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Abstract

In this paper, a new family of optimal eighth-order iterative methods are presented. The new family is developed by
combining Traub-Ostrowski’s fourth-order method adding Newton’s method as a third step and using the forward
divided difference and three real-valued functions in the third step to reduce the number of function evaluations. We
employed several numerical comparisons to demonstrate the performance of the proposed method.
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1. Introduction

Solving of nonlinear equations is one of the oldest and most important problems in numerical analysis. In scientific
departments, a need arises to solve nonlinear equations. Newton’s method is an important and basic method [9] for
identifying a simple root of a nonlinear equation

flx) =0, 1)
where f:D c R — R for an open interval D . The classical Newton method is given as (NM)
Flzgd
Xn+et = ¥n T i’ 2

which converges quadratically [9]. In recent years, many researchers worked to develop several iterative methods for
solving nonlinear equations. For example, the method of weight functions in iterative methods for a simple root has been
presented [3, 4, 10, 13]. Recently, there several eighth-order methods have been proposed in [5, 6]. Optimal three-step
methods with eighth-order convergence developed in [1].

In this paper, we present a new family method that uses Traub-Ostrowski’s method in the first two steps, given by,
(TOM)

B flxy)
¥n = %n f“{xﬂ]J
FR—— Flypd=flag) flxgd @)

2f (ppd—flag) flegd
which is of fourth-order of convergence [15].
Theorem 1.

Let g, (x}, 9, (x), ....@:(x)be iterative functions with the orders p,.p;..... p:. respectively. Then the composition of
iterative functions ¢, (-:p:{. iy {cps'ix] } o }) defines the iterative method of the order gy p2 ... g [11].
By using theorem 1, we add Newton’s method as a third step as follows, (TONM)
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o f
¥n = %n _f“':.rﬂ:]J

_ Flr) = Flxg) flxy)
TR 2 ) — F O O

Flag)

Xner = En — Flzd’ 4)

the efficiency index (El) is defined by E = p*™ where p is the order of convergence and n is the number of total
function and derivative evaluations per iteration [14]. According to the optimality, the optimal order of any multipoint
iterative method is given by 2"~ [7]. Thus, the efficiency index of the optimal fourth-order (TOM), i.e. method (3) is
4*% %~ 15874 and for (TONM), i.e. method (4) is 8*/® & 1.5157. Method (4) is not optimal and requires five
evaluations. Moreover, method (4) has an order of eight. The aim of this paper is to reduce the number of function
evaluations of method (4) to four to make method (4) an optimal eighth-order of convergence by replacing f(z,J with
flw,.2,] where forward divided difference, flv,.z,] = %and the equivalent construction of weighted functions.

In section 2, we present a new family of optimal eighth-order methods. In section 3, numerical comparisons are made to
illustrate the efficiency and performance of the newly proposed method. Finally, the conclusion of the paper is presented.

2. Method and Convergence Analysis

The order of convergence of the proposed method (4) is eight which is clearly not optimal. To construct an optimal
eighth-order method without using more evaluations, we present a new family of the optimal eighth-order as follows,
(ASM)

Lo f{xn:]
¥n = Xp fe':.rﬂ:]J
_ f{}’n:] _f{-rr!:] f{-rr!:]
T o Gn) — FGe) F )’
Fnas = 2 — (A +B ) + Cle)) L2 (5)
where Alt,), B(t,).C{t5) are three real-valued weight functions, and
_ [lygd _ [zl _ fleg)

b= e B2 T o B T ©)

The weight functions A, B and C should be chosen such that the order of convergence of method (5) arrives at an optimal
level of eight. In the following theorem we prove that method (5) has an optimal eighth-order of convergence under
conditions for the weighted functions that improve the method (5) to an optimal of order eight.

Theorem 2.

