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Abstract

Generalizing the results of Seyhan and Misra et al. a theorem on indexed-Reisz summability has been

established.
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1. Introduction

. Summability;gp—‘ﬁ, pn,é"k,k >1 Summability.

Let {Sn }denote the nth partial sum of an infinite series Z a, and let {pn} be a sequence of positive real

constants such that

(1.1) P.=>p, ow, forn=012..(R=p =0i<0)

i
v=0

Then the sequence-to-sequence transformation given by

(1.2) T = Piz p,S,

n v=0

defines the (N, P, )mean of the sequence {Sn}.

The series Zan is said to be ‘N, P,

g K >1 summable[1] if
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k-1
(L.3) Z(iJ T, T, <.,

n=1 pn

Taking p,=1forall n, ‘N, P,

) summability reduces to |C,ZIJk summability method.

Further, for a sequence {¢n}of positive real numbers the series Zan is said to be

4-[N,p,

) K >1, summable if
= K

(1.4) Zgorf 1|Tn —Tn71| < o0,
n=1

Taking ¢, = i for all n, ¢—‘N, P,
p

n

) — Summability method reduces to ‘N, P,

) — Summability
method. The series Zan is said to be (0—‘N, P, .5‘k, k>16 >0, summable if

~ _ k
(1.5) D pr AT, =T, <o

n=1

Taking 0 =0, ¢—‘N, P, .5"( — Summability method reduces to ¢—‘N, P,

T Summability method.

2. Known theorems:

Concerning with |C,ZI.|k — Summability of infinite seriesZ:an , in 1957 Flett [2] has established the
following result. He proved

Theorem-A:

Let o, and 7, denote the (C,l)mean of the sequence {Sn}and {nan}respectively that is

(i) o, = i n S
" on+l14g v
and
(ii) T, = i n 14
" n+l1& &

Then the series Zan is summable |C,ZIJk ,k >1 ifand only if

(2.1) i%mk <o,

n=1
Further in 1995, Seyhan [5] extended the result of Flett to ¢—|C,ZI.|k — summability by establishing

Theorem-B:
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Let o, and 7, be as defined in theorem-A and let { n } be a sequence of positive real numbers. Then the
series Zan is summable ¢ — |C,1|k ,k >1,ifand only if

k-1
n

(2.2) SO <o,

k
= N

In 2010, Mishra et al. [3] have established a theorem similar to theorem-A, by ‘N, P,

) —summability method.

They proved:

Theorem-C:

Let {tn }denote the (N, P, )—mean of the sequence {nan }and {Tn }be the sequence as defined in (1.2),

where {pn }be a sequence of positive real constants satisfying the following conditions:

(@) np, =0O(P,)

(b) P, =0(np,)
and

(©) n[Ap,|=0O(p,)

Then Zan is summable ‘N, P,

k,k >1,ifand only if

'
n

< 00,

(2.3) >
n=1

Recently Misra et al [4] established a similar theorem for gp—‘ﬁ, P,

g k >1, summability method. They prove
the following:
Theorem-D:

Let {Tn }and {tn }denote the sequences of (N, P, )-mean of the sequence {Sn} and {nan} respectively.

Let {gon } {pn } be the sequences of positive real constants satisfying the following conditions:

(2.4) np, =O(R,)
(2.5) P, =0(np,)
(2.6) njAp,| =O(p,)
and
@7) % _oq).

n
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Then the series Zan is summable (p—‘ﬁ, P,

k,k >1, ifand only if

k-1
n

(2.8) §:¢ It <oo

k
n=1 n

In what follows, in this paper we prove a similar theorem on @—‘N, pn,é"k ,k>1,6 > 0 summabilty

method. We prove:

3. Main theorem :

Let {gon } {pn } be the sequences of positive real constants such that

(3.1) np, =O(P,)
(3.2) P, =0(np,)
(3.3) n|Ap,| =O(p,)

(3.4) {¢5k+k’l} ,k>1,8>0,is monotonically decreasing .

n

Let {Tn }and {tn }denote the sequences of (N, P, )—mean of the sequence {Sn} and {nan} respectively. Then the

series Zan is summable¢—‘ﬁ, pn,5‘k ,k>1,6>0,ifand only if

K+k-1

(35) Z(D”n—k\tn\k < oo,
=1

4.Required Lemma:
We require the following lemma to prove theorem-3.1.
Lemma-4.1[3]:

Let {pn }be a sequence of positive real constants satisfying (i) and (ii) of Theorem-C , then

(4-1) pn+1 = O(pn)
and

(4-2) pn = O( pn+1)
holds good.

