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Abstract

In this paper, momentum and thermal slip conditions of an MHD double diffusive free convective
boundary layer flow of a nanofluid with radiation and heat source/sink effects past a vertical semi-infinite
flat plate are presented. The sheet is situated in a free stream in the xz-plane and y is measured normal
to the surface directing to the positive y-axis. A variable transverse magnetic field is applied parallel to
the y-axis. Effects of magnetic field, heat source/sink and thermal radiation have been studied on the
flow quantities in addition to others’ effects as mentioned in the literature. The governing boundary layer
equations of the problem are formulated and then transformed into dimensionless equations. The
resulting equations are solved numerically by the fourth order Runge-Kutta integration scheme in
conjunction with the shooting method. Finally, effects of the pertinent parameters on velocity,
temperature, solute concentration, nanoparticle volume fraction, skin friction coefficient, Nusselt
number, regular mass transfer rate and nanoparticle mass transfer rate are briefly mentioned and
justified graphically and in tabular form. The results are in nice agreement with that of the papers under
considerations as mentioned in the literature.

Keywords: Momentum Slip; Thermal Slip; Brownian Diffusion; Thermophoresis; Thermal Radiation;
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1. Introduction

Nanofluids are dilute liquid suspensions of nanoparticles with dimensions smaller than100 nm. Nanofluids have
been found to possess enhanced thermophysical properties compared to base fluids like oil or water [1]. Thermo-
physical properties of nanofluids depend on nanoparticle volumetric fraction, aggregation of nanoparticle, size and
shape of the nanomaterials [2]. Nanofluids possess wide range applications in science and technology [3]. The
pioneering work on enhancing thermal conductivity of fluids with nanoparticles was studied by Choi [4]. Abnormal
increase of thermal conductivity and viscosity of nanofluids with respect to base fluids was examined by
Buongiorno [5].

Crane [6] did the pioneering work of his study on boundary layer flow over a stretching surface. This area is
becoming novel area of research owing to its engineering applications in metallurgy and polymer technologies as
the final product of the desired characteristics depend on the rate of cooling and in the process of stretching. The
analytical model suggested by Buongiorno [5] for convective transport of nanofluids includes Brownian motion and
thermophoresis. Many authors have been used this model. Khan and Aziz [7] used the model in their study of
natural convection flow of a nanofluid over a vertical plate with uniform surface heat flux. On the other hand,
Kuznetsov and Nield [8] extended the classical problem of free convection of an ordinary fluid along an isothermal
vertical plate to the flow of a nanofluid. The gap between the works of [7] and [8] have been filled by Aziz and
Khan [9] by using a comprehensive thermal convective boundary condition to study free convective nanofluids
flows. Furthermore, studies on free and forced convective boundary layer flows of nanofluids in a vertical motion at
different conditions have been conducted by many researchers [10-16]. Due to the wide range applications in
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chemical engineering, solid state physics, oceanography, geophysics, etc, researches on double diffusive
phenomena are becoming popular and are attracting the attentions of many researchers. Nield and Kuznetsov [14]
examined double diffusive natural convective boundary layer flow in a porous medium saturated by a nanofluid.
The authors used Buongiorno’s model for nanofluid and Darcy’s model for the porous medium term. Moreover,
Khan and Aziz [17] studied on double diffusive natural convective boundary layer flow in a porous medium
saturated with a nanofluid over a vertical plate. MHD flow past a flat surface has many important technological and
industrial applications such as micro MHD pumps, micromixing of physiological samples, biological transportation
and drug delivery [18-19]. Yazdi [20] further elaborated the application of a magnetic field that it produces Lorentz
forces which are able to transport liquids in the mixing processes as an active micromixing technology method. In
addition to this, Uddin et al.[21] pointed out that a magnetic nanofluid has many applications: magnetofluidic

Nomenclature

I Momentum slip parameter

b Thermal slip parameter

B Magnetic field strength

£ Solutal concentration

Cy  Skin friction coefficient

C.. Solutal concentration at the vertical plate
.. Ambient solutal concentration

Dy Thermal slip factor

Dz Brownian motion diffusion coefficient
D7 Thermophoretic diffusion coefficient
D7 Soret type diffusivity

D+ Dufour type diffusivity

Ds Solutal diffusivity

Dimensionless stream function
Dimensionless solutal concentration
Acceleration due to gravity
Dimensionless nanoparticle fraction
Thermal conductivity of the nanofluid
k* Rosseland mean absorption coefficient
kg Thermal conductivity of the base fluid

?q*;rt-:.*l‘:.:.‘-h

Ld Dufour solutal Lewis number
Le Regular Lewis number

Ln  Nanofluid Lewis number

M Magnetic parameter

Ny Momentum slip factor

NB Brownian motion parameter
Nc  Regular buoyancy ratio

Nd Modified Dufour parameter
Nr  Nanofluid buoyancy parameter
Nt  Thermophoretic parameter
Nu, Nusselt number

