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Abstract

Many researchers in operator theory have attempted to determine the relationship between the norm of basic
elementary operator and the norms of its coefficient operators. Various results have been obtained using varied
approaches. In this paper, we attempt this problem by the use of the Stampfli’s maximal numerical range in a tensor

product.
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1.0 Introduction

1.1 Tensor products of Hilbert spaces
Definition 1.1.1. Tensor product. (Muiruri et al, 2019)

If Z={uyu;..} and L = {vy,v, ...} are complex Hilbert spaces. Define their inner products < u;u, > and
< vV, > respectively. A tensor product of Z and L is a Hilbert space Z @ L where Q:Z XL - 7Z Q L,Q

(u, v) » u @ v is a hilinear mapping:
i). The vectors u @ v form a total subset of Z @ L
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i), <uy Quy, uy Qup >=<uy,v; >< Uy, vy >,Yuy, uy €Z,v1,v, €L This implies that
lu@vi=llulllvi VueZveLIlf Ee€B(Z),FeB(L), then B(Z® L) is a Hilbert space
andfor EQF€B(ZQ@L)wehave E @ Flu@v) =Eu@ FvWue ZvelL.

The following properties of members of B(Z & L) hold:

), (EQF)GQRH)=EGQFHV E€B(Z),GeB(Z)and F € B(L),H € B(L).This property is
both associative and commutative.
ii). IEQFI=IENFI V E€B(Z) and F € B(L). This property indicates that norm is distributive

under tensor product.

The linearity of the map, ® (u, v) = u & v shows that & is linear with respect to the two coordinates, that is

) wm+tuw)@v=uw v)+ ([, Qv)

(i) W Qv=9u Q).

(iiu @ +v)=u Qui+u v,

v u @ (Yv) =9 v).

(v) The set of all vectors @ (u, v7), ueZ and veL form a total subset of Z @ L.

Definition 1.1.2. Elementary operator in a tensor product. (Muiruri et al, 2019)

Let Z be a complex Hilbert space and L be complex Hilbert space, B(Z @ L) be the collection of all bounded
operators that are linear on the complex Hilbert space Z @ L and E @ F, G ® H be fixed elements of, B(Z @
L) where E,GeB(Z) and F,HeB(K), the collection of bounded operators which are linear on Z and L

respectively. Define the elementary operator as;

E,(ZQL)=X1(E; Q@ F)(U®V)(G; ® Hy) 111
foreveryU @ VeB(Z Q L) ,E; Q F;, G; @ H; being fixed elements of B(Z @ L).

Now substituting for n = 1 in (1.1.1) we obtain the basic elementary operator,

EZQL =(EQF)UQV)GQH) 112
From equation (1.1.2) the basic elementary operator can be expressed as,

EZQL =EQFUV)(GQ®H)=(EUG)® (FVH)

Definition 1.1.3. Stampfli’s maximal numerical range of an operator. (Stampfli, 1970)

The Stampfli’s maximal numerical range of an operator G € B(Z) is the set

W, (G) = {(eC: < Ggn,gn >= ¢l gn 1= 111 Ggy =11 g 11}

and Stampfli’s maximal numerical range of an operator G € B(L) is the set
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W,(H) = {§€C: < Hhy, hy > &, 1 by 1= 11 Hhy 1= By 113

2.0 Norm of Basic Elementary Operator

The norm of elementary operators has been investigated in the resent past under varied aspects. Their norms have
been a subject of interest for research in operator theory. Deriving a formula to express the norm of an arbitrary
elementary operator in terms of its coefficient operators remains a topic of research in operator theory. In the
current paper, the concept of the maximal numerical range is applied in determining the lower bound of the norm of
basic elementary operator. In particular the Stampfli’s maximal numerical range is employed in arriving at our
results. Okello (2011) utilized Dvoretsky theorem and its application in determining the norm of a symmetrized

two-sided multiplication operator on a C* algebra B(H) and the result are as in lemma 2.1 and theorem 2.2;
Lemma 2.1: (Okelo, 2011)

Let H be a Hilbert space, B(H) the algebra of bounded linear operators on H and a norm-attainable basic
elementary operator My 5 : B (H) — B(H) defined by M, (X) = AXB V X € B(H) where 4, B are norm-
attainable operators fixed in B(H), then || M, g|| = ||A]|||B]|.

Theorem 2.2: (Okelo, 2011)

If x,y € B(H)and let x @ y denote the tensor product of x and y then

Ix® y +y ® x| < v20IxI 2| [yl|? + 2|1y x||?

