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Abstract

In this paper, closed forms of the sum formulas Y ;_,z*W, and Y ]_, 2*W_, for generalized
Pentanacci numbers are presented. As special cases, we give summation formulas of Pen-
tanacci, Pentanacci-Lucas, and other fifth-order recurrence sequences.
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1. Introduction

The generalized Pentanacci sequence {W,,(Wy, W1, Wa, W3, Wy;r, s,t,u,v)} >0 (or shortly {W, },>0) is

defined as follows:

W, = Wy 1+sWh_o+tW,_s+ulW,_4+0W,_5, (11)

Wo = co,Wi=c1,Wa=ca, Wa=c3,Wy=1c4, n>5
where Wy, W1, Wy, W3, W, are arbitrary real or complex numbers and r,s,t,u,v are real numbers. The
sequence {W,},>0 can be extended to negative subscripts by defining

u t s T 1
W—n = *;W—n-&-l - ZW—n-&-Q - EW—H-H’) - EW—77,+4 + ;W—n+5

for n = 1,2,3,... when v # 0. Therefore, recurrence (1.1) holds for all integer n. Pentanacci sequence has
been studied by many authors, see for example [8], [9], [11], [26].
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Table 1 A few special case of generalized Pentanacci sequences.

No Sequences (Numbers) Notation References
1 Generalized Pentanacci {Vn} = {Wn(WO’ Wi, Wo, Wa, Wy 1,1, 1,1, 1>}’ [26]

2 Generalized Fifth order Pell {Vn} = {Wn(WO7 W, Wy, W37 W4 2,1,1,1, 1)} (27]

3 Generalized Fifth order Jacobsthal {Vn} = {W (WO, W17 Wg, W37 W4, s 1y 1, 1; 2)} [28]

4 Generalized 5-primes {Vn} = {Wn(WO, Wla WQ, W3, W4, 2,3,5,7, 11)} [29]

For some specific values of Wy, Wy, Wy, W3, W, and 7, s,t,u,v it is worth presenting these special Pen-
tanacci numbers in a table as a specific name. In literature, for example, the following names and notations
(see Table 2) are used for the special cases of r, s,t,u,v and initial values.

Table 2 A few members of generalized Pentanacci sequences.

Sequences (Numbers) Notation OEIS [12] Ref
Pentanacci {Pn} = {W (0, 1,1,2,4;1,1,1,1, 1)} A001591 [26]
Pentanacci-Lucas {Qn} = {Wn(5’ 1,3,7,15;1,1,1,1, 1)} A074048 [26]

fifth order Pell (PP = (W (0,1,2,5,13;2,1,1,1,1)} Al41448  [27]

fifth order Pell-Lucas {Q(5)} (W, (5,2,6,17,46;2,1,1,1,1)} [27]
modified fifth-order Pell {E } ={w,,(0,1,1,3,8;2,1,1,1,1)} [27]
fifth order Jacobsthal {J } {w,(0,1,1,1,1;1,1,1,1,2)} A226310  [28,2]
fifth order Jacobsthal-Lucas {](5)} {w L(Q, 1,5,10,20;1,1,1,1,2)} A226311  [28,2]
modified fifth order Jacobsthal {K(O } = {W (3 1,3,10,20;1,1,1,1, 2)} (28]
fifth-order Jacobsthal Perrin {Q(s)} = (3 0,2,8,16;1,1,1,1,2)} (28]
adjusted fifth-order Jacobsthal {Sf)} = {Wn (0, 1,1,2,4;1,1,1,1, 2)} (28]
modified fifth-order Jacobsthal-Lucas {RS)} = {Wn(5, 1,3,7,15;1,1,1,1,2)} [28]
5-primes {Gn} = {Wn(0,0,0, 1,2;2,3,5,7,11)} [29]

Lucas 5-primes {Hn} = {Wn(5,2, 10,41,150;2,3,5,7,11)} [29]
modified 5-primes {En} = {WH(O,O,O,L 1;2,3,5,7,11)} [29]

For easy writing, from now on, we drop the superscripts from the sequences, for example we write P, for
P,
We present some works on summing formulas of the numbers in the following Table 3.
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Table 3. A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [1,4,30],[6,7]
Generalized Fibonacci [5,13,14,15,16,17,19]
Generalized Tribonacci (3,10,18]
Generalized Tetranacci [20,25,31]
Generalized Pentanacci [21,22]
Generalized Hexanacci [23,24]

In this work, we investigate linear summation formulas of generalized Pentanacci numbers.

2 Sum Formulas of Generalized Pentanacci Numbers with Posi-
tive Subscripts

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers with

positive subscripts.