5. Proof of the Main Theorem:

Sufficient Part (<:)
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Since {tn } is the (N, P, )—mean of the sequence {nan } we have

(5.1) Zp va, _—Zp va,

n v=0 n v=l
Then I::’ntn - Pn—ltn—l = npnan
(5.2) NP 5. B SIS
np,
Now we have
T, = izn: p,s,
n v=0
13 4
- —Z pvzaz
n v=0 A=0
= a
I:)n =0 l; pv
1 n
:F;al(Pn P, 1)
n 1 n
_Zal __Zaapz 4
Pn A=1
Then
(5.3) VT, =T,-T.,
—Za ——Za Za +—Za
n A=1 _1 =1

= P Sap
P P_l a
Using (5.2) we get

" pt P
VTn _ pn Z Pv,l vtv vfltvfl
Pn I:)n—l v=1 vpv
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B P[;:_l 21: Pviij:Vtv ) Pni’nn-l Z P{;tv“

2y P:;;‘n - Zil Pv;lpF:VtV piﬂ . :Z_:(v fi;pm
:nn PP Zi: ( (V’L%'OV“J
:tr:_Pi:_liZ_j‘PVt Pnpn1; [ P Wl)pl)
:%” PF;’: ) 2 P:/tv PF;:” | iv(vivzlt)vpm

= Tm1 +Tny2 +Tn'3 +Tny4, (Say) .

In order to complete the proof of the sufficient part, by using Minkowski’s inequality, it is sufficient to show that

i ¢n§k+k—l T

n,i
n=1

Now we have

Z(Dék+k 1

Next we have

m-+1

z¢ék+k l

m+1

= 0(1)2

m+1

- 0(1)2

m-+1

= 0(1)2
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m+1
< w;ﬂuk—l( n
nZ; PP

®n Pn

®n Py
P

n

“<oofori=1234.

K+k-1

Z(Pn

It, | < 0. By (3.5).

Jk

P, (&
P, (z

v=l

“(22Pt
J(£%

&

n' n-1

K+k-1
) [
Py

k
pvj , using (3.2)
Skrk—1 P Sk .

K1/ ng
k
v=l
Using Holder’s inequality

K+k-1 K
w3 )
P, o

tV

p -1

Pn F)n—l [V=l
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Further we have

m+1

XK+k-1
2.9
n=2

Next we have

m+1

K+k-1
2%
n=2

Tn4
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m mad p 0 p k+k-1 p &
=0MmX Pt X o [— j ( J
; Z I:)npn—l P

n=v+1 n pn

N
K 2Py v Z ———— |, using (3.4)
Pv pv n=v+l Pn—l I:)n

K+k-1 &
K[ 2P, Pl 1
PV pV PV

ot [

|4 14

tV

—om> p,

tV

-0y,

m K+k-1

= O(l)Z:(pVV—k ‘< using (3.2)
v=1l

tV

=0(), using (3.5)

Kk k
K m+1 -1 P2l
T < ¢(5k+k—l P vIiv
ne nz:; " I:)n Pnfl J [Vz;. V(V +1) pv+l J
ke k
< & ¢I’] pn e i " pn nz_l PV PV+1 tV
n=2 Pn pn Pn Pnk—l v=l V(V + 1) pv+1
mad K+k—1 X n-1 k
@y pn Pn pn :
< -t — t , using (3.2
n=2 Pn pn I:)n Pnk—l ; ' pvj ’ ( )

O(1) as m — oo, proceeding as above.