Pr  Prandtl number

2 Heat source/sink parameter

Ra. Local Rayleigh number

R Radiation parameter

Sh. Regular Sherwood number

Sh.., Nanoparticle Sherwood number

T Fluid temperature

T, Temperature at the vertical surface

T.= Ambient temperature

U, 7 Velocity components in the x-and y- axes

X;¥  Cartesian coordinates measured along and
normal to the stretching sheet
Greek Symbols

& Thermal diffusivity of the base fluid
B Coefficient of solutal expansion
Coefficient of thermal expansion

=
o

Dimensionless temperature
Electrical conductivity of the fluid
Stefan-Boltzmann constant
Stream function

*®

Nanoparticles volume fraction
Dimensionless similarity variable
Dimensionless heat source/sink parameter
Dynamic viscosity of the nanofluid
Kinematic viscosity of the fluid

Density of the base fluid

TE S o3 8 S99 @

R

Density of the nanoparticle

. (PColp
T  Aparameter defined by ——
(oGl

(_pﬂ',p}f Heat capacity of the base fluid
{(2Cy )y Heat capacity of the nanoparticle

®

leakage-free rotating seals, magnetogravimetric separations, acceleration/inclinations sensors, aerodynamic sensors
(differential pressure, volumic flow), nano/micro-structured magnetorheological fluids for semi active vibration
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dampers, biomedical applications in plant genetics and veterinary medicine. Later, Chamkha and Aly [22] studied
MHD free convection flow of a nanofluid past a vertical plate in the presence of heat generation or absorption
effects. Recently, the influence of thermal and solutal stratification parameters on natural convection boundary layer
flow of a nanofluid past a vertical plate embedded in a porous medium has been briefly stated by Srinivasacharya
and Surender [23]. The authors followed non-similar solution procedures as their methodology. On the other hand,
Olanrewaju et al.[24] investigated double diffusive convection from a permeable vertical surface under convective
boundary condition in the presence of heat generation and thermal radiation.

The above studies were engaged in the conventional no slip boundary conditions at the plate surface. The no slip
boundary condition, which is the assumption that a liquid sticks to a solid boundary, is one of the pillars of the
Navier—Stokes theory. However, there are situations where this condition fails. Partial velocity slip may occur on
the stretching boundary when the fluid is particulate such as emulsions, suspensions, foams and polymer solutions
[25]. The non-adherence of the fluid to a solid boundary is called velocity slip. Moreover, B’eg et al.[26] explained
that the no slip conditions yield unrealistic behaviour and slip has to be incorporated to certain situations. These
include the spreading of a liquid on solid substrates, corner flow and the extrusion of polymer melts from a capillary
tube. No-slip conditions must be also replaced by slip conditions in microfluidics and nanofluidics. The concept of
applying a convective boundary condition, which is the generalization of isothermal and thermal slip boundary
condition, was introduced by Aziz [27]. Later, Nandeppanavar et al.[28] studied second order slip flow and heat
transfer over a stretching sheet with non-linear Navier boundary condition. Momentum and thermal slip effects on
double diffusive free convective boundary layer flow of a nanofluid was briefly explained by Khan et
al.[29].Studies on MHD free convective boundary layer flow of nanofluids are very limited. As we have seen so far,
effects of momentum and thermal slip conditions to double diffusive free convective boundary layer flows of
nanofluids in a vertical flow have been dealt by many authors.

We didn’t see a report incorporating effects of magnetic field, thermal radiation, heat source, etc. But such flows
have to be studied because the contributions of these physical conditions may not be neglected in certain physical
situations (as stated above in the third paragraph). The paper entitled “Momentum and thermal slip conditions of an
MHD double diffusive free convective boundary layer flow of a nanofluid with radiation and heat source or sink
effects” is considered; so far, the entitled manuscript has not been reported. We have extended the works of Khan et
al.[29] by considering magnetic field, heat source/sink and thermal radiation effects to the flow regime for more
physical implications. In addition to this, the roles of the other parameters are explained in brief. The results are
displayed in figures and tables. For some pertinent parameters involving in the governing equations, physical
interpretations to the results have been discussed. The governing equations are transformed to a couple of nonlinear
ODEs using similarity transformations. The resulting equations are solved numerically by using a shooting method
followed by the fourth order Runge-Kutta integration scheme. Effects of the pertinent parameters in the governing
equations on velocity, temperature, solute concentration, nanoparticle volume fraction, skin friction coefficient, wall
heat, regular mass and nanoparticle mass transfer rates are investigated.

2. Formulation of the Problem

A steady two-dimensional free convective boundary layer flow of a nanofluid moving along a semi- infinitely long
vertical stationary flat plate in a moving free stream is considered as shown in Fig.1. The origin is located at the
leading edge of the plate with the positive x-axis directing along the plate in the upward direction whereas ¥ is

measured normal to the plate and pointing in the positive y-axis. Let the plate be maintained at a uniform and
constant solutal concentration £, and nanoparticle volume fraction @,,. Let temperature of the wall be T, which
is constant and let T, C. and @, be the ambient temperature, solute concentration and nanoparticle volume
fraction, respectively. It is worth mentioning that T, = T, €, = C, and @, = @, and as a result of this

momentum, thermal, solutal and nanoparticle concentration boundary layers are formed near the solid surface.
Hydrodynamic (momentum) and thermal slip conditions were considered at the solid interface. A variable
transverse magnetic field B{x) is applied to the flow along the y-axis. Heat source/sink and thermal radiation

effects are considered. As the induced magnetic field is very small compared to the applied magnetic field, its effect
is omitted. Considering these assumptions along with the model developed by Kuznetsov and Nield [30] with
double diffusive condition, the governing equations for the flow in dimensional form can be written as:

du dv
E-l_ﬂ_y =0 @)
pr (uZ4v2) = 4 §T+ (1 — ¢ )pr g™ (8 (T — L) + Bl — €0 — g°(, — pr )(0 — 8]