Let the function f:I SR — R have a simple root on the open interval D. If initial point x;, is sufficiently close to o,

then the method described by (5) has an optimal eighth-order of convergence and converges under the following
conditions

AD) =1, 400) = 0,4(0) =2,4%(0) = 12: B(0) = —1.B(0) = B~(0) =B (0} = 0: Cc(0) =1.
() =2.¢0 =c®) =0,
Proof:

Let &, = x,, — & be the error at the nth iteration. By Taylor expansion, we have

flend = fladle, + cref + czef + caeq + csef + cgep + 70y + coep + 0(ei)], @
FE )

where ¢, = =% gk =23,.. .
k! F ()

Flaey) =F a1+ 2c,e, + 3c382 + 448l +5c:6i + 60,85 + Toqel +8ege] + 9cgel + 003 (8)

Dividing (7) by (8), we get
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Filp ) - - - - - -
o — el + 2062 — el 4. . .+ (19¢,0, — Teg — 118 cocy6s + 348c0,0.02 — 64c] — 640,02 — 176c,c +

Fled ™

02¢c.cl + 2Tcg0; — Hepc? + 30405 — Toeycf + 3lese, + 135¢c,02 — 408cici)el + 0(el)

©9)

Now, from (9), we have
Yo =a + el +(2c;— 2ci)ei+. . +(Teg — 19¢c,6; + 118050505 — 348 cq0f + 64c] + 64c,cf + 176c,c3 —
92¢ccc] — 27 g0 + Hcpcr — 304 cqef + Toey0f — 3lcee, — 1350,05 +408c8cd)el + 0(el).

(10)
From (10), we obtain
Fln) = Fle)le,el + (26 —2e2)a2 + . . . +(Teg — 19656, + 1346005 — 45500062 + 1446] + T30,e8 +
297c,c3 — 13400l — 2Tcgeq + Sdegef — 552 ¢3¢0 + 75,68 — 3legey — 147c,c] + 582cci)el] + 0(el).

(11)

In view of (6), (8), (9) and (11), we obtain
Flymd—Flagd Flagd
2 (gl = flag 3 Filagd
13¢5 — 206,65 + 1786565 — 30c,e5 + 17620, + Heacs — 252c3e3 )l + 00e])

=g, +lcc; —cllei+ ... +(5¢c; — 68cccacy + 209c 0507 — 36c] — 37c,cf — 101cyef + 51cccd +

(12)
Combining (9), (10), (11) and (12), we have

Z, =a + (—epes + 03+ +(-5e, + 68cc0,05 — 209¢,0,02 + 360] + 3Teaef + 101,08 — Sleced — 1300, +
200 — 178e5cf + 500,68 — 17escy, — Heacd + 252c3e3)el + 0083,

(13)
From (13), we get
flzy) = f(a) [(—cacs + c3lef +... +(—5¢; + 68cgo0q — 209¢,0565 + 37¢] + 37c,¢f + 101,08 — Slcgcl —
13656 + 206,63 + 180¢,65 + 506468 — 17¢56, — Heqed + 2533 ed)el] + 0 (a2).

(14)
From (7), (11) and (14), it can be easily determine that
Ffl.z, ] = Fled + Flalciel+... +0(el). (15)
%:: =(—cy +eflel + (dejcy— 263 — 2c )6+ ... +00(e]), (16)
% = (—eqes + 30l + (Occf — 5ed — 20560, — 2c2)ed+ .. +00(87) . an
Finally, using (16), (17), (13), (14), (15) and
A(0) =1,4(0) = 0,47(0) =2,4%(0) = 12; B(0) = -1, B(0) = B~(0) =B (0) = 0; C(0) =1,
c(0) = 2.¢(0) = ¢’ (0) = 0, we obtain the error expression
Bnos = 0+ (—cycaef +7¢] +eye8 +4cicl — 1legellel + 00a]). (18)
The theorem is proved.
Particular case. Let
Al =1+ t] + 28] + atd, (19)
B(t,) = —1 + Bt,, (20)
C(t;) = 14+ 28, 4+ ¥¢2, (21)

where &. 8. % € R: then the method becomes

f{xn:]
Fixy)

¥n =%n—
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f{}"r!:] _f{xn:] f{-rr!:]

Ep = Xy — B
T 2f U = Fl) File,)
. . 21 Flzg)
Xpay = Zp — {0 + 67 + 26 +atf} + (-1 + 86,3 + {1 + 2t + v23} f_—{}_f_xr:, (22)
Fla Flz ] Fliz.
where £ = T, t; = T7E L and £ = T7E