1 1

pv pv+1

14

k m+1 Skt pn k n-1 Pvzt
ol =20 5o | 2

n=2 n' n-1 v=l |4

J k
tv pv+l pv

il D, K+k-1 i & . Nt Pv2 _
S;( P j pn I:>nPnk—1 ; v | pv+1pv

= n

I

m+1 k-1 P & n-1 k
= O(1)Z(¢”Tp“j ( b j PFI);" [Z V|Apv t, j , Using (3.2)
n=2

n pn n' n-1 \v=l
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mal p K+k-1 P &
(Dn n n
_0(1)2( j (DJ PPK(
n n n' n-1

=0(2) as m — oo, proceeding as above

j , Using (3.3)

This proves the sufficient part of the theorem.

Necessary Part (:>)

From (5.3) we have

Now

an — i|: Pn—ll::‘n VTn _ Pn—2 Pn—l VTn_1:|
n-1 pn pn—l
P P
=—LVT, - —2VT,,
pn pn—l

n

t :Piz pva,

n v=l
:iz(v pvT, - VPP gr j
Pn v=l p v-1

n n-1
= izv PVVTV _ iz (V +1) pv+1Pv—1 VTV

n v=1 n v=0 pv

n n-1
—nVT, + =3 VRV, _iz%w

n v=l n v=l v

=nvT, +izn:vav(Pv -P_)

n v=l
+—2vv [1-Pa] 1§ Payy
n v=l pv F)n v=l pv

:tn,l +tn,2 +tn,3 +tn,4,53y-

To complete the necessary part, using Minokowski’s inequality , we need to show only
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ék+k -1

‘ <o, for 1=1,2,3,4.

n i

o0
n=1L
K+k-1 K+k l k

Z (Dn Z (Pn WT ‘

_ Z ¢&+k—1 ‘VTn ‘k

~0().

Further,

K+k-1 m+l . K+k-1

Z¢n Z(Dn k (iv

md 0 p k+k-1 P &k
< Fnltn n —/ Sy
;( Pn ] ( pn J I:)n I:)n -1 ;

_O(l)mi(wn pnj (Eﬂj P P (Zp )k 1(2‘/

n n

Using Holder’s inequality

ool 3] 2he

n pn n'na vl

mal 1 1 k+k-1 P &
oot Efe e ) (p“J
m m+1 1 6k+k1
gt 52 e (a]

o]

K+k-1| P,
( ) (p} using (3.4)

= O(l)z p,v

<omzp

y=l V
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)Y

=0(1) as m —>o0 using (3.5)

© K+k-1 m+1 5k+kl -1 k
S e s
1

n=1 n n

mad p K+k-1
Neli)Y % ] [ PIVT, j ,
n=2 n
mal K+k-1
:O(l)z (p"Tp” J ( j , using (3.3)
n=2 n
m+1 ¢ p dork-1 n
=0(1 -t PV
( )nZ:Z: Pn j n k (V v j
mad ¢ Sk+k-1 P n
= O(l)z ’;Dp” J 0 [ P, J , using (3.2)
n=2 n pn V=
mal Ook+k—1 n K
SRGEEN
—o@Y | &P [ p,
; Pn p V=,

mad Sk+k 1 n n
_o(1)2£ p J P (Vl p, |V ]

k sk+k-1V
v (¢v) P using (3.4)

_ o(1)i PV, |
v=1l

=0() asm =0 sing (3.5).
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© K+k-1 K
Z(on - tn,4
n=1 n
- dorkd ) & 1 (1 K
< Z((on pnj (_nj - (Z Pv_l pv+l |VTV ]
n=2 I:)n pn nI:)n v=l pv
m+1 k-1 & n-1 k
o,.P P 1
=01 Lo n - — P_IVT || ,bylemma
02, P, j p,) NP ( & j ’
m+1 derkL & n-1 k
o, P P 1
—o@Y| &t | PIVT
w3 Pﬂ] |

=0(1) as m — oo , proceeding as above.
This completes the proof of the theorem.
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