—aBu, 2
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ac ac 8% Dpr dET
u dx T By - 53}"" Tx 3}'5“ (4)
ap . 8p _ _ 3%  Drad°r
u dx + By Dg a2 + Te 832 ()
T.
C‘u; (== Cuc [ E:IDC
O | | u
Uv.=0
l Moving fluid
u, X g°
A
» 17, ¥
Fig. 1
Physical model and coordinate system
k . L. _ —1/a (pl‘__p:lp
where @@ = ——, g, is the radiative heat flux, B = Byx~ " for a constant By =0, 1= ——" and
(pCp)f (PGl F

Q= Qc.x‘”: for a constant Q. Here, w, k, 57,5~ are respectively viscosity, thermal conductivity, volumetric
thermal expansion coefficient and volumetric solutal expansion coefficient of the nanofluid.
The corresponding boundary conditions to the governing equations are:

du

'1,v|:=rl‘irl-‘[‘lrﬂ_}.J ‘E.":U, T=T1.-';+Dlz__i:! C:CWJ d}:d}u at}-‘zﬂ, (6)

uz":\"lij T_}T:m C_}C:ci (jtl'—}fjb:c as ¥ =&,

where Ny is hydrodynamic slip factor with dimension (velacity)~tand Dy is thermal slip factor with dimension

length. € is constant defined by ¢ = &+/Ra and Ra = gﬁ"l_ti’:jl‘r“'_rxj.
The Rosseland diffusion approximation for radiation, @, is defined by

__soor ,
q}‘" - IE* a}_' ( )

We assume that temperature differences within the flow are small so that T can be expressed as a linear function

of temperature and its Taylor series expansion about T.. neglecting higher order terms is T# 2 4T T.2 — 3T.2 and
dg

— becomes

oy
E- _ 16:7'1':%3_51" 8
dy 3k ay?’ ®)

Volume 5, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm 447




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

To transform the governing equations into a system of ODEs, the following non-dimensional quantities are
introduced:

n=2Ral*, Ra,=Rax’ ¢ =aRa*f(), T=T.+(T,—T.)60),

C=Cot(C,—Clgn), 0 =0 + (0, —0.)hin). )
Using the stream function y and the definitions
@ q—_ﬂ. i —E 1".12 H -:|=E 1"‘ I
u=g and v = ——, it can be easily shown that u = - Ra,/" f ), v = ( fim f(?]})

and the continuity equation (1) is identically satisfied. Substitution of the similarity variables into equations (2)-(5)
give:

F +—(3ff —2f )+E+Ncg Nrh— Mf'=0, (10)
(1 +§R) 8" + 3)"8“ + NbE'R' + Nt6'% + Ndg" +y8 = 0, (11)
9" +>Lefg'+1dg" =0, (12)
h”+5L nfh’ +‘”’—*a =0, (13)

and the corresponding boundary conditions become
@ =0, (@ =ar"(0), 6(0)=1+b80), g(0)=1 h0) =1 (14)
fm)—=1 6xn) -0 g -0 hin -0 an-

Here, primes denote differentiation with respect to 17 and the parameters are defined by Pr = = (Prandtl number),

& . Der L Tw—
Le = o (Regular Lewis number), Ln = (Nanoflwd Lewis number) Ld = o —. (GG (Dufour solutal Lewis

= & W ool

40T _ tDpliyw— . . Bo Lay—G&)
number), R = o , Nb = —E (Brownian motion parameter), N¢ = B (D)
) Dre (Gw—Cx o (pp—pfoo) (By—0x)

Regular buoyancy ratio), Nd = Modified Dufour parameter), Nr = ——— -
(Reg yancy ) @ (Ty—Twe) ( P ). 1 pfx.ﬁrkl—qu,}kl'{f—l"x:'

(T—Te) .
, Nt = % (Thermophoresis

1= Ry —Teo)
%raes (Heat source/sink parameter), Ra, =21 é:v —x®

(Nanofluid buoyancy ratio parameter), M = H: f

parameter), ¥ = (Local Rayleigh number),

a = NyuRal/2x—1/* (Momentum slip parameter) and b = Dy Ra*#x~%/* (Thermal slip parameter).

It is worth mentioning that for a quiescent free stream, }"'(’q} — 0 as 17 — == If we consider the conventional no
slip boundary conditions (& = 0), isothermal plate (& = @) and excluding effects of magnetic field, radiation and

heat source/sink from the flow field will reduce it to that of Kuznetsov and Nield [30]. On the other hand, the
absence of magnetic field, thermal radiation and heat source/sink terms from this paper reduces it to that of Khan et
al.[29].

