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Abstract
In this paper we study the form of the solutions of the following systems of difference equations

o Sn(wnfi’z + 3n74) o wn72(wn72 + 3n73)
Wn+1 = y  Sndl = B) .
Sp—4 + Wp—3 — Sp Wp—2 + Sp—3

w o (sn—4 - wn—3)8n s _ (Sn—?) - wn—2)wn—2
n+1 — ; n+1l — .
Sp—4 — Wn—3 + Sp Sp—3

With nonzero real numbers initial conditions.
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1 Introduction:

Recently, there has been great interest in studying difference equation systems. This is due,to
the need for certain methods that can be used to analyze equations emerging in mathematical
models depicting exact situation in the fields of population biology, economics, probability the-
ory, genetics, psychology, and others. Difference equations naturally arise as discrete analogs
and as numerical solutions to differential and delay differential equations having applications
in biology, ecology, economy, physics, and other fields. See [1-10] and the references cited
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therein. There are many papers related to the difference equations system, for example, the
periodicity of solutions of the system of rational difference equations

_ Wnp—1 + Sn Sp—1 T Wnp
wnJrl - ) sn+1 -
Wp—18n—1 Sn—1Wn—1

was studied by Kurbanli et al. in [18].
Touafek et al.[21] studied the periodic nature and gave of the solutions of the systems of
difference equations

Wn—3 Sn—3

O T i w, e T El L s gwny
Kurbanli et al. [19] studied the behavior of the positive solutions of the following system

w _ Wn—1 s _ Sn—1
i 1 +wn—1sn’ i 1 +sn—lwn.
Mansour et al. [20] investigated the behavior of solutions of the difference equations systems

w _ Wn—5 s _ Sp—5
i -1+ Wn—55n—2 ’ i 1+ Sp—5Wn—2 .
Zhang et al. [27] studied the dynamics of a system of the third-order difference equation

Wn—2 s o Sp—2
) n+l — .
B+ SnSn—15n—2 A+ SWnn—1Wn—2

Wn41 =

Similarly, difference equations and nonlinear systems of the rational difference equations were
investigated see [1]-[27].
Our aim in this paper is to consider the following systems of difference equations

Sn(wnfii + sn74) wn72(fwn72 + sn73)
Wp+1 = 5 Sp+1 = .
Sp—4 + Wp—3 — Sp 2wn—2 + Sn—3
(Sn74 - wn73)3n (3n73 - wn72)wn72
Wp41 = ’ Sp41 = .
Sp—4 — Wp—3 + Sp Sp—3

With nonzero real numbers initial conditions.

Sn(wn—3+3n—4) S — wn—?(wn—2+8n—3)
Srbfél'f'wnfl%_Sn7 n+1 an72+5n73

2 The system w, 1 =

In this section, we study the solutions of the system of the difference equations

Sn(wnfé'. + sn74) wn72(wn72 + 3n73) (1)

Wp4+1 = 5 Sp+1 =
Sp—4 + Wp—3 — Sp 2wn—2 + Sn—3

The initial conditions of system (1) are arbitrary real numbers.
Theorem 1. Suppose that {w,,s,} are solutions of system (1). Then solutions of {w,} are
periodic with period four and given by the following formulas for n=1,2,... ,

g(f+a
Win—1 = C, W4p = d, Wan41 = f(+a—)g’ Want2 = b,
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d(d¢2n+1 + t¢2n) S4p = g(a + f)((a + f)¢2n - g¢2n—2)
doony2 +tdani1’ " (fra—g)(a+ fozmtr — 9P2n-1)

S4n—1 =

b(bdan+1 + hoan) Sy — c(cpant1 + rdan)
bdont2 + hdony1’ nr Chanta + Tdony1

Where W-3 = a, W-2 = b7 W—1 = ¢ Wy = d7 S—4 = fa §-3 = h7 S22 =T, S_1 = t, So = g and
{Qb}?nozo = {17 17273a57 }7 ¢’m+2 = ¢m+1 + ¢m-

Proof: For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds for
n —1 and n — 2. That is