Theorem 2.1. Let z be a real (or complex) number. For n > 0 we have the following formulas:

(a) Ifrx + sx? + tx® + uzr* + va® — 1 # 0 then

@1(1‘)

n
kIIY
€T =
kz—o M ra + sa? + 2 + uzt +vad — 1

where

O1(x) = 2" MW, ha — (re — )" B3W 3 — (s2? +rz — )" P2 W0 — (s2? +tzd +ro — D" W, 41 +
v W, — Wy + 23 (re — V)Wa + 22 (s2? +rz — V) Wa + z(s2? + ta® +re — D)Wy + (s2? 4+t +uat +
re — 1)Wp.

(b) If r’x + 2ux? — %22 + t22% — wlxt + 022’ + 252 + 2rta? + 2rvad — 2sux® + 2tvzt — 1 £ 0 then

Zn: aF Wy, = ©2(z)
P r2x + 2ux? — s222 + 223 — w2zt + v2ad® + 25w + 2rta? 4 2rved — 2suxd + 2tvxt — 1

where

O2(z) = —(ux? + sz — 1)a" ™ Waia + (t + rs + vz + ruz)z" P2 Wap i1 + (u + 22 — v?2? + 0223 +
rt + 2tva? + rve — sux)z" 2 Wa, + (v + ru — svx + tux) "2 W, 1 + v(r + va? + tr)a" T2 Wa, o +
22 (ux?® + sz — 1)Wy — 23(t + rs + vz + ruz)Ws + z(r’z + uz? — s222 + 2sz + rtz? + rvxd — suzd — 1)
Wo — 23 (v+ru—sve+tuz) Wi + (r2x+2uz? — s?2? + 203 —u?at + 252+ 2rtx? + roa® — 2sux® +tort — 1)
Wo.

(c) If r’z + 2uz? — %% + 223 — w22 + v22® + 252 + 2rtx? + 2rva® — 2sux® + 2tvat — 1 =0 then

i 2FW _ Os(x)
pors PR 020 4 2ua® — $222 + 1227 — ulxt + v2ad + 28z + 2rta? + 2rvad — 2sua® + 2tvat — 1

where

O3(x) = (r +vz? +tx)z" P Wayo + (s — 822 + 222 — 223 + 022 + ux + rvz? — 2suz? + 2tvr® +
rtx) " 1 Way, 1 + (t+vx — sva? +ruz — stz)a" T Wa, + (u—u?2? +v223 +tvz? +rvz — suz)x" T Wa, 1 —
v (uz? + sz — 1) 2" Wap_g — 2% (r + v2? + to)Wy + x(r?z + ua® + sz + rta? + rva® — 1)Ws — 22 (¢t +
vr — svz? + rux — stz)Wa + (r’z + ux? — s22% + 223 + 2sx + 2rtz? + rvzd — sux® + tvxt — )Wy +
vr?(uz? + sx — 1)Wy
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Proof.
(a) Using the recurrence relation

Wy =1Whno1 +sWh_o +tWy_3 +uWy_y +0W,_5

ie.
’1)an5 = Wn — 7“an1 — SWn,Q — th,;), — uWn,4
we obtain
v®Wy = W5 — ra® Wy — sa® Wy — ta® Wy — ua® Wy
ve'Wy = 2'We —ratWs — szt Wy — tac1W3 — uz'Ws
vePWy = x2W7 — r:z:2W6 — sx2W5 —tx® W, — ux2W3
vt Wy = 3Ws — ra®Wy — sa®Wg — ta*Ws — ua® W,

vV W,y = x"*4Wn+1 — "W, — sz W, — ta" W, o — ux”*4Wn,3

" Wy = 2" Woge — ra" Wy — sz W, — ta" W, — uz" TP W, o

V" P Wylo = 2" Wigs — ra" Wiy — 52" Wog — ta" AW, — uz" 2 W,y

vV W,_, = x"_an+4 - rm”_an+3 - Smn_IWn+2 - tx”_anH —uz™ W,
ve" W, = x2"Wuis —ra"Wyiy — se"Wyys — 2" Wyyo —ux" Wi

If we add the equations side by side (and using Wy,15 = rWyyq + sWiyas + tWiao + uWuiq + 0W,),
we get (a)

(b) and (c) Using the recurrence relation

Wy, =1rWh_1+ sWh—o +tW,_3+uWp_4 + oW, _5

1.e.
7“an1 = Wn — SWn,Q — th,;; — ’LLWn,4 — UWn,E)
we obtain
re'Ws = 2'Wy — se'Ws — ta' Wy — uz' Wy — vz W_,
rm2W5 = :C2W6 — sz?Wy — t:r2W3 — uz? Wy — va® W,
re’Wy, = 3Ws — sa3We — ta3Ws — uz®Wy — va3 Wy
ret*Wy = Wiy — sz*Ws — to* Wy — uz*Ws — v W
T‘In71W2n_1 = IL'n71W2n - Sl’n71W2n_2 - tIn71W2n_3 - U:L'n71W2n_4 - U:L'n71W2n_5
’I“Q?nWQn_H = on2n+2 — SZ‘"WQn — tonQn_1 — Uﬂ;‘nWQn_Q — anWQn_3
T$n+1W2n+3 = $n+1W2n+4 — Sl‘n+1W2n+2 — t$n+1WQn+1 - U$n+1W2n — ’UCC"+1W2n,1
T$n+2W2n+5 = {En+2W2n+6 - S$n+2W2n+4 - tl’n+2W2n+3 — U.’En+2W2n+2 - ’U.’En+2W2n+1
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Now, if we add the above equations side by side, we get