The quantities with practical interest in the study are skin friction coefficient Cz, Nusselt number Nit,, regular

Sherwood number Sh.. and nanoparticle Sherwood number 5h..,,. These parameters characterize surface drag, wall
heat transfer, regular mass transfer and nanoparticle mass transfer rates, respectively.

These quantities are defined as:
Ity g x x fnp
— Sh,y=—"— Shypy =—7""—
P P ¥ psloy—g)’ ER T pe(Gy— B (15)

4 pUS ’

Nu, =

where Ty, G, Jue and ,Fm, are the skin friction, wall heat flux, solutal wall mass flux and nanoparticle wall mass
flux and they respectively, are defined according to Ram Reddy et al.[31] as
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(@) (I E) B0 e=e(®) 0o

Using the definitions of (16) and inserting them in (15), we get the dimensmnless skin friction coefficient (surface
drag), wall heat transfer, regular mass transfer and nanoparticle mass transfer rates respectively are

I . Nuy . x
Ral*C; = 2Prf (0), ﬁg = —(1 +2 R)a (0), =2x — —g'(0) and Ri’f_j,, = —h'(0). 7

3. Numerical solution

As equations (10)-(13) are highly non-linear ODEs, it is difficult or impossible to find the closed form solutions.
Thus, the equations with the boundary conditions (14) are solved numerically with the help of the shooting
technique along with the fourth order Runge-Kutta integration scheme.

Our aim is to convert the boundary value problem in to an initial value problem as shown below:

Letfi=f. fo=f . fa=f2fa=0fi=fsfe =07 =fsfa=handfs = f's, then

' = ——Bfifs —2f) — fo — Nefs + Nrfy + Mfy, (18)
"o__ _ 1 3 2 _3
0" =~ o (G Afs + Nbfefs + Ne(f)? +yf, — 2 NdLefif; ), (19)
3
"= —llefifs+ m( fife + Nbfefs + Ne(f)? +vfy —Nalefyf; ) and  (20)

3 Nt 3 a 3
R =—2Lnfify+ W(;flfs + Nbfefs + NE(f)2 +vfy —S Ndlefif;) (1)

with the boundary conditions
f1(0) =0, £2(0) = af3(0), (0 =1+ b75(0), f:(0) =1, fz(0) =1
falee) =1, fileo) =0, fi(e0) =0, fzleo) = 0. (22)

In order to integrate equations (18) - (21) and (22) as an initial value problem, we require values for 3 (0):=p,
fo(0):=gq, fH(0):=r and f(0):=d that is f (0}, 8(0), g'(0) and h (0), respectively. Such values are
not given in the boundary conditions (22). Thus, finding these values is our prime concern for various values of the
given physical parameters.

The most important task of shooting method is to choose the appropriate finite values of # ... In order to determine
1. for the boundary value problem stated by equations (18)-(21), we start with some initial guess values for some
particular set of physical parameters to obtain {0}, & (0),g'(0) and h'{0) differ by pre-assigned significant
digit. The last value of 7] is finally chosen to be the most appropriate value of the limit 7. for that particular set of
parameters. The value of %.. may change for another set of physical parameters. Once the finite value of #]..is

determined, then the integration is carried out as stated by Mandal and Mukhopadhyay [32]. Accordingly, the initial
condition vector for the boundary value problem is given by

[ (0), £'(0), £"(0), 8(0), 61(0), g(0), g'(0), h(0), H'(0)] that is
¥o=1[0, ap, p, 1+bqg, q, 1, r, 1, d].

We took the series of values for f (0), 8(0), g'(0) and h (D) and applied the fourth order Runge — Kutta
integration scheme with step size i = 0.01. The above procedure was repeatedly performed till we obtained the
desired degree of accuracy, 1077.
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4. Results and Discussion

As it is briefly explained by Khan et al.[29], fluid velocity increases with increasing values of hydrodynamic slip
parameter @ where as it decreases with the increasing values of thermal slip parameter & for both mono and double-
diffusive processes in the nanofluid. In addition to this, the authors investigated that the dimensionless temperature,

Table 1: Comparison of wall heat transfer rate for different values of Pr of the present study with earlier
reports are shown below:

—8'(0)
Pr Kuznetsov and Khan et al.[29] Present Study
Nield [30]

0.71 0.387 0.3909 0.3868

1 0.401 0.4044 0.4010

2 0.426 0.4293 0.4260

10 0.465 0.4680 0.4649
100 0.490 0.4909 0.4873
1000 0.499 0.5010 0.4922

solute and nanoparticle concentrations decrease with increasing values of both the momentum and the thermal slip
parameters. Our attention in this paper is not to mention what has been discussed so far rather we mainly focus on
effects of the other parameters to the various physical quantities of the flow.