Okelo and Agure, (2011) also used the finite rank operator to determine the norm of the basic elementary operator

and proved lemma 2.3;
Lemma 2.3: (Okelo and Agure, 2011)

Let H be a Hilbert space, B(H) be the algebra of bounded linear operators on H .If M,p:B (H) —» B(H) is
defined by My g (X) = AXB where A, B are fixed elements in B(H)then

[IMa511 = [IAIIIIBI]

Boumazgour and Baraa (2008) used certain norm inequalities for 2 X 2 operator matrices to determine norm
inequalities for sum of two basic elementary operators on a Hilbert space and obtained the norm inequality for sum

of two basic elementary operator and proved the result as shown in theorem 2.4;
Theorem 2.4: (Boumazgour, 2008)

If A, B, C and D are operators in B(H) then,

1

Mg + Mcp|| < [(max{|[BI1%,1ID]1%} + ||BD * |) (max{ [|Al|%, [ICI1?} + |IC * AlD]2.
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3.0 Main Results
3.1 Norm of Basic Elementary Operator in a Tensor Product

In this section the lower and upper bound of basic elementary operator is determined using the Stampfli’s Maximal

numerical range.
Lemma 3.2

For every UQ® Ve B(ZQ®L),E; Q F;,G; @ H; being fixed elements of B(Z Q L) then, (EQ F)(U ®
VCROH=(EUG)(FVH)

Proof
By definition (E @ F)(UQ V)(G ® H) = (EU Q FV)(G Q H)
= (EUG) ® (FVH)

From lemma 3.2 V E,G € B(Z) and F, H € B(L) the basic elementary operator can also be defined as O(H ®
K=FQFUSQVCOH=(LUC)(FVH)

The elementary operator of length two (size two) is obtained when n = 2 ;

YUQVEeEBZQL)E Q F,G; @ H; are fixed elements of B(Z ® L)fori = 1,2

0,(Z@ L) = Xi1(E; ® F)(UQ V)(G; ® Hy)

=(E1 ® F)(U ®V)(G1 @ Hy) + (E; ® F,)(U @ V)(G, ® Hy) (3.2.1)
By lemma 3.2 equation (3) is expressed as follows,
0;(ZQ®L)=(E; QF)U V)G ® Hy) + (E; Q@ F,)(UR V)G, ® Hy)
= (E,UF) ® (G1VHy) + (EUF,) ® (G;VH;)
By Stampfli’s maximal numerical range, we determine the norm of basic elementary operator;
0(ZQL)=Opgrcen

=(EQFURV)GQ®H)
= (EUF) ® (GVH).1]

Theorem 3.3

Let Z and L be complex Hilbert spaces and let, Oggr cgpn be the basic elementary operator on B(Z @ L) the set
of bounded operators which are linear on a complex Hilbert space Z Q L. If VU Q V € B(Z Q L) with
IUQVI =1E,GeB(Z),F,He€B(L),{ €W,(G),é € W,(H) then we have,
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0r@rcon \B(Z ® L)|| = Supsew. )y Subeew,an {ICIENENIFI}.

Proof.

By definition of the norm, VU Q V € B(Z Q L), U € (B(Z),V € B(L), ||U|l = 1, [[V|| = 1 then we have,

|0c0rcon \B(Z ® L)|| = Sup||Megrcon (U Q V).

E-ISSN: 2395-0218

This implies that for every rank one operator (m & g,)gn = {Gn,gn)m € B(H) and (f ® h,)h, =

(h,, h,)f then,

|0cer.con \BZ Q L)|| = ||0rercon (M & g,)(g,) ® (f ® hy) (k)|
2|EQFMQ gu)gn Q@ (f ® hy)h,G Q H||
> {E(m & 9,)9,G} Q {F(f ® h,)h, HI|

> [{E(m ® 9,)Ggn} @ {F(f ® hp)Hh, 3

2 |(Ggn,gn)Em @ (Hhy, by S|
By the definition 1.1.3, if { € W,(G) we have,

() limy,(Ggn,gn) = ¢ and
(i) limy o llGgnll = lIGI]
Proof (ii)

lim,_.1Gg, |l = G|

=llGll

Glimg,

n—oo

Sinceasn — « theng, — 1
and & € W,(H) we have,

(i) lim,_ . (Hh,, h,) =& and
(i) limy, o, |HR, || = lIHII
Proof (ii)
limy, o [|Hhy || = lIHI|

= ||Hh, ||

=|IH]|
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Sinceasn — o then h,, - 1
Now taking limits asn — oo on both sides of inequality (4)we have
[0s0r.c0n \B(Z ® L)|| = [(Ggn,gn)EMm & (Hhy, hy)FF||
> ||(Em @ &Ff ||
21 QRHEQF)(m A N
SoVeE>DO,
0s@rcon \B(Z @ L)||-€< I ® E)(E ® F)(m @ fl
SNCRXD M EQF) I (m Ol
< IZIENENIFIHmIIIAN
< ICHENENIF I since [lmll = 1 and [If]| = 1
where m and f are unit vectors in B(Z) and B (L) respectively.