3. Numerical Results

In this section, we present several numerical tests to illustrate the efficiency of the new method. We compared the
performance of two cases of the new optimal eighth-order method

o Flx,)
Vo = Xn _f'(xﬂ]’
_ f{}"r!:] _f{xn:] f{-rr!:]
T 2 ) — f ) f )
Xper =2y — (0 + 68 + 26 + et} + -1 4+ ) + {1 + 2t +fyt§}}%, (23)

where @ . and ¥ = 0, (ASM1) and where @ =1.5 =0, and ¥ = —2, (ASM2), with Newton’s method (NM), method
(2), Traub-Ostrowski’s method (TOM), method (3), and some optimal eighth-order methods, as well as the method
(BWRM) proposed by Bi-Wu-Ren in [2], given by

o flxp)
J"i'! _‘ri’! _f.-{xﬂ:].-
_ o 2f Gy = FO) Fly)
Zn = ¥n — 2f{xﬂ]— Sf{}’n:]ff{xn:r
Xpi1= 2, _ flan)+(24y) flz) Flz) o0

Fland4¥flzn)  Flenonl+(zn—ym flensnxal |
where ¥ = 1, the method (LWM) proposed by Liu and Wang in [8], given by
L fGe)
Yo = &p— f'(xﬂ]’
f{xn:] f{}’n]
f{-rr':] - Ef{}"nj f?{-rr!:] J

Flz) [( Fland=F iy ): Flz) af(z) ]
x =z, — = . - . - - .
n+l n Flegd L fleg -2 () + Flym)—pflzg) +_,r".x,.:fl+.9',r".xﬂ:' ! (25)

In = ¥n

where § = u = 1, and the method (SM) proposed by Sharma in [12], given by
flxn)

}rﬂ =J.'i,! —m_.
]

f{xn:] f{}’n:]
CfG) = 2F ) Fx)

Flzgd  (Flzady 2] Flemymlfiza
xn+l=zn—[1+”-+(”]]"”” (26)

Flagd flag) Flen 2l flynz] '

zi’! = j’ri"!

The test functions and their exact root a are displayed with only nine decimal digits as follows
£i(x) = loglx) + vx — 5, a; = 8.3094326942,
£0) =x* +4x? —15,  a, = 1.6319808055,

G} =sinxy — -, @z =1.8954942670,

B | M

fG) =x"—sin?(x) + 3cosx + 5, ay = —1.5826870437,
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£(x) = sinx — § s = 2.2788626600.
All computations were performed with MATLAB (R2013a) using 2000 digits, floating point ( i.e. digits:= 2000). The
stopping criteria were

i. I,y — x| =107,
. If(xn. ol = 10725,
Displayed In the Tablel, the number of iterations are denoted by (IT), the number of function evaluations denoted by

(NFE) and the values of |f{(x,.,)! and lx,.; — x,|. are computed. Moreover, the computational order of convergence
(COC) approximated as in [15], is also displayed in Tablel, defined as

Il — @)l — el

P Gy — @) Grpey — )
Table 1. Comparison of various iterative methods.

NM TOM LWM SM BWRM ASM1 ASM?2
fI{I],.'Iﬂ =11.9
IT 6.0 4.0 3.0 3.0 3.0 3.0 3.0
CcocC 2.0 4.0 7.919 8.0 7.897 8.0 7.929
NFE 12 12 12 12 12 12 12
Ifixn.)l 1.397e-54  1.876e-237 2.985e-398 3.924¢-492 9.443e-404 6.922e-414 2.387e-426
21— 2l 1.059e-26 1.048e-58 3.119e-49 8.202e-61 6.327e-50 3.737e-51 1.077e-52
f2ix).xp=2
IT 6.0 4.0 3.0 3.0 3.0 3.0 3.0
CcocC 2.0 4.0 7.907 8.0 7.875 8.0 7.910
NFE 12 12 12 12 12 12 12
|f(xn00 8.230e-54  1.025e-228  3.957e-386  9.607e-427  7.328e-467 1.501e-400  4.706e-404
|xp.1— %5 9.618e-28  9.681e-5 7.706€-49 7.772e-54 7.913e-59 1.270e-50 4.742¢-51
faxlxp=2
IT 5.0 4.0 3.0 3.0 3.0 3.0 3.0
CcocC 2.0 4.0 7.961 8.0 7.980 8.0 7.963
NFE 10 12 12 12 12 12 12
Jie ]| 1.478e-40 1.050e-78 4.625e-553 2.490e-594 4.530e-652 9.383e-575 4.097e-578
21— 2l 1.766e-20 4.852e-20 1.054e-69 8.714e-75 6.803e-82 2.218e-72 8.587e-73
fax)xp=-1
IT 6.0 4.0 3.0 3.0 3.0 3.0 3.0
CoC 2.0 4.0 8.361 8.0 8.275 8.0 8.331
NFE 12 12 12 12 12 12 12
|f(xn00 7.021e-38  3.333e-165  1.930e-230  3.019e-285  1.250e-278  3.282e-230 1.431e-244
[%p41— %l 1.371e-19  1.03697e-41  2.932e-29 4.845e-36 3.294e-35 3.22043e-29  5.278e-31
fsix)xp=2
IT 6.0 4.0 3.0 3.0 3.0 3.0 3.0
CcocC 2.0 4.0 8.166 8.0 8.070 8.0 8.163
NFE 12 12 12 12 12 12 12
|f(xn0 4.204e-58  7.182e-210  4.682e-334  9.833e-386  1914e-454  1.362e-352 2.110e-360
|51 — %l 1.052e-28  9.241e-53 3.168e-42 1.303e-48 4.211e-57 1.689¢-44 1.809e-45
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4. Conclusions