To investigate influences of the pertinent parameters on the flow quantities, a parametric study has been conducted.
Effects of the various parameters like, magnetic M, heat source/sink ¥, radiation H, Brownian motion INb |
thermophoresis IVt, regular buoyancy ratio Ve, modified Dufour N'd, nanofluid buoyancy ratio N, regular Lewis
number Le, nanofluid Lewis number Ln, Dufour solutal Lewis number Ld and Prandtl number Pr; the numerical
results are displayed graphically (Figs.2-Fig.28) and in tables (Table2 — Table 5). Accuracy of the method is
validated by comparisons with the numerical results reported by Kuznetsov and Nield [30] and Khan et al.[29] for
various Values of the reduced Nusselt number. For this, different values of Pr and Le=Ld =1, y = 0,
R=M=0=a=>b Nb=Nt=Nr=Nc=Nd= 1075 and Ln = 10 are considered. The comparison
is as shown in table 1 and they are found in nice agreement especially with that of Kuznetsov and Nield [30].

The velocity, temperature , solutal concentration and nanoparticle fraction as well as the skin friction drag, wall heat
transfer, regular mass transfer and nanoparticle mass transfer rates for some prescribed values of the various
parameters Pr, Nb, Ni,Nc, Nd,Nr, R, y, M, Le Ld, Ln, a and b are presented, briefly explained and

illustrated graphically and in table form.
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Figure - 2
Figure - 1 1
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04r
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03r
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Fig.2(a): Effects of @ on velocity profile Fig.2(b): Effects of b on temperature profile

Fig.2(a) illustrates the effect of hydrodynamic slip parameter & on the velocity profile. It is verified that momentum
slip condition assists the fluid to flow faster near the boundary layer. In this region, the fluid velocity gets the
minimum for the no slip condition case (@ = 0).The opposite may be true when we go farther and eventually, the
graph decays to a single point as 17 = @2, Fig.2(b) shows the effect of thermal slip parameter to the temperature

profile. It is observed that the temperature profile for the isothermal plate (b = 0) case gets the maximum than the

non-isothermal plate (b = @) case. It is apparent that thermal slip effect reduces the thermal boundary layer

thickness because as the effect increases, more fluid will be transferred to the thermal boundary layer. Hence, rate
of heat transfer will increase and as a result of this the thermal boundary layer decreases.

Figure - 3 Figure - 4
16 T T 1 . .
Pr=10,Mt=02 Nb=02 Nr=0.2 Nd=1, Nc=1,
141 097 R=2, gam=03,Le=1,Ld=1,Ln=10,a= 05,
b=05&
08k
12t
07r
1 L
06+
§ 038 E st
06 M=0.02 05071 04+ M=0,01,0203 04
04l 03F
Pr=10,Nt=02 Nb=02 Nr=02 Nd=1 Ne=1R=2, 0z
02F  gam=03, le=1,ld=1Lln=10,a=05 b=05 1 ol
0 1 1 1 1 1 1 1 1 0 X
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 [ 6 T g 9
N n
Fig.3: Effect of M on velocity profile Fig.4: Effect of M on temperature profile

Fig.3 and Fig.4 show effects of magnetic parameter on velocity and temperature profiles, respectively. As it is
expected, the presence of magnetic field retards the fluid velocity whereas it increases thermal boundary layer
thickness. This occurs because as the intensity of the applied magnetic field increases in an electrically conducting
fluid, it starts to produce the resistive Lorentz force. The force slows down the motion of the fluid in the boundary
layer. The additional work done required to drag the nanofluid against the action of the magnetic field B is called

thermal energy. This heats up the conducting nanofluid and upgrades the temperature profile. Thus, the presence of
magnetic field in the flow regime decreases the momentum boundary layer thickness and enhances the thermal
boundary layer thickness [33].
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Figure - 5
. ‘ . : . . ‘ Figure - 6
1 T T T T T
! Pr=10,Nt=02 Nb=02 Nr=02 Nd=1,
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0.4t .
04 b
0.3t .
03F q
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02r b
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Fig.5: Effect of ¥ on temperature profile Fig.6: Effect of R on temperature profile

Fig.5 and Fig.6 illustrate the contributions of heat source/sink and thermal radiation effects on dimensionless
temperature. It is observed that both parameters enhance the temperature profile. Thermal radiation is responsible in
thickening the thermal boundary layer at the expense of releasing heat energy from the flow region and it causes the
system to cool. In reality this is true because temperature increases as a result of increasing the Rosseland diffusion

approximation for radiation g,. Moreover, a rise in the values of heat source parameter ¥ increases both the
velocity and temperature profiles. This is because the presence of source of heat in the flow enhances thermal

energy and consequently, temperature will rise. The rise in temperature favours the fluid to increase the velocity
profile due to the effect of buoyancy; the opposite is true for heat sink.

Figure - 7ia) Figure - 7(b)
T T T T T 16 T T T T T T T
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Pr=6785 Nt=02 Nb=02 Nc=1Nd=1R=2
v=03, M=02Lle=1Ld=1Lln=52a=05b=05 g
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08
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4 Q
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n
Fig.7(a): Effects of N¢ on vel., temp., solute con. Fig.7(b): Effects of Nt on vel., temp. solute conc.
and nanoparticle frac.prof. and nanoparticle fra. profiles

Fig.7(a) and Fig.7(b) depict effects of regular buoyancy ratio parameter V¢ and nanofluid buoyancy ratio parameter
Nr on velocity, temperature, solutal concentration and nanoparticle volume fraction profiles. Increment of values of

N¢ assists the thickening of the momentum boundary layer but its change is not significant far away from the

boundary layer. This is due to the fact that the buoyancy force acts like pressure gradient which
accelerates/decelerates the fluid within the boundary layer [31]. But it reduces the temperature, solute concentration
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and nanoparticle volume fraction profiles. On the other hand, roles of nanofluid buoyancy ratio parameter Nt play
exactly the opposite of that of regular buoyancy ratio parameter N ¢.