Sdn+1 =

+a
Win—5 = C, Win—4 = d, Whn—3 = J%_g Win—2 = b,
- d(dpan—1 + tpan—2) Sums = gla+ f)((a+ f)om—2 — gPan—4)
" dpon + tdon—1 " (f+a—g9)((a+ f)dom—1 — gdon—3)’
54 _ b(bpan—1 + hdan—_2) 5 _ c(chpan—1 + roon—_2)
s b¢2n + h¢2n—1 ’ no2 c¢2n + T¢2n—1 ’
+a
Win—9 = €, Win—g = d, Whp—7 = Ji](—{a—)g’ Win—6 = b,
sur o= d(dgan—3 + tdan—a) Sus = gla+ f)((a+ f)don—4 — gd2n—o)
" d¢2n—2 + tpon—3 ’ " (f +a— g)((a + f)¢2n—3 - g¢2n—5) ’
Sunr = b(bdan—3 + hpan—a) Sung = c(cpan—3 + rdan—a)
" bdon—2 + hpan—3 " Chan—2 + Toan—3

Now, it follows from Eq.(1) that

San—1(Wan—a + San—s)

Sqn—5 + Wan—4 — San—1

Wyn =

d(dp2nt1+tdan) ( + d(d¢2n71+t¢2n72))
_ dpont2+tdant1 doon+tdan_1

d(d¢2n71+t¢27172) + d . d(d¢2n+1+t¢2n)

dpan+tdan—1 ddant2+tPant1

d(dp2nt1+tdan) (d(d¢2n+t¢2n71)+d(d¢2n71+t¢2n72) )
_ dpant2+tdant1 dpan+tdan—1
d(dpan—1+tpan—2)(dpanto2tteonyi)+d(ddonttPan—1)(ddp2nt2ttdanti)—d(deanti+tPon)(dponttPan_1)
(dpan+tdan—1)(ddant2+tPant1)

And
Wan—3(Wan—3 + San—a)
2W4n—3 + San—4a

S4n =

9(f+a)(g(f+a) + glatf)((atf)pon—2—g¢2n—a) )

_ fta—g\fta—g ' (fta—g)((at+f)p2n—1—9d2n—3)
2g(f+a) + g(a+f)((a+f)¢2n72*g¢2n*4)
f+a—g (f+a—g)((a+f)dan—1—9gdan—3)

g(f+a) ( ((a+f)(¢2nfl+¢2n72)7g(¢2n73+¢2n74))
_ fta—g ((a+f)pan—1—9gpan—3)
T 2((a+f)pan—1—9gPan—3)+((a+f)dan—2—gPan—_4)
((a+f)¢2n71_9¢2n—3)
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gla+ f)((a+ f)pan — gpan_2)
(f+a—g)(a+ foani1 — gdan—1)

Also,
San—2(Wan—s5 + San—¢)
S4n—6 T Win—5 — S4n—2

Wyn—-1 =

c(cpan—1+Tdan_2) c(cpan—3+TrdPan_a)

_ chan+rPan—1 (C+ chan—2+TP2n—3 )

T clcpan—_3+Tdon_a) +e— c(cpan—1+1d2n—2)
Chan—2+Td2n—3 chan+roan—1

c(cpan—1+rd2n—2) (C(C¢2n72+T¢2n—3)+C(C¢2n73+7‘¢2n—4) )

_ Cchan+Td2n—1 Chan—2+Tdan—3 _

T clcpan—3+Tdon—a)(cPantrdrn—1)tc(chan_2Frdon_3)(chantrdan—1)—c(cChan_1+T¢2n—2)(cPrn—2+TP2n-3)
(cpan—24Td2n_3)(chan+rPan_1)

C.

And

Wan—a(Wan—a + San—5)
2Wan—4 + San—5

Sqn—1 =

d(d¢2n—1+tP2n—2)
d(d + d‘;Qnitd)Zn?fl : )
d(dpan—1+tPpan_2)
2d + doon+tdan_1

d( d(dean+tpan—1)+d(ddan—1+tPpan—2) )
dpon+tpan—1
2d(dpan+tpan—1)+d(dpan_14+tdan_2)
dpan+tdan_1

_ d(dd2ni1 +tan)
dponso + tdongr
Similarly, obtaining the other relations is very simple. Thus, the proof is completed.
Example 1. Figure 1 we consider the solution of Eq.(1) with the initial conditions w_5 =
0.66, w_9 =04, w_1 =22, wg=1.9, s_4 =16, s_3=3.8, s_.o=4.3, s_1 =1.66 and sy = 3.3.
Example 2. Figure 2 shows the solution of Eq.(1) when we assume that w_3 = 1.5, w_y =
0.4, w_1 =22, wyg=38.9, s_4=0.5, s_.3=1.8, s_.5=0.3, s_; =3.66 and sy = 2.1.