T(*Cﬂowl + Z:L’kWQk_H) = (CEnW2n+2 — xOWQ — $71WO + Zl‘kili/VQk)
k=0 k=0

n n
—S(—QJOWQ + Z kaQk) - t(—l‘n+1WQn+1 + Z xk+1W2k+1)
k=0 k=0

—u(—z" T Wy, + Z " Way)
k=0

n
—v(—2" PP Wapi1 — 2" Wayg + 2 Wy + Z$k+2W2k+1)

k=0
Since
W= =Wy - Ly = 2w - T
v v v v v
we obtain
n n
r(—a" Wy + Zkang) = (2"Wapio —2"Wo —z Wy + 271 ZkaQk) (2.1)

k=0 k=0

—S(—Z‘OWO + Z .’EkWQk) — t(—$n+1W2n+1 + at Z Q?kWQk+1)
k=0 k=0

n
—u(—x”+1W2n +at E kaQk) — U(—$n+2W2n+1 — 2" W4
k=0

U t s r 1 -
+I1(*ZWO — EWl — ;WQ - ;Wg} + 5W4) + IZ ZIkWQk_H).

k=0
Similarly, using the recurrence relation
Whp=1Wh_1+sWy_o+tW, s +ulWy_y +0W,_5
ie.
T’Wn_l = Wn — SWn_Q - th_g - UWn_4 — UWn_5
we write the following obvious equations;
1 _ .1 1 1 1 1
re Wy = o Wy—szx Wiy —taeWy—ux W_1 —vx W_o
re*Wy = Wi — sa?Ws — ta* Wy — ua® Wy — v Wy
redWe = 23Wy — s23Ws — ta3 Wy — ua®Ws — 023 Wh
retWs = a*Wy — sae*Wr — ta* W — uz* Wy — vz,
"W = "W "W ta" W, "W "W
rr on-2 = T 2n—1 — ST 2n—3 — LT 2n—4 — UT 2n—5 — VT 2n—6
T.’EnWQn = .’EnWQn+1 - SLEnWQn,l - twnWQn,Q - Ul’nWQn,g - ’U.’EnWQn,ZL
re" M Wonie = 2" Wonys — sa" T Wa, iy — ta" T Wa, — uz™ T Wa, g — vz T W, o
" Wonia = 2" Wonys — 2" T Wopys — ta" T Woy 4o — ux T Wop g — vz T2 Wy,
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3

Now, if we add the above equations side by side, we obtain
n n n
T(*%OWO + Z ZkWQk) = (7£L’OW1 —+ Z IL’kWQk+1) — 8(*’£n+1W2n+1 + Z $k+1W2k+1)
k=0 k=0 k=0

n
1 k+1 2 1
—t(—InJr Waopn + Zl‘ + ng) — u(—x"+ Wan41 — "t Won_1
k=0

+2'W_ + Z " Wop41)
k=0

—v(—2" 2 Way, — 2" Wap_o + 2 W_g + Z "2y,

k=0
Since
U t s r 1
W_1 = —Wog—-Wy—-Wy—-W3+-W,
v v v v v
t 1 t 1
W_y = ——(—=Wo——Wi— Wy —Ws+-Wa) — ~Wo — Wy — —~Wa + —Ws
v v v v v v v v v
we have
n n n
T(—Z‘OWO + Zl‘kWQk) = (—$0W1 + Zka2k+1) — 8(—$n+1W2n+1 + ! ZkaQk+1) (2.2)
k=0 k=0 k=0

n
_t(_xn-HWQn + :L‘l ZkaQk) _ u(—x"+2W2n+1 _ .’L’n+1W2n,1
k=0
U t s r 1 -
+$1(—*WO — *Wl — *Wg - *Wg + *W4) + (EQ Z$kWQk+1)
v v v v v =0

U, U t S
—U(—In+2W2n - InJerQn_Q + Il(—*(—*WQ - *Wl - *WQ
v v v v

1 t 1 &
LWy W) — S Wo = SW = S Wa S W) 22 e W),
v v v v (% (% =0

Then, solving the system (2.1)-(2.2), the required result of (b) and (c) follow. O

Special Cases

In this section, for the special cases of x, we present the closed form solutions (identities) of the sums
S oo T Wi, Yo @ Way, and Y1y @ Way for the specific case of sequence {W,,}.

