty ( 7, 7 )* - closed set.

Sufficiency : Suppose that ( i, 7;)* - ¢l (S) — S contains no non empty ( t;, 7;)* - closed set.

Claim: S is (1, 1)*- Q*gclosed . i.e) toprove (1, t;)*- cl (S)<c Gwhenever Sc Gand Gis (7, 7 )*-

openin X .LetSc Gand Gis (1, 7)*- openin X . If (i, 15)*- cl(S) g'_cG,wehave(ri,rj)*—cl(S)g
X-=Gand (((ti,7g)*-cl(S))n (X-G)+#¢.

SinceScG,wehave X-G < X-S.
=S (T, ) -c(S) n(X-G)c(1,5)*-cl(S)n(X-9).
= (1, 5)*-c(S)N(X-G)c (1, 7)*-cl(S)-S.

Since Gis (7, 7;)* - open, we have X -G isa (1, 7j)* - closed set. Therefore, (7, 7)*- cl(S)
(X—-G)isanon-empty (7, tj)*- closed set. This is a contradiction to our assumption that ( tj, 7;)*- ¢l (S) -

S contains no non - empty ( 7, 7 )* - closed set . Therefore , S is (1;, 7;)* - Q* g closed.

Corollary 3.1 : LetSbhe (t1,12) *-Q*gclosed setin X . ThenSis (7, 1j)* - closed if and only if ( 7;, 7j)* - cl
(S) —Sis(t1,12)*-closed.

Proof :
Necessity : Let Sbea (t1,1,) *- Q* gclosed setin X . Suppose that Sis (11, t,) * - closed.

Claim: (7, 7)*-cl(S) —Sis (7, t)*- closed. Since Sis (1, 1)*- closed, we have (1, t)*-cl(S) =

S. =(7,7)*-cl(S) -S =¢.Therefore, (1, 7)*-cl(S) —Sis(7,tj)*- closed.
Sufficiency : Suppose that (i, 1j)*-cl (S)—-Sis (1, 7;)* - closed.

Claim: Sis(t;,t2)*-closed . Since Sbe (11, 12) * - Q*g closed set in X and (7, 7j)*-cl (S) —Sbe

(i, 7)*- closed. Then (1, 7)*-cl (S) —S be does not contain any non empty ( t;, 7j)* - closed subset.
Z(Ti,‘fj)*-d(S) -S :(I).
Thus, (i, tj)*-cl(S) =S. Therefore, Sis (7, 7;)* - closed in X.

Proposition 3.5 : Let A c Y < X and suppose that A'is ( 7 , 7j)* - Q* g closed in X. Then Ais (7, 1;)* - g closed

relative to Y.
Proof : Let Ac Y < X . Suppose that A'is (i, 7 )* - Q* g closed in X.
Claim: Ais (1, 7)* - g closed relative to Y.

i.e)toprovetitj-cl (A)cUwhenever AcU and U istjtj-openinY.Let AcUand Uist;t;-openinY.
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Since , Ais (7, 7j)* - Q* gclosed in X we have titj-cl (A)c Uwhenever Ac Uand Uist;Ttj-openinX.

Since AcYcX,wehave Aistit;-closedin Y and t;tj-cl(A)=A. Since Ac Uwehave Ais (1, 1)*-0

closed in Y.

Theorem 3.12 1 In (X, 71,72 ), (7, 5)*-90 (X) = (7, 5)*-9gC (X) ifand only if every subset of X is
(i, 7)* - Q* g closed.

Proof :
Sufficiency : Suppose that (i, 7j)*-gO ( X) = (1, 1)*-9C ( X) . Let A be a subset of X.
Claim: Ais (1, 17)* - Q* g closed.

i.e) to prove tij; -cl (A) < Fwhenever AcFandFis (7, t)*-Q*open. Since every Q* open set is
openand let Ac Fand Fis (i, 7y )*-open. Since (7, 7 )*-Q*0 (X ) =(1,1)*-Q*C (X), we have
Fis(7i,t)*-closedinX.Since AcF,wehavertiti -cl(A)ctit -cl(F)=F.ThusAis (i, 1)*-Q*g

closed.
Necessity : Suppose that Ais (7, 7j)* - Q*g closed.

Claim: (1, 1)*-90(X)=(1i,7)*-9C(X) .LetFis (7,7 )*-gopeninX.Since Ais (1, 1)*-Q*g

closed ,Fis(ty,t,)*-Q*gclosed .
=>1T1-cl(F)cF
=>7Tt-cl(F)=F.

Therefore , Fis (1, 7j)* - closed in X.

LetGis (i, tj)*-closedin X.Then X-Gis (1, 1j)*-open.Since X-Gis (1, 1)* - Q*g closed , we have

X-Gis(t,T)*-gclosedin X .= Gis (7, 1)*-gopeninX.
Therefore, (i, 7)*-9 O (X) = (7, 11)*-9C ( X).