In this paper, a new optimal eighth-order iterative family of methods for solving nonlinear equations was
developed. The new proposed family is obtained by replacing f(z,) with flVy..Z.] and the equivalent

construction of weighted functions to reduce the number of function evaluations of (TONM), i.e. method (4), to
four. Numerical results are given to illustrate the efficiency and performance of the newly proposed method.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

8]

[9]

I. A. Al-subaihi, A. J. Algarni. Higher-Order Iterative Methods for Solving Nonlinear Equations, Life
Science Journal, 11, 12, pp. 85-91, 2014.

W. Bi, Q. Wu, H. Ren, A new family of eighth-order iterative methods for solving nonlinear equations,
Appl. Math.214, pp.236-245, 2009.

W. Bi, H. Ren, and Q.Wu, Three-step iterative methods with eighth-order convergence for solving
nonlinear equations, J. Comput. Appl. Math., 225, pp.105-112, 20009.

C. Chun, B. Neta, J. Kozdon, and M. Scott, “Choosing weight functions in iterative methods for simple
roots,” Applied Mathematics and Computation, 227, pp. 788-800, 2014.

Y. H. Geum and Y. I. Kim, A multi-parameter family of three-step eighth-order iterative methods locating
a simple root, Appl. Math. Comput., 215, pp.3375-3382, 2010.

J. Kou, X. Wang, and Y. Li, Some eighth-order root-finding three-step methods, Commun. Nonlinear Sci.
Numer. Simul, 15, pp. 536-544, 2010.

H. T. Kung and J. F. Traub, “Optimal order of one-point and multipoint iteration,” Journal of the
Association for Computing Machinery, 21, pp. 643-651, 1974.

L. Liu, X. Wang, Eighth-order methods with high efficiency index for solving nonlinear equations,
Applied Mathematics and Computation, 215, pp.3449-3454, 2010.

A.M. Ostrowski, Solution of Equations in Euclidean and Banach Spaces, Academic Press, New York,
1960.

[10]M. S. Petkovic, B. Neta, L. D. Petkovic, and J. Dzunic, Multipoint Methods for Solving Nonlinear

Equations, Elsevier, 2012.

[11] Miodrag S. Petkovic, Ljiljana D. Petkovic, Families Of Optimal Multipoint Method For Solving Nonlinear

Equations: A SURVEY, Appl. Anal. Discrete Math. 4, pp.1-22, 2010.

[12]J.R.Sharma, R. Sharma, A new family of modified Ostrowski’s methods with accelerated eighth order

convergence, Numerical Algorithms, 54, pp. 445-458, 2010.

[13]A.Singh and J. P. Jaiswal, An Efficient Family of Optimal Eighth-Order Iterative Methods for Solving

Nonlinear Equations and Its Dynamics, Journal of Mathematics, pp.1-14, 2014.

[14]J. F. Traub, Iterative Methods for Solution of Equations, Chelsea Publishing, New York, NY, USA, 2nd

edition, 1982.

[15]S. Weerakoon, G. 1. Fernando. A variant of Newton’s method with accelerated third-order convergence,

Appl. Math. Lett., 17, 8, pp.87-93, 2000.

Volume 4, Issue 4 available at www.scitecresearch.com/journals/index.php/jprm

398