Now since € is arbitrary chosen and the unit vectors are chosen arbitrary then we get the supremum, this implies

that

0c0r.comn || < Sup cew.cy SuPsew,an LICIENENIFI] (3.3.2)

Conversely, let {g, },,>1be a sequence of vectors of length one in a complex Hilbert space Z and let {h,, },~1 be a
sequence of vectors of length one in a complex Hilbert space L.Define rank one operator,(m & g,) € B(Z) and
(f ®h,)eB(L) foraunitvector me Zandg € Las (m ® g,,)x = (x,gp)ym and (f,h,,)y =y, h,)f ¥
x€ZandVy€EL.

Define the W,(G) and W, (H) of G and H is defined as

W,(G) = {CeC:{G gn, gn) = ¢, llgnll = L and lIGg, |l = lIGII}
and

W,(H) = {§eC:(Hhy, hy) = &, IRy |l = 1 and ||Hh, || = |IH]I}

Now V {eZ and é€L, if (eW,(G) V G € B(Z) then a sequence {g, }»>1 Of vectors of length one exists in Z such
that;

(i) limy, . (Ggngn) =7

and if EéeW,(H) V H € B(L) then a sequence {h, },~1 exists of vectors of length one in L such that
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(i) lim,_o(Hh, hy) = ¢
(it) limy, oo [|[Hhy || = [IH]|

By finite rank one operator, the basic elementary operator norm of is given as
10{m ® g:)gn ® (f ® hdhall = (|0 r 01 (M ® g2)gn ® (f ® )y
= |0sercon (M ® gn) @ (f ® hy)(hy ® g)|
< 10ser.can M ® g2) ® (f ® k)l (e ® g
< [[0s@r.con (m & gn)lIF IR AL g I
< [[0e@r.cen [[Imlllga NI AL g I

< |0eer.cen || since the m, f are unit vectors and g, h,, are unit sequences

such that [IfIl = 1, llmll = 1, llh, Il = 1 and | g, || = 1.
Therefore;
[0cgr.con | 2 0c0rcon (M@ gn)gn ® (f @ hn)hy||
2 || Osgroon (M ® g,)gn @ (f @ h)hy}||
2 |EQF{(m® g.)gn & (f ® hn)hy},G @ HI
> |EQF{(m® g,) ® (f ® hp)}gn ® hyG Q HI|
> |EQF{(m® g,) ® (f ® hy)}6 Q H(gn @ hy)l
> {EM & g,)Ggn} ® {F(f @ hy)Hh, 3
> |[{{G gn,gn)EM} ® {(Hn, hn)F || thus
10r@rcon | = {(Ggn,gn)Gm} ® {(HRn, hy)FS (3.33)

by taking the limits both sides as n — oo for the inequality (3.3.3) and V {eZ and €L, if (eW,(G) V G € B(Z)

then 3 a sequence {g, },>1 oOf vectors of length one in Z such that

(i) limy . {Ggn,gn) = ¢
(i) lim, o [[Ggnll = llGII

and similarly, for every éeW,(H) V H € B(K) then 3 a sequence {h,, },,1 of vectors of length one in L such that

Q) limn_)w(th,hn) =¢
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then we have;
|0rgrcou || = IICEm & EFf||
= [I[CEmIIISFSI]
= [CHIEmINENFITIAN
> |CIIENIENIIF] since the m, f are unit vectors such that || f]| = 1 and ||m]| = 1.

This is true for any (eW,(G) , éeW,(F) and for any unit vector meZ, feL.Since , ¢ and the unit vectors are

chosen arbitrarily, then we get the double supremum for the lower bound;

0cer cam || = Sup cew.6) Supeew,an (ISHENEINIF I
(3.3.4)

Therefore, from equation (3.3.2) and (3.3.4) we have,

|0r@rcon \BZ Q L)| = Supzew, 6y Supsew, ) USIHSHIENNFIY. 0

Corollary 3.4

Let Z and L be a complex Hilbert space, B(Z @ L) be the set of bounded linear operators on Z & L.If for all
UQ®V €B(ZQ L) with [|[UQ V|| = 1, then we have || Oror s || = ||0z ¢ ||||0F 1| where O ¢ and O

are the basic elementary operators on B(Z) and B (L) respectively.
Proof

Since ||OE_G|| = [{|||G]| and ||0F,H|| = |&|||H||.Now from theorem 3.3, we have

|0s@r.can || = Sup cew.cy Subeew,any ICHENENIFIT = Supzew, )| NE N Supgew,u 1€ IFIl We can

rearrange this as

|0c0r.cen || = Supcew. ) IS INEN Supgew, i [E]IFIl. Notice that E, G € B(Z) and F, H € B(L).Thus

0ccll = Sup ISHIEN while || O 4| = Supgew,cu IENFI.
JeW,(G)

Then substituting, we obtain ||Ozgrcen | = 1056 ||0F 4 |

4.0. Conclusion

In this paper, we have determined the lower bound of the norm of an elementary operator of length two in a tensor

product using the Stampfli’s maximal numerical range.
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