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Abstract

In this paper, we establish some new discrete inequalities of Opial and Lasota's type which reduce to
some inequalities in [4].
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1. Introduction

In this paper, we denote {x;}_, by a sequence of real numbers, the operators A and V by Ax; = x;,, — x; and
Vx; = x; — x;_4, and [-] by the greatest integer function. The empty sums is taken to be 0.

In 1960, Opial [7] established the following important integral inequality:
Theorem A. Let f(x) € C[0, h] be such that £(0) = f(h) = 0,and f(x) > 0in (0, k). Then

h h h 2
[ reorear <5 [ () ax ¢ED
0 0

where % is the best possible.

The inequality (1.1) is known in the literature as Opial inequality. For some results which generalize, improve
and extend this famous integral inequality (see [1]-[11]).

In [4], Lasota provided discrete versions of Opial inequality (1.1) about the forward difference operator as
following:

Theorem B. Let {x;})_, be a sequence of numbers, and x, = xy = 0. Then, the following inequality holds
N-1 N-1
1IN+1
Y il < 5[] > @ (1.2)
: 21 2 1«
i=1 =0
If N is even, then the inequality (1.2) is sharp.

Also, we have the following three Theorems C-E (see [1]):
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Theorem C. Let {x;}}_, be a sequence of numbers, and x, = 0. Then, the following inequality holds

leiAin < ;Z(Axi)z. (1.3)

Theorem D. Let {x;}!__ be a sequence of numbers, and xy = 0. Then, the following inequality holds

N-1 N-1
N—-7t+1

lel-Ain < fZ(Axi)z. (1.4)

i=T i=7

Theorem E. Let {x;}{_, be a sequence of numbers, and x, = 0. Then, the following inequality holds

g T+ 1 §
leiinI < TZ(Vx,-)Z. (1.5)
i=1 i=1

We shall establish some new results which are the generalizations of Theorems B-E.

2. Main Results

Throughout this section, let m,n > 0 and c(m,n) = ﬁmax{m, n}.

We state and prove the following theorems:

Theorem 1. Let {x;}}_, be a sequence of real numbers with x, = 0. Then we have the following inequality

l l
D lwillax ™ < cm, DL (45 ™. @.1)
i=1 i=0

Proof. Since x, = 0, we have the following identity

i-1
xi= ) Ay, (=121 (2.2)
Jj=0

Hence the following inequality holds

l l i—-1
leilleilm sz Z|ij|lei|m . 23)
i=1 i=1 | j=0

Using the inequality

m
m+1 +

m <
of m+1 m+1

B (a, p > 0) (2.4)
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and the definition of c(m, 1), we have the following inequality

l i—-1
Z Z|Ax]~|lei|m (2.5)
= b=
m+1

i-1
|Ax-| m
< ] + A |m+1
T Z<m+1 m+1|x’| )
]:

l i-1
1
< c(m, 1)2 Z|ij|m+ + i|Ax; ™t
i=1 \j=0

l
= c0m,1) ) [ = DIk |™ + il ™)

i=0

l
= c(m, 1)lZ|Ax,-|m+1.
i=0

Using the inequalities (2.3) and (2.5), we derive the inequality (2.1). This completes the proof.
Remark 1. In the inequality (2.1), letm = 1 and [ = t — 1. Then the inequality (2.1) reduces to the inequality (1.3).

Theorem 2. Let {x;}}_, be a sequence of real numbers with x, = 0. Then we have the following inequality

-1 -1
D Wl Iz |™ < el DA+ 1) ) Jax ™. (2.6)
i=0 i=0

Proof. Since x, = 0, we have the following identity

i
Xy = Zij, i=01,..,0—1. 2.7)
=0

Using the inequality (2.4), the identity (2.7) and the definition of c(m, n), we have the following inequality

-1 -1[ i
D lraliaz ™ < 31 | 1ax ™
i=0 i=0 | j=0
-1[ i m+1
|Ax-| m
< L+ Ax;|™*1
, Z( m+1 m+1 %]
i=0 | j=0
-1 i
<com )Y D [ag ™ + G+ Dlax
i=0 \ j=0
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-1

= c(m, 1) Y [0 = DIAx ™ + @ + DIaxy]™]
-1

= c(m, 1)(I + I)ZIAinm“

i=0
which is the inequality (2.6). This completes the proof.