Remark 3.12 : The following diagram shows the relationships of Q* g closed sets with known existing sets . A —»

B represents A implies B but not conversely.
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T )% - Semi closed T,)* - g closed

77N

(T.T)*-og** closed &—— (1., Ch)E- Q*gdufd% (7:.7;)* - closed

S //H

(7. 5)%- Q* dosed ==——=> (%-T)"-sgclosed

Proposition 3.6 : If Alis both (7, 7 )* - g openand ( T, 7; )* - Q*g closed, then A'is (7, 7;)* - g closed.
Proof : Let Abe (i, 1;)*-gopenand (7, tj)* - Q*g closed.
Claim: Ais (T, 77)* - g closed.

ie) to prove T i1 j-cl (A) = A. Obviously Ac Aand Ais (7, 7j)* - g open. Since, Ais (i, Tj )* - Q*g closed, we
have (ti, 7j)*-cl (A)c A. Also Ac (T, 17)*-cl (A)

=(1i,7)* -cl(A)=A
= Ais (1, 15)* - closed.
= Ais (1, 7)* - gclosed in X.
4. Applications :
We introduce the following definitions
Definition 4.1 : A space X is called a

i (i, T)*-Q*y T1J,rq space if every (T, 7 )* - closed set is ( 7;, 7; )* - Q* g closed
ii. (ti,7)*-Q*g T3 /s space if every (T, 7j)* - Q* g closed set is (t;, 7 )* - g closed
o

iii. (ti,7)*-Q*g Ty space if every (7, 7y )* - Q* g closed set is ( 7, 7j)* - semi closed

iv. (ti,.7)*-Q*g ng space if every (1, 7 )* - Q* g closed set is ( 7;, 7; )* - sg closed

V. (ti,7)*-Q*g T, space if every (7, 7j)* - Q* closed setis (7, j )* - Q* g closed
Proposition 4.1 : A bitopological space X is an ( ti, 1j)* - Q*g Tlf: - space if and only if { x }is (7, 7;)* - open
or (7, 7)*-Q*gclosed for each x € X.
Proof : Suppose that X is ( 7i, 7 )* - Q*g Tlf,r: and for each x € X, {x} is not ( 7;, 7;)* - Q* g closed . Since X is

the only ( ti, 7 )* - Q* g open set containing { x }°, { X }° is (t, tj )* - Q* g closed and thus ( =, 7j )* - Q*
closed. Hence { x } is (7, 7 )* - open.

Conversely, assume that {x} is (i, tj)* - openor ( 7, 7;)* - g closed for each x € X.
Claim : Xisan (7, 7 )* - Q*g T1, space . i.e) to prove that, every ( 7, 7j )* - Q* g closed set is (7, 7j )* -
/2

closed . By assumption, {x } is (i, 7j)* - openor (7, 7 )* - Q*g closed for any x € X. = {x} is (i, 7;)* - open
or (i, 7)*-Q*gclosed forany x € i 7 - cl (F).

Case (i) Suppose {x} is (i, T;)* - open. Since F is ( 7; , 7j)* - Q* g closed set, we have { x} N F # ¢ . Therefore ,
xeX.=Fis(7,t)*-closed.
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Case (i) Suppose {x}is (i, 7j)* - Q* g closed . If x ¢ F then {Xx} < 1; 7; - cl (F) — F which is a contradiction .
Therefore ,x e F. = Fis (1, 17)* - closed. Thus in both cases, we conclude that F is ( 7;, 7; )* - closed. Hence , X
isan (T, 7)*-Q*gT1, space.

iz
Lemma 4.1 : In any space a singleton is ( 7, 7j)* - Q* open if and only if itis ( t;, 7j)* - open.
Theorem 4.1 : For a bitopological space X, the following conditions are equivalent

i) Xisa (7, 1)*-Q*g T:aj,:} space

i) Every singleton { x } is ( 7, 7j)* - Q* open or (7, 7 )* - g closed.
iii) Every singleton { x } is ( 7, tj)* - open or ( t;, 7;)* - Q* g closed.
Proof :
i) =ii):If{x}isnot(7,t)*-gclosedthen X/{x}isnot (7, t)*-gopen&thus (i, 1)*-Q*g
closed.Byi), X/{x}is (1,7 )*-gclosed.ie) { x}is (7, 1j)*-Q* open.
i) =>i):LetAcXis(ti,1)*-Q*gclosed. Letxetiti-cl(A).
We consider the following two cases :
Casei) : Let{x} be (i, 1)* - Q*open. Since x belongs to the 7; 7; - closure of Athen { x} " A=
¢ . This shows that x € A..
Caseii): Let{x} be (7, tj)*-gclosed . If we assume that x ¢ A, then we would have
x et -cl(A)/A, which cannot happen according to lemma 4.1 . Hence x € A.
So in both cases we have 7; t; - ¢l (A) < A. Since the reverse inclusion is trivial , then
A=11-cl (A)orequivalently Ais (T, 7;)* - g closed.
ii) = iii) Follows from lemma 4.1 .

Theorem 4.2 : Every (i, 1j)*- Q*g T1, spaceis (i, 7 )*-Q*g Ts /s space.
42 !

Remark 4.1 : The converse of the above theorem is true in general . The following example supports our claim .

Example 4.1 : Inexample 3.1, Xis (7, 7;)* - Q*g TE;'Z; space and (7, 7j)* - Q*g le,rq space.
Theorem4.3:Ina(t,7)*-Q*y T3 A space , every ( 7, 7j)* - Q* g closed set is ( 7, 7j)* - g closed.
4

Proof : Let X bea (7, 7j)* - Q*g TE;Z; space . Let Abe (7, 7j)* - Q* g closed set of X . We know that every ( i,
T7j)* - Q* g closed set is ( 7, ;)* - g closed . Since Xis (1;, 7j)* - Q*g TE;’Q, space , Ais (T, 7j)* - g closed.
Theorem 4.4 : If Xis (7, 7j)* - Q*g T1, space withY € X, then Y is (7, 7;)* - Q*g T1, space.

i 42
Proof : ForyeY,{y}is (i, t)*-openor (7, t)*-Q*gclosedin X. Using proposition 4.1 ,{y }is
(i, tj)*-openor (T, 1)*-Q*gclosedin.
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