Figure - 8
T

R=2 Nt=02Nb=02 Nr=02 Nd=1Nc=1, )
=03, M=02le=1Lld=1Lln=52a=05b=05

Dotted Line : Temperature profile
Dashed Line: Solute con. profile
Solid Line - Manoparticles con. profile

aly), hin)

B,

Pr=071,2,610

Fig.8: Effects of Pr on velocity, solute concentration and nanoparticle fraction profiles

Fig.8 exhibits the influence of Prandtl number on temperature, solute concentration and nanoparticle volume
fraction profiles. The figure depicts that the higher the Prandtl number, the reduction will be the thermal, solute and
nanoparticle boundary layer thickness. Prandtl number is a dimensionless number which is defined as the ratio of
HCp
k

diffusivity dominates thermal diffusivity. This means that thermal boundary layer thickness reduces at the expense

of increasing the velocity profile with increasing values of Pr. Moreover, the nanoparticle volume fraction
boundary layer thickness decreases but it exhibits overruns near the sheet for higher values of Pr.

momentum diffusivity to thermal diffusivity, that is Pr = . Increasing the values of Pr implies that momentum

Table 2: Effects of modified Dufour param. Nd and Prandtl number Pr on regular mass transfer rate —g (0).

Table -2

—g'(0) for
Nb=02Nt=02 Nr=02 Ne=1, In=10, Ld =1, Le=1, M =0.2, y=0.3,
R=2,a=035b=05

Nd Pr =071 Pr=2 Pr==6 Pr =10 Pr =30
0 0.598124 0.638136 0.668011 0.677038 0.690849
1 0.676222 0.727140 0.764745 0.776158 0.793871

1.5 0.702967 0.758662 0.799872 0.812437 0.832059
2 0.724660 0.784703 0.829292 0.842959 0.864426
3 0.757707 0.825309 0.875998 0.891705 0.916647
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Fig.10: Effects of Dufour solutal Lewis number Ld

on velocity and temp. profiles on solute conc. and nanopar.vol. fra. Profiles

Fig.9 and Fig.10 show the effect of Dufour solutal Lewis number Ld on velocity, temperature, solute concentration

and nanoparticle volume fraction profiles. This parameter enhances the thickening of both momentum and thermal
boundary layers while it reduces that of solute and nanoparticle volume fraction.

Fig.11 and Fig.12 portray effects of Modified Dufour parameter Nd on velocity, temperature, solute concentration
and nanoparticle volume fraction profiles. This parameter increases both momentum and thermal boundary layer

thickness while it reduces that of solute and nanoparticle volume fraction

Fig.11: Effect of modified Dufour parameter Nd on
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Fig.12: Effect of modified Dufour parameter Nd

velocity and temperature profiles on temp. and nanopar. vol. fra. profiles

Effects of regular Lewis number L& on velocity, temperature and solute concentration profiles are shown in Fig.13.

It is clearly shown that this parameter reduces both velocity and solute concentration profiles whereas it enhances
the temperature profile. By definition, regular Lewis number is a dimensionless number which is the ratio of
thermal diffusivity to mass diffusivity. Increasing the value of Le is the same as maximizing thermal boundary layer

thickness at the expense of minimizing solutal boundary layer thickness which increases mass transfer rate.
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Figure - 13 Figure - 14
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Fig.13: Effects of regular Lewis number Le on Fig.14: The effect of nanofluid Lewis number
velocity, temp. and solute conc. profiles Ln on nanoparticle fraction profile

Fig.14 illustrates the effect of nanofluid Lewis number L1 on nanoparticle volume fraction profile. It is clearly
shown that as the value of the parameter Ln increases, nanoparticle volume fraction boundary layer thickness
decreases. By definition, L1 is the ratio of thermal diffusivity & to Brownian motion diffusion coefficient Dg.
Increasing the value of L implies that D'z is decreasing and hence, the nanoparticle volume fraction boundary layer
thickness decreases.

Table 3: Effects of modified Dufour parameter IVd and Prandtl number Fr on nanoparticle mass transfer rate
—h0).