(3n74_wn73)5n _ (3n73_wn72)wn72
) Sn—i—l —
Sp—4—Wp—3+3n Sp—3

3 The system w,.1 =

In this section, we study the solutions of the system of the difference equations

(3n—4 - wn—3)3n Syl = (Sn—S - wn—2)wn—2 (2)
Sp—4 — Wp—3 + 5n7 mt Sp—3 .

Wp41 =

The initial conditions of system (2) are arbitrary real numbers.
Theorem 1. Suppose that {w,,s,} are solutions of system (2). Then for n=0,1,2, ... , we have

. — (t —d)d*t
T (tdn—g + ddn_3)(tdn_1 + ddn_2)(tdn + dn_1)’
(f —a)?g?

T = @0ur + 960 (F = )0n + 9601 (F = bu1 + 960—2)’
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Figure 1. This figure shows the behavior of the solution of the system (1) with initial values as in example

(1)

. (h — b)b2h
2T (1 + bon—2) (hn + by 1) (hdni1 + b))’
w B (r— c)czr
T rfn1 + Chn2)(Fhn + CPn 1) (Fbrt1 + o)’
su = (f —a)’g?
T (F = a)bn1 + 9bn2)((f — Q)bn + gbn_1)?’
B (h — b)b2h
San+1 = (h¢n 1 + b¢n 2)(h + b¢n71)2,
(r —c)c?r
Sqn+2 = (T(bn 1+ C¢n 2)(7’ + C¢n 1)
_ 2
S4n43 = t—d)d

(t¢n—1 + d¢n—2)(t¢n + d¢n—1)2 '

Where {¢}$r?:—3 = {_17 ]-a Oa 17 ]-7 27 33 }7 ¢m+2 - ¢m+1 + ¢m°
Proof: For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds for
n—1 and n — 2. That is

w _ (t —d)d*t
T (s + ddn—1)(tdn—2 + dpn—3)(tdn_1 + ddp_2)’
o (f —a)’s?
ns ((f - a)¢n + g(bnfl)((f - a)(bnfl + g¢n72)<(f - a)¢n72 + gd)nfi’)) ’
(h — b)b%h
Wyn—2 =

(h¢n—2 + b¢n—3)(h¢n—1 + b¢n—2)(h¢n + b¢n—1) ’
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Figure 2. This figure shows the behavior of the solution of the system (1) with initial values as in example

2).

w - (r— 0)021"
e (rpn—2 + chrn_3)(TPn_1+ chpn_2)(rdyn + chp_1)’
Suna = (f —a)?g?
" ((f - a)¢n—2 + g¢n—3)((f - a)¢n—1 + g¢n—2)2’
o (h — b)b?h
T (hp—z + bdu—3)(hn—1 + bn_2)?’
5 B (r —e)c?r
ez (T¢n—2 + C¢n—3)(r¢n—1 + C¢n—2)2 ’
. B (t —d)d*t
T (tgn_s + dd—3)(tdp_1 + dpn_2)?"
. B (t —d)d?t
mes (tn—3 + dpn—s)(tpp_2 + dpn_3)?

Now, it follows from Eq.(2) that

(54n—4 - w4n—3)54n

Win+1 = San—4 — Won—3 + San
_ pla, f.9)
r(a, f,9)
- (f _ a)292
pla, f,g) = (((f — ) pn—2+ 9n—3)((f — Q) pn-1 + gn—2)°
(f —a)’¢®

- ((f - a)(bn + g¢n71)((f - a’)¢n71 + g¢n,2)((f - a)(ban + gd)nfB))
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" (f —a)’g?
((.f - a)¢n—1 + g¢n—2)((.f - a)d’n + g¢n—1)2

_ (f —a)?g?
w1 9) = Y ons ¥ 30nn)( — s + 96m2)?
B (f —a)’¢®
((f - a)gbn + g¢n71)((f - a)(ﬁnfl + g¢n72)((f - a)(ban + gd)nfB)
n (f —a)’g®

((f —a)pn—1+ gon—2)((f — a)pn, + gPrn—1)?