3.1 The case z =1

In this subsection we consider the special case z = 1.

The case © = 1 of Theorem 2.1 is given in Soykan [21].

3.2 The case z = —1

In this subsection we consider the special case = —1 and we present the closed form solutions (identities) of
the sums > (1) Wy, Sop_o(—1)*Way, and 3" (—1)*Wayy1 for the specific case of the sequence {W,,}.

Taking r = s =t =u=wv =1 in Theorem 2.1 (a), (b) and (c), we obtain the following Proposition.
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Proposition 3.1. Ifr=s=t=u=wv =1 then for n > 0 we have the following formulas:

(@) D o(—D)*Wi = 3((=1)" (~Whga + 2Wiis — Wigo + 2Wo g + W) + Wy — 2Ws + W — 2W1 + Wy).
(b) Y o(1)*War = 3((—1)" (Wansa — Wap — 2Wan_1 — Wan_2) + Wy — 3W — 2W7 + Wp).

(€) Yp_o(=1)fWory1 = 2((=1)" (Wans2 — Way + Wan_2) + Wy — 2W5 — Wa + 2W; + Wp).

From the above Proposition, we have the following Corollary which gives sum formulas of Pentanacci
numbers (take W,, = P, with Py, =0,P, =1,P, =1,P3; =2, P, =4).

Corollary 3.2. For n > 0, Pentanacci numbers have the following properties.
(@) Yhoo(~1)"Pr = 5((=1)" (=Posa +2Puys — Poya +2Pops + Py) — 1),
(b) Ypo(—1)FPor = 5((=1)" (Pant2 — Pon — 2Poy—1 — Pan—2) — 1).

(©) Yp_o(=1)fPopi1 = 3((—=1)" (Pany2 — Pan + Pan—2) + 1).

Taking W,, = @, with Qo = 5,01 = 1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we have the
following Corollary which presents sum formulas of Pentanacci-Lucas numbers.

Corollary 3.3. For n > 0, Pentanacci-Lucas numbers have the following properties.

(@) Y o(-1*Qr = 2((-1)" (—Qn+ta + 2Qn+3 — Qniz +2Qu41 + Qn) + 7).
(b) > o(=1) Qo = 2 ((=1)" (Q2n+2 — Q2n — 2Q2n-1 — Q2n—2) +9).
(©) Yor—o(=1)*Qars1 = 5((=1)" (Q2nt2 — Q2n + Q2n—2) +5).
Taking r =2,s =t =u =wv =1 in Theorem 2.1 (a), (b) and (c), we obtain the following Proposition.
Proposition 3.4. Ifr=2,s=t=u=wv =1 then for n > 0 we have the following formulas:
(@) S p (1) Wi = 2((—1)" (~Wia +3Wyp3 — 2Wypo + 3Woy + Wiy ) + Wy — 3Ws +2Ws — 3W; +2Wp).
(b) Yo o(=1) W, = £((—=1)" (Wani2 — Wap — 3Wap_1 — 2Wap o) + Wa — 6Wa — 3W, + 3W).
(©) Yho(=1)f Wapgr = 2((—=1)" (2Wans2 — 2Wap — Wan_1 + Wan_2) + 2Wy — 5W3 — 2Wa + 4W; + Wy).

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth-order
Pell numbers (take W,, = P, with Py =0,P, =1, P, =2, P; =5, Py = 13).
Corollary 3.5. Forn > 0, fifth-order Pell numbers have the following properties:
(@) Yp_o(—1)*Py = 2((-=1)" (—Puya + 3Puy3 — 2Pyi0 + 3Puy1 + P) + Py — 3Ps + 2P, — 3P 4 2R).
(b) > o(=1)fPok = 2((—=1)" (Pany2 — Pan — 3Pan—1 — 2Pan_3) + P4 — 6P, — 3P + 3PF).
(€) Yp_o(=1)fPai1 = 2((—=1)" (2Pant2 — 2Psy, — Pay—1 + Pan_2) + 2Py — 5P3 — 2P, + AP, + P).

Taking W,, = Q,, with Qg = 5,Q1 = 2,Q2 = 6,Q3 = 17,Q4 = 46 in the last Proposition, we have the
following Corollary which presents linear sum formulas of fifth-order Pell-Lucas numbers.