Theorem 3. Let {x;}V,,, be a sequence of real numbers with x, = 0. Then we have the following inequality

N-1 N-1
D bllax ™ < clm, DIV =D ) 14z, 28)
i=l+1 i=l+1

Proof. Let x; = yy_; Wwherei =1+ 1,1+ 2,...,N. Then
Ax; = —Ayy—i-1and y, =0

wherei =1+ 1,1+ 2,..,N — 1. Using the inequality (2.6), we have the following inequality

N-1-2

N-1
D blland™ = > yipallay ™
i=0

i=l+1
N—-1-2

< c(m, DN —1) Z |Ay, ™+
i=0

N-1
= cn DN =D ) |axm
i=l+1

which is the inequality (2.8). This completes the proof.
Remark 2. In the inequality (2.8), letm = 1 and [ = t — 1. Then the inequality (2.8) reduces to the inequality (1.4).

Theorem 4. Let {x;}V_, be a sequence of real numbers with x, = x = 0. Then we have the following inequality

N-1 N-1

m N+1 a1
Y o™ < con, 1) [Fo—] Yl g, 29)
i=1 i=0

where [%] is the Gaussian integer of %

If N is even, then the inequality (2.9) is sharp.

N+1

Proof. (1) Letl = [T] Then N — I < [. Using the inequalities (2.1) and (2.8), we have the following inequality
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N—-1 l N-1
D lullax™ = > frliaxi™ + ) fullax™
i=1 i=1

i=l+1

l N-1
<c(m1) {zmeir’l“ + (V=1 Z IAinm“}

i=0 i=l+1
N-1

< c(m, Dl ZleilmH

i=0

which is the inequality (2.9).

(2) Suppose m = 1and N is even. Then %[%] = %. Let

1 1
xi=§N—|i—EN|(OSiSN—1).

Then, we have

Xo=xy=0,]Ax;|] =1 (0<i<N-1),

N-1 N-1

1 2 2
leiAxl-I =ZN anleAxil = N.
i=1 i=0

Hence, the equality holds in the inequality (2.9) and from which the inequality (2.9) is sharp. This completes the
proof.

Remark 3. In the inequality (2.9), let m = 1. Then the inequality (2.9) reduces to the inequality (1.2).

Theorem 5. Let {x;}!_, be a sequence of real numbers with x, = 0,n > 1. Then we have the following inequality

l l
lel-I"IAxl-Im < c(m, 1)I"Z|Axl-|m+". (2.10)
i=1 i=0

Proof. Using the identity (2.2), the Holder's inequality with indices n/(n — 1),n, and the inequality
n m
anﬁm < gmtn g4 —nﬁm+n < c(m, n)(am+n + Bm+n) (2.11)

m+n m+

where a, 8 > 0, we have the following inequality

! L [/i-1 n
Dblrandm < | Y lax] | 1axm
1 i=1 | \j=o0

i=
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= > ") |Ax| Ak ™
i=1 j=0
I oi-1
szn—lz |Ax;| " |Ax;]
i=1 j=0

l i-1

< c(m, n)ln—l Z (|ij|m+n + |Axi|m+n)

= c0m, " Y (= DIAKI™ + 1] Az ™)
i=0
l

=c(m, n)l"Zlei|m+”

i=0

which is the inequality (2.10). This completes the proof.
Remark 4. In the inequality (2.10), let n — 1*. Then the inequality (2.10) reduces to the inequality (2.1).

Theorem 6. Let {x;}!_, be a sequence of real numbers with x, = 0,n > 1. Then we have the following inequality

-1 -1
Z|xi+1|”|Axi|m < c(m, W)™ (1 + 1)Z|Axi|m+”. (2.12)
i=0 i=0

Proof. Using the identity (2.7), the Holder's inequality with indices n/(n — 1), n, and the inequality (2.11), we
have the following inequality

-1 -1[/ i n
D waltlaxt™ < | lag] | jaxim
i=1 i=0 | \j=0
_ n-1 1M
-1l 0 \NTw /i ﬂl
n
< Z 1 Z|ij| |Ax;|™
i=0 | \j=0 j=0 J
-1 i
_ Z(l + 1)"-1Z|ij|"|Axl|m
i=0 j=0
-1 i
n-1 n
<l |Ax;| " Ax;]
i=0 j=0

-1 i
< c(m,n)l"_lz Z (|ij|m+n + |Axi|m+n)
iz0 | =0

Volume 4, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 299|



http://www.scitecresearch.com/journals/index.php/jprm

Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

-1

= cOm,mI™1 ) [ = DIAKI™™ + ( + D]ax| ™7
i=0
-1

= c(m, )" (1 + 1)Z|Axi|m+"
i=0

which is the inequality (2.12). This completes the proof.
Remark 5. In the inequality (2.12), let n — 1*. Then the inequality (2.12) reduces to the inequality (2.6).