Table -3

—h'{0) for
Nb=02Nt=02 Nr=02 Ne=1, In=10. Ld =1, Le=1, M =0.2, y=0.3,
E=2,a=025b=053

Nd FPr =071 Pr=2 Pr==6 Pr =10 Pr =350
0 1.782304 1.915290 2.004483 2.029976 2.067935
1 1.848910 2.001989 2.108922 2.140340 2.188160

1.5 1.871990 2.033157 2.147552 2.181561 2.233806
2 1.890788 2.059083 2.180220 2.216621 2.273013
3 1.919523 2.099814 2.232701 2.273387 2.3373720

Fig.15 and Fig. 16 show effects of magnetic field and heat source on skin friction coefficient, rate of heat transfer,
regular mass transfer and nanoparticle mass transfer rates. It is observed that M decreases all quantities f (0,
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—810), —g'(0) and —h'(0). This is true because, as M gets larger there is a tendency to increase thermal, solute

and nanoparticle boundary layer thickness and consequently, it decreases the rate of heat transfer, regular mass
transfer and nanoparticle mass transfer rates. On the other hand, heat source reduces the rate of heat transfer while it
enhances both regular mass transfer and nanoparticle mass transfer rates.

Fig.17 exhibits the effect of thermal radiation on skin friction coefficient. As R increases skin friction coefficient
increases rapidly. Influences of nanofluid buoyancy ratio parameter N7 and regular buoyancy ratio parameter V¢
on skin friction coefficient are illustrated in Fig.18. The figure indicates that f'' {0} is an increasing function of N¢

but it decreases with N,

. Figure - 16
Figure - 15
25 T - | . T T T T
- —— e
\ 204
20+ -h'(0) 4
g 5 161 (0)
s . I
~ f(0) i S 12-
= =
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o - . (=2 =|
s 10 4'(0) 3 08 -/
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Fig.15: Effects of magnetic parameter M on Fig.16: Effects of heat source/sink parameter ¥ ' (0],
—8'(0), —g'(0) and —h'(0) on f'(0), —8'(0), —g'(0) and —h'(0)
Figure - 17 Figure - 18
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Fig.17: The effect of radiation parameter R on Fig.18: Effects of N7~ and N¢ on skin friction skin
friction coefficient £"(0) coefficient £"(0)
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Figure - 19
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Fig.19: Effects of Nanofluid buoyancy ratio Nt and Regular buoyancy ratio Nc parameters on heat transfer
rate —8 (0)

Fig.20: Effects of Nanofluid buoyancy ratio Nt and Regular buoyancy ratio Nc parameters on regular mass
transfer rate —g'(0)

Table 2, Table 3, Fig.22 and Fig.23 describe the roles of modified Dufour parameter Nd and Prandtl number Pr on
regular mass transfer rate, nanoparticle mass transfer rate, skin friction coefficient and heat transfer rate,
respectively. It is observed that both Nd and Pr increase the values of regular mass transfer rate, nanoparticle mass
transfer rate and skin friction coefficient. On the other hand, —6(0)isan increasing function of Pr but it decreases
with increasing values of Nd. This is due to the fact that the higher the Prandtl number the thinner the thermal,
solutal and nanoparticle volume fraction boundary layers (refer Fig.8). As a result of this, the rate of heat and mass
diffusion increase with increasing values of Pr. Moreover, Nd contributes to the thickening of thermal boundary

layer (refer Fig.11) and thinning the solute concentration and nanoparticle volume fraction boundary layers (refer
Fig.12). This in turn results in lowering the heat transfer rate and raising both regular mass transfer and nanoparticle
mass transfer rates.

Figure - 21 Figure -22
17 T T T T

Pr=10.71, 2,6, 10, 50

Nc=0,05,1,1.5,2

0.0 0.2 0.4 0.6 0.8 1.0
Nr

Fig.21: Effects of Nanofluid buoyancy ratio N and Regular buoyancy ratio Nc parameters on nanoparticle

mass transfer rate —h{0)

Fig.22: Effects of Prandtl number Pr and modified Dufour parameter Nd on skin friction coeff. f''(0)
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Fig.19-Fig.21 describe roles of nanofluid buoyancy ratio parameter v and regular buoyancy ratio parameter N'c on
heat transfer, regular mass transfer and nanoparticle mass transfer rates. The figures indicate that the heat and mass
transfer rates are increasing functions of V¢ but all decrease with increasing values of N7, This is due to the fact that

the higher the regular buoyancy ratio parameter V¢ the thinner the thermal, solutal and nanoparticle volume fraction
boundary layers (refer Fig.7(a)). As a result of this, heat and mass diffusion rates increase with increasing values of
Nc. The roles of Nt play exactly the opposite to that of N (refer Fig.7(b)) and so does for rates of heat and mass

transfers.
Figure - 23 Figure - 24
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Fig.23: Effects Pr and Nd on heat tran. rate —@ (0). Fig.24: Effects of @ on skin fric. coeff. f''{0).

Fig.24-Fig.26 and Table 4 show influences of hydrodynamic slip parameter @ and thermal slip parameter & on skin

friction coefficient, wall heat transfer rate, regular mass transfer rate and nanoparticle mass transfer rate,
respectively. The presence of thermal slip condition reduces skin friction coefficient, heat and mass transfer rates.
On the other hand, hydrodynamic slip condition reduces skin friction coefficient but it enhances all heat and mass
transfer rates.
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Fig.25: Effects of @ and b on —g"(0). Fig.26: Effects of @ and b on —h (0).