Corollary 3.6. For n > 0, fifth-order Pell-Lucas numbers have the following properties:

(@) Yp_o(—=1*Qr = $((=1)" (—Qnt4a + 3Qn+3 — 2Qns2 + 3Qns1 + Qn) + Qu — 3Q3 + 2Q2 — 3Q1 + 2Q0).
(b) > o(=1) Qo = $((=1)" (Q2nt2 — Q2n — 3Q2n-1 — 2Q2n—2) + Q1 — 6Q2 — 3Q1 + 3Q0).
(©) Yr o= Qart1 = 2((—1)" (2Q2n+2 — 2Q2n — Q2n—1 + Q2n—2) + 2Q4 — 5Q3 — 2Q2 + 4Q1 + Qo).
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Taking » = 1,s = 1,t = 1,u = 1,v = 2 in Theorem2.1 (a), (b) and (c), we obtain the following
Proposition.

Proposition 3.7. Ifr=s=t=1,u=1,v =2 then for n > 0 we have the following formulas:
(@) Yp_o(=1)FWi = 3((=1)" (~Waga 4+ 2Whg3 — Wiyo + 2Woiy + 2W, ) + Wy — 2W3 + Wo — 2W1 + Wy).
(b) > o(=1) War = £((—=1)" Wans2+ Wang1 +Wan — 4Wap_1 — 4Wap_2) + Wy + W3 — AW — AW + Wy).

(€) Ypo(=1)f Wapy1 = 2 ((—1)" (2Wanqga + 2Wapny1 — 3Wap — 3Wap_1 + 2Way_3) + 2Wy — 3W5 — 3Ws +
2y + 2Wo).

Taking W,, = J, with Jo =0,J; =1,Jo =1,J3 =1, J4 = 1 in the last Proposition, we have the following
Corollary which presents linear sum formulas of fifth-order Jacobsthal numbers.

Corollary 3.8. For n > 0, fifth order Jacobsthal numbers have the following properties:
(@) Ypo(—1)FJk = 3((=1)" (—Jnga + 2Jn43 — Jns2 + 2Jng1 + 2J) — 2).

(b) > r_o(=1)f T = $((=1)" (J2ng2 + Jon41 + J2n — 4J2n—1 — 4J2—2) — 6).

(¢) Sp_o(=1)FJopi1 = %((—1)” (2J2n42 + 2J2n4+1 — 3Jan — 3Jan—1 + 2Jon—2) — 2).

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth order
Jacobsthal-Lucas numbers (take W, = j,, with jo = 2,j; = 1,42 = 5, j3 = 10, j4 = 20).

Corollary 3.9. For n > 0, fifth order Jacobsthal-Lucas numbers have the following properties:
(@) Y peo(=1)Fhk = 3((=1)" (—jinsa + 2fn+3 — Jnt2 + 2int1 + 2n) +5).

(b) > _o(=1) ok = 2((=1)" (Jont2 + J2nt1 + Jon — 4jon—1 — 4j2n—2) + 8).

(€) Yhmo(=1)%j2kt1 = 5((=1)" (22n+2 + 22n41 — Bjon — 3f2n—1 + 2j2n—2) +1).

Taking W,, = K,, with Ky = 3,K; = 1,Ks = 3, K3 = 10, K, = 20 in the last proposition, we have the
following corollary which presents linear sum formula of modified fifth order Jacobsthal numbers.

Corollary 3.10. For n > 0,modified fifth order Jacobsthal numbers have the following property:
(@) Yp_o(-1)FKp = 3((-1)" (—Knsa + 2Knts — Knpo + 2Knq1 + 2K,) + 4).

(b) Yro(=1) Ko, = $((—=1)" (Kanto + Kant1 + Kap — 4Kz 1 — 4Ky ) + 17).

(€) Yoho(-1) Kapt1 = 3((=1)" (2Kant2 + 2Kon 1 — 3Ky — 3Kan 1 + 2Ka, ) +9).

From the last proposition, we have the following corollary which gives linear sum formula of fifth-order
Jacobsthal Perrin numbers (take W,, = @Q,, with Qp =3,Q1 =0,Q2 = 2,Q3 = 8,Q4 = 16).

Corollary 3.11. For n > 0, fifth-order Jacobsthal Perrin numbers have the following property:
(@) Yp_o(=1)*Qi = 5((=1)" (—Qnta + 2Qn+3 — Qni2 + 2Qni1 +2Qn) +5).

(b) > o(=1)* Qo = £((—1)" (Q2nt2 + Q2n+1 + Q2n — 4Q2n—1 — 4Q2n—2) + 19).

(©) Yr_o(=1)F Qart1 = 2((—1)" (2Q2n+2 + 2Q2n11 — 3Q2 — 3Q2n—1 + 2Q2n—2) + 8).

Taking W,, = S,, with Sp = 0,5, = 1,55 = 1,53 = 2,54 = 4 in the proposition, we have the following
corollary which presents linear sum formula of adjusted fifth-order Jacobsthal numbers.