After some calculations we get

((ffa)¢n—2+g¢n—3)92(ffa)2
((f=a)pn+gpn—1)((f—a)pn_1+gPn—2)

A= (= @) m + 90 1)(f — @)fn_2 + 96n—3) + (f — Q)bn—2 + 96n_3)((f — Q)bn_1 + gbn_2)

Hence, we have

Wi = (f —a)%g®
" ((f - a)¢n+1 + g¢n)((f - a)¢n + g¢n—1)((f - CL)(,Z57L_1 + g¢n—2)’
And
_ (84n—3 — Wan—2)Wan—2
San+1 =
S4n—3
( (h—b)bh _ (h—b)b%h )
_ N(hdn—2+bgn_3)(hpn—1+bdn_2)? (hpn—24bpn—3)(hpn—14+bpn—2)(hpn+bdn_1)
Sdnt1 = (h—b)b2h
(h¢n72+b¢n73)(h¢nfl+b¢'n72)2
(h — b)b2h

" (hdm—2 + bdn—3)(hdn_1 + bdn—2)(hm + bIn_1)

(h¢n + bd)n—l - h¢n—1 - b¢n—2)(h - b)b2h
(h(bnfl + b¢n72)(h¢n72 + b¢n73)(h¢n + b¢n71)2

So, we have

. (h — b)b2h
T (1 + bdm—2)(hpn + bn_1)2

Also,

(s4n73 - w4n72)54n+1

Wyn+2 =
S4n—3 — Wan—2 + S4n+1

_ p(b,h)
k(b h)
(h — b)b2h (h — b)b2h

plb;h) = (<h¢n72 +bdn—3)(hdn_1+bbn—2)2  (hpp_2 + bdn_3)(hon_1 + bpp_2)(hdy, + b¢n71))

y (h — b)b2h
(h¢n—1 + b¢n72)(h¢n + b¢n71)2
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(h — b)b2h

K(b7 h) - (h¢n—2 + b(bn—?))(h(bn—l + b¢n—2)2
B (h — b)b2h
(h¢n72 + b¢n73)(h¢n71 + b¢n72)(h¢n + bd)nfl)
(h — b)b2h
+

(h(bn—l + b¢n72)(h¢n + b¢n71)2

After some calculations we get

(h¢n—2+bdn_3)(h—b)b>h
(h¢n+b¢n71)(h¢n71 +b¢n72)

Want2 = (hp + bdp_1)(hp_2 + bdp_3) + (horn_o + bop_3)(hdn_1 + bdn_2)

Hence, we have

o (h — b)b%h
2T (M + b 1) (hdn—1 + bn—2) (hbni1 + bdn)

And
(S4n—2 - w4n—1)w4n—1

San+2 =
S4n—2
( (r—c)c?r B (r—c)c?r )
_ Mrén—24con_3)(ron—1+con_2)?2 (r¢n—2+Cchn—3)(rdn_1+chn_2)(rdntcon_1)
S4an42 = (r—c)c2r
(rén—2+chpn_3)(rén—_1+con_2)>2

(r —c)cr

. (T(i)n*Q + C¢n73)(7'¢n71 + C¢n72)(7ﬂ¢n + C(bnfl)

(1dn + Chpn_1 — Tdn_1 — chn_2)(c —r)cr
(’I“¢n,1 + c¢n72)(r¢n72 + C¢n73)(r¢n + C¢n71)2

So, we have

5 B (r —e)c?r
2 (rd)n—l + C¢n—2)(r¢n + C¢n—1)2.

Similarly, obtaining the other relations is very simple. Thus, the proof is completed.
Example 3. Consider the difference system equation (2) with the initial conditions w_3 =
0.5, W_g = 04, w_1 = 027 wo = 09, S_4 = 16, S_3 = 08, S_9 = 037 S_1 = 1.6 and S = 0.3. (See
Fig.3) .

Example 4. We assume that the initial conditions for the difference system equation (2)
w_g3=02 wo=12, w_1=03, wy=1.9, s 4, =03, s_.3=0.28, s 5 =0.5, s.1 =0.1 and sy = 0.13.
(See Fig.4) .
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Figure 3. This figure shows the behavior of the solution of the system (2) with initial values as in example

(3).

X(n)
L v

x(n)y(n)

Ay [ A
A \J\Nf‘v'\ ol L 4, N |

Figure 4. This figure shows the behavior of the solution of the system (2) with initial values as in example

(4).
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