Theorem 7. Let {x;},,, be a sequence of real numbers with x,, = 0,n > 1. Then we have the following inequality

N-1 N-1
Z I, || Ax;|™ < c(m,n)(N — 1 — )™ (N = 1) Z |Ax; ™+, (2.13)
i=l+1 i=l+1

Proof. Let x; = yy_; Wwherei =1+ 1,1+ 2,...,N. Then
Ax; = —Ayy_j-1and yo =0

wherei =1+ 1,1+ 2,..,N — 1. Using the inequality (2.12), we have the following inequality
N-1 N—-1-2
D bl axl™ = > ey
i=l+1 i=0
N-1-2
< c(mm)(N — 1 — D)™ 1(N — 1) Z |Ay, ™
i=0
N-1

= cmn)(N —1— D" (N = 1) Z |Ax;|™+n
i=l+1

which is the inequality (2.13). This completes the proof.
Remark 6. In the inequality (2.13), let n — 1*. Then the inequality (2.13) reduces to the inequality (2.8).

Theorem 8. Let {x;}}_, be a sequence of real numbers with x, = xy = 0,n > 1. Then we have the following
inequality

N-1

N-1
N+ 17"
D lwlrax™ < conm [Fo=| Yl (2.14)
i=0

2

i=1

N+1

Proof. Letl = [T] Then N — 1 —1 < N — [ < [. Using the inequalities (2.10) and (2.13), we have the following
inequality

N-1 l N-1
D lwlMakd™ =l axd™ + ) bl A
i=1 i=1

i=l+1
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!
< c(m,n) [l" Zlei |mtn
i=0

N-1
+(N == D" (N = 1) Z |Ax,.|m+n]
i=l+1
N-1

< c(im,n)l" Z |Ax; |t
i=0
which is the inequality (2.14). This completes the proof.
Under the conditions of Theorems 2 and 6, we have the following corollaries and remarks.
Corollary 1. Let {x;}}_, be a sequence of real numbers with x, = 0. Then we have the following inequality

l l
Z|xi||in|m < c(m 1)1+ 1)Z|Vx,-|m+1. (2.15)
i=1 i=1

Proof. Since

l -1
D llva ™ = allax ™,
i=1 i=0

it follows from the inequality (2.6) that

l -1
D lllva™ < con, DA+ 1) Y | ™
i=1 i=0

l
— c(m 1)1 + 1)Z|in|m+1

i=1

which is the inequality (2.15). This completes the proof.
Remark 7. In the inequality (2.15), let m = 1 and [ = 7. Then the inequality (2.15) reduces to the inequality (1.5).
Corollary 2. Let {x;}}_, be a sequence of real numbers with x, = 0,n > 1. Then we have the following inequality

l l
leiI"Iinl’” < c(m,1)(I + 1)HZ|in|m+n. (2.16)
i=1 i=1

Proof. Since

l -1

D™ = ) i Mk,

i=1 i=0
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it follows from the inequality (2.12) that
-1

1
D llM T < con A+ 1) ) ax
i=1 i=0

-1

< cimmn) + 1)"Z|Axi|m+”
i=0

l
— cmmn)( + 1)HZ|in|m+n

i=1

which is the inequality (2.16). This completes the proof.

Remark 8. For x; = i,0 < i <[ in the inequality (2.16), we note that
l

Z in < cmn)( + DM

i=1
U+ -1

< max{m,n
{ } n+1

+1

< max{m, n}j t"dt,
1

which shows that the inequality (2.16) gives a better estimate than that obtained by simply comparing areas.
Moreover, for n — 1%, this gives the well-known identity ¥, i = I(1 + 1)/2.
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