Corollary 3.12. For n > 0, adjusted fifth-order Jacobsthal numbers have the following property:
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(a) 22:0(_1) = %(( 1) ( Sn+4 + 2Sn+3 - Sn+2 + 2Sn+1 + 2Sn) - 1)'
(b) > o(=1)FSa = 1((=1)" (S2nt2 + Sant1 + S2p — 45201 — 4525, -2) — 2).
(c) Zzzo(—l) Sok41 = %(( 1)" (2S2n42 + 2S9p4+1 — 352, — 35251 + 252,-2) + 1).

From the last proposition, we have the following corollary which gives linear sum formula of modified
fifth-order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =5, R; =1, Ry = 3, R3 = 7, Ry = 15).

Corollary 3.13. Forn > 0, modified fifth-order Jacobsthal-Lucas numbers have the following property:
(@) Yp_o(-1)*Re = 3((-1)" (—Rn4a + 2Rny3 — Ruyo + 2Rns1 + 2R,) + 7).

(b) Yp_o(—1)F Ry = é(( )" (Rapn+2 + Ront1 + Rop — 4Rop—1 — 4Roy—o) + 11).

(€) Yho(=1)F Ropi1 = £((—1)" (2Ran12 + 2Ran+1 — 3Ron — 3R2p—1 + 2Ray—2) + 12).

Taking r = 2,s = 3,t = 5,u = 7,v = 11 in Theorem 2.1 (a), (b) and (c), we obtain the following
proposition.

Proposition 3.14. Ifr =2,s =3,t =5,u = 7,v = 11 then for n > 0 we have the following formulas:
(a) Y (=)W, = %(( )" (—~Whya +3Wyi3 + 5Wy 1 + 11W,,) + Wy — 3W3 — 5W; — 2W).

(b) > o(=1)"War = £ ((—=1)" (=3Wany2 + 14Wapi1 + 69Way, — 23Way,_1 — 88Wap_3) — 3Wy + 14Ws5 —
AWy — 23Wy — 15W).

(C) ZZ:O(*l)kW2k+1 = %((71)n (8W2n+2 + 60W2n+1 — 38Ws,, —109Ws,,_1 — 33W2n_2) + 8W, — 13W3 —
381V, — 36V, — 33W5).

From the last proposition, we have the following corollary which gives linear sum formulas of 5-primes
numbers (take W,, = G,, with Go =0,G1 =0,G3 =0,G3 =1,G4 = 2).

Corollary 3.15. For n > 0, 5-primes numbers have the following properties:

(a) Yhoo(~1) Gy = §((—1)" (=G + 3Gni3 + 5Gpi1 +11G,,) — 1).

(b) Yio(—1)"Gar = 3 ((—1)" (=3Gant2 + 14Gant1 + 69G2n — 23G2n—1 — 88G2n—2) + 8).
(€) Yr_o(=1)FGart1 = % ((—=1)" (8G2nt2 + 60G2p41 — 38Gay — 109G2,—1 — 33G2n—2) + 3).

Taking W,, = H,, with Hy =5, H; =2, H, = 10, H3 = 41, H; = 150 in the last proposition, we have the
following corollary which presents linear sum formulas of Lucas 5-primes numbers.

Corollary 3.16. For n > 0, Lucas 5-primes numbers have the following properties:

(a) Yhoo(~1)FH), = 5((=1)" (=Hnya +3Hy 43+ 5Hoy + 11H,) + 7).

(b) Y3 o(—1)FHap = L ((—1)" (~3Hapnt2 + 14Hoy 1 + 69Hay, — 23Ha,—1 — 88Hay,—2) — 37).
(€) Sh_o(~1)*Happr = L ((—1)" (8Hap12 + 60Hay 1 — 38Hay — 109Hz,, 1 — 33Ha,—2) + 50).

From the last proposition, we have the following corollary which gives linear sum formulas of modified
5-primes numbers (take W,, = E,, with By =0,FE; =0,E, =0,FE3 =1, E; = 1).

Corollary 3.17. For n > 0, modified 5-primes numbers have the following properties:

(@) Yhoo(~D Er = 5((=1)" (= Bnta + 3Ep43 + 5Eps1 + 11E,) — 2).

(b) Sh_o(~1)*Eoy, = L ((—1)" (~3E2p42 + 14Eoy 11 + 69Es, — 23E,_1 — 88F2,_2) +11).
(€) Yp_o(=1)FEsy1 = % ((—=1)" (8F2nt2 + 60E2y41 — 38E2, — 109E3,, 1 — 33E2,_2) — 5).
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3.3 The case z =1

In this subsection we consider the special case = = 1.
Taking = i,7 = s =t =u = v =1 in Theorem 2.1 (a), (b) and (c), we obtain the following proposition.