Fig.27, Fig.28 and Table5 show how much the parameters Dufour solutal Lewis number Ld and nanofluid Lewis
number L1t on skin friction coefficient, regular and nanoparticle mass transfer rates, respectively. As the parameter

Ld increases, skin friction coefficient, heat transfer rate and regular mass transfer rate increase while it reduces
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nanoparticle mass transfer rate. On the other hand, Ln enhances skin friction coefficient, heat and mass transfer
rates.

Table 4: Effects of momentum and thermal slip parameters on the rate of heat transfer —a'(0)

Table -4

g'(0) for
Pr=6.785 Nb=02, Nt =02 Nr=02 Ne=1Nd=1 Le=1 In=35 Ld=1 M=0.2, y=0.3,
R=2

a b =10 b =025 b=105 b =075 b=1
0 0.102086 0.096232 0.091054 0.086438 0.082292
0.25 0.112822 0.105664 0.099415 0.093906 0.089008
0.5 0.120897 0.112712 0.105631 0.099436 0.093965
0.75 0.127078 0.118082 0.110350 0.103623 0.097711
1 0.131914 0.122269 0.114020 0.106873 0.100613
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Fig.27: Effects of Ln and Ld on skin fric. Coeff. £ (0). Fig.28: Effects of Ln and Ld on —g'(0)

As effects of Brownian motion parameter Vb and thermophoresis parameter Nt on skin friction coefficient, heat

transfer rate, regular mass transfer rate and nanoparticle mass transfer rate are briefly explained [2] and this is in
conformity to our study, we didn’t incorporate their effects in the paper.
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Table 5: Effects of Nanofluid Lewis number Ln and Dufour solutal Lewis number Ld on nanoparticle mass

transfer rate —h'(0).

Table -5

(o) for
Pr=10. Nb=02 Nt=02 Nr=02 Ne=1Nd =1, Le=1 M=02 y=03,
R=2,a=03535b=105

Ld In =0 Ikn=2 In=6 In =10 In =20
0 0.125842 1.036811 1.683197 2.113061 2.890357
0.5 0.117001 1.041731 1.693674 2.127792 2.912988
1 0.111271 1.046081 1.702688 2.140340 2.932095
1.5 0.107335 1.049985 1.710582 2.151237 2.948560
2 0.104531 1.053516 1.717577 2.160822 2.962953

5. Conclusions

Momentum and thermal slip conditions of an MHD double diffusive free convective boundary layer flow of a
nanofluid with radiation and heat source/sink effects past a vertical semi-infinite flat plate situated in a free stream
have been studied. The governing equations associated to the boundary conditions were transformed into a system
of ODEs with the help of similarity transformation equations. Solutions of these problems are solved numerically
with the help of the shooting technique along with the fourth order Runge-Kutta integration scheme. Some of the
results obtained from the study among others are the following:

The velocity profile in the boundary layer decreases with an increase in the values of regular Lewis number,
magnetic parameter and nanofluid buoyancy ratio parameter whereas it increases with an increase in the
values of momentum slip parameter, regular buoyancy ratio number, modified Dufour parameter and Dufour
solutal Lewis number.

Dufour solutal Lewis number, heat source parameter, radiation parameter, regular Lewis number, nanofluid
buoyancy ratio parameter, magnetic parameter and modified Dufour parameter enhance the temperature
profile whereas regular buoyancy ratio parameter, thermal slip parameter and Prandtl number reduce the
temperature profile.

Solutal concentration profile is enhanced by nanofluid buoyancy ratio parameter whereas regular Lewis
number, Prandtl number, regular buoyancy ratio number, modified Dufour parameter and Dufour solutal
Lewis number reduce the solutal concentration profile.

Nanoparticle volume fraction profile is enhanced by nanofluid buoyancy ratio parameter whereas nanofluid
Lewis number, Prandtl number, regular buoyancy ratio number, modified Dufour parameter and Dufour
solutal Lewis number reduce the nanoparticle volume fraction profile.

Increasing the values of the nanofluid Lewis number, radiation parameter, regular buoyancy ratio parameter,
Prandtl number, modified Dufour parameter, Dufour solutal Lewis number and source of heat parameter
enhance the skin friction coefficient whereas it decreases with increasing values of thermal slip, momentum
slip, nanofluid buoyancy ratio and magnetic parameters.
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e The presence of Prandtl number, momentum slip and regular buoyancy ratio parameters in the flow field is
to enhance the rate of heat transfer whereas magnetic, nanoparticle buoyancy ratio, modified
Dufour, thermal slip and source of heat parameter are to minimize it.

e Increasing the values of the nanofluid Lewis number, momentum slip parameter, regular buoyancy ratio
parameter, Prandtl number, modified Dufour parameter, Dufour solutal Lewis number and source of heat
parameter enhance the regular mass transfer rate whereas it decreases with increasing values of thermal slip,
nanofluid buoyancy ratio and magnetic parameters.

e Nanoparticle mass transfer rate is an increasing function of momentum slip parameter, regular buoyancy
ratio parameter, source of heat parameter, modified Dufour parameter and Prandtl number whereas it
decreases with increasing values of Dufour solutal Lewis number, thermal slip, nanofluid buoyancy ratio and
magnetic parameters.
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