Proposition 3.18. Ifr =s=t=u=wv =1 then for n > 0 we have the following formulas:

(@) Yoheo Wi = 5 (" Waga — (L+ i)Wois — (2 — i) Wago + 2iWepa +iW,) — Wy + (1+ i) Ws + (2 —
D)Wo — 2iW; — Wy).

(b) Yoo i*War = =55 (1" (1 4+ 20)Wanyo — (2+ 20) Wap 11 — Wap — 2Wap 1 — iWap o) + (2 — i)Wy — (2 —
2i)W3 — (3 + Qi)WQ + 2iW7 — (4 — 3Z)W0)

() Dop_oi"Wopyr = ﬁ(z‘”(—wgnw +2iWap 11+ (=14 20)Way + (1 4+0)Wap 1 + (1+20)Way o) +iW, —
(1+30)Ws + (2+ 1) Wa — (2= 20) Wy + (2 — i)Wp).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Pen-
tanacci numbers (take W,, = P, with Py, =0,P, =1,P, =1,P; =2, P, = 4).

Corollary 3.19. For n > 0, Pentanacci numbers have the following properties.

(2) Yhoi*Pr = = (i"(Pasa — (14 0)Puys — (2 = ) Pogz + 2iPps1 +iPy) — i)

(b) Yoo i*Pok = =5t (i"(1 4 20) Panya — (2 + 20) Pany1 — Pap — 2Pap 1 — iPa—2) + 1).

(€) Yheo " Port1 = =55 (" (= Pans2 +2iPopyr + (=14 20) Po + (1 +4) Pay—1 + (14 20) Pan—a) + (=2 +1)).

Taking W,, = Q,, with Qo =5,Q1 = 1,Q2 = 3,Q3 = 7,4 = 15 in the above Proposition, we have the
following Corollary which presents linear sum formulas of Pentanacci-Lucas numbers.

Corollary 3.20. For n > 0, Pentanacci-Lucas numbers have the following properties.

(@) Y oi*Qr = %ﬂ-(in(QnH —(14+9)Qnts — (2= 9)Qni2 + 2iQnt1 +1Qn) + (=7 + 2i)).

(b) Yk Qar = =g (" (1 +20)Q2nr2 — (24 20) Q21 — Q20 — 2Q20—1 — 1Q2n—2) + (13 + 107)).
(€) Yr_oi*Qars1 = ﬁ (1" (—Qa2nt2+2iQont1+ (—1428)Q2n + (14+1)Qan—1+ (1+28)Qapn—2) + (7—61)).

Corresponding sums of the other fifth order generalized Pentanacci numbers can be calculated similarly.

4 Sum Formulas of Generalized Pentanacci Numbers with Nega-
tive Subscripts

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers with
negative subscripts.

Theorem 4.1. Let x be a real (or complex) number. For n > 1 we have the following formulas:

(a) (Sum of the generalized Pentanacci numbers with negative indices) If v+ ra* + sz + ta? +ux — 2° # 0,
then

Zkafk _ @4(‘T)
k=1

v+ rzt + sxd +ta? +ur — b

(b) If 2s2* — vz + 2ux® + r?zt — %23 + t?22? + v? — 2° + 2rtad + 2rva® — 2sux® 4 2tvr # 0 then

i: "Wy = Os(2)
Pt 25zt — ulx + 2uxd 4+ r2xt — 223 + 1222 + 02 — 2° 4 2rtad 4 2rvz? — 2sux? + 2tvx
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(c) If 2sz* — ulz + 2uxd + 22t — s22 + 222 + 0% — 2% + 2rt2® + 2rvw? — 2sux? + 2tvx £ 0 then

anx’“W 2%h+1 = S4(z)
P TR 9sat — w2p + 2uad + 120t — 208 + 1222 4 02 — 2P + 2rtad + 2rva? — 2sux? + 2o

where

O4(x) = =" Wy +(r—2)a" W, 3+ (s+ro—a?) " PIW_ o+ (t+ra? +sz—a®) 2" W, 1+
(u+rad + sz? + to — aH)a" W, + aWy — 2(r — 2)W3 + 2(—s — ro + 2% )Wy + 2(—t — ra? — sz +
YWy + z(—u — ra® — sa? — to + 21)W.

O5(x) = —(v+rz? +tx)a" W g, 13+ (s2? +r22? +ro+ux — 23 +rtx) 2" W g, 40 — (t2% — sv+va +
rux — stx)x" T W_og, 11 + (2823 + 22 + uz? + 1?23 — $%2? + tv — 2t + 2rt2? + rvx — sux) "W o, +
v(u+ sz —a?) 2" Wogn 1 +a(—u—sz+ 2 )Wy + x(v+ru+te + rsz)Ws + o(—2s2? + s?z — r?2? —
v+ su—ux + 23 — rtz)Wa + x(—sv + tu + vz + rux) Wy + 2(—2s2® — 2z — 2uz? — r2x3 + 222 —to +
u? + at — 2rta? — rvx + 2sux)Wy.

O6(z) = 2" 2(u+ sz — 22 )W_op43 — (v + 7u + to + rsz)z" 2 W g, 10 + (2522 — s22 + r22? + rv —
su+uxr — 23 4+ rtx)a" TEW 9,01 + (sv — tu — vr — rux)a"2W g, — v(v + ra? +ta)a" TIW g, 1 +
x(v 4+ ra? + to)Wy + 2(—s2? — r?22 — rv —ux + 2% — rtx)Ws + 2(ta? — sv + va + rur — stx)Way +
(=283 — 20 — uz? — r22® + s%2? — tv + 2t — 2rtx? — rox + sux)Wq + va(—u — sz + 22)Wy.

Proof.

(a) Using the recurrence relation

1 U t s r
W_n = *W_n+5 - *W—n+1 - *W—n+2 - *W—n+3 - *W—n+4
v v v v v

i.e.
UW,n = W,n+5 - ’I"W,n+4 - SW,nJrg - tW,nJrg - UW,nJrl
we obtain
ve"W_, = x"W_,45 —r2"W_,iq —se"W_,ig —ta"W_ 10 —uax"W_, 14
v T IW_ 1 = "W e — 2" T Wy — s2 T I W — 2T W s —ua T W
"W e = 2" TEW o — 2" AW e — ST T EW s — b T EW g — ua TR W s
v W_s = Wy —ra®W_i —s2®W_g — ta®W_3 —uz®W_,

vzt W_y W — rat Wy — sa*W_y — t2*W_o — uz?W_s
vx?’W,g = 23Wy —rWp — sm?’WO —t23W_ — uz®W_,
vxZW_g x2W3 — Tx2W2 — sx2W1 — tx2W0 — u:L'QW_l
vetW_y = 2'W,— rleVg — smle —tx Wy — uxlwo.

If we add the equations side by side, we get (a).

(b) and (c¢) Using the recurrence relation

anJrS = TW7n+4 + 5W7n+3 + tW7n+2 + UW7n+1 +oW_,

1 U t S r
= W_,= 7W7n+5 - 7W7n+1 - 7W7n+2 - 7W7n+3 - 7W7n+4
v v v v (%

uwfnJrl = W7n+5 - ern+4 - SW7n+3 - thnJrQ —oW_,
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we obtain
UInW_2n+1 = ZEnW_Qn+5 — T$nW_2n+4 — SZEnW_2n+3 — tiIL’nW_Qn+2 — anW_Qn
—1 —1 —1 —1 —1 —1
ux" W_2n+3 = z" W_27L+7 —ra” W—2n+6 — sx" W_27L+5 — tx" W_27L+4 —vzx" W_2n+2
n—2 n—2 n—2 n—2 n—2 n—2
ux W,2n+5 = T W,2n+9 —rr W72n+8 — ST W,2n+7 —tx W72n+6 —vx W,2n+4
-3 -3 -3 -3 -3 -3
ux" W,2n+7 = " W,2n+11 —ra” W,2n+10 — sx" W,2n+9 —ta” W,QnJrg —vzx" W72n+6
wrPW_s = 2W_1 —ra®W_o — sa®W_g — ta®W_, — vz W_g
ur®Woz = 2*Wi —ra*Wy — sa®W_y — ta?W_y —va®W_y
ur'W_y = o'Wy —ra'Ws — sa' Wy — ta' Wy — o' W_,

If we add the equations side by side, we get
n n
u Z Woopir = (—2" T Woonis — 2" PPWog,iq + 2 W5 + 22Wy + Z 2P op i)
k=1 k=1

n
—r (=" W _gpio — 2" TEW o, + 22 Wo + ' Wy + Z Jfk+2w_2k)
k=1

—s(=2" T W_gpi1 + ' Wi + Z W _gps1) — t(—2" T Wy

k=1
+$1W0 + Z.’L‘k—HW,Qk) — U(Z (EkW,Q}C).
k=1 k=1
Then we have
U Z $kW,2k+1 = (—I"+1W,2n+3 — x"+2W,2n+1 + $1W3 + CIL‘QWl + 22 Z ka72k+l) (41)
k=1 k=1

n
—T(—:L‘n—HW,QnJrQ — x"+2W,2n + CE2W0 + $1W2 + 22 Z l'kW,Qk)
k=1

n
—s(—2" MW _gni1 + "Wy + ! Z :ckW_ng)
k=1

—t(—2" W g, + Wy + 2! Z W _op) — ’U(Z TFW_ap).
k=1 k=1

Similarly, using the recurrence relation

W_onys = ™W_ppa+sW_ is+tW_io +uW_ 1 +0W_,

1 u t ] r
= W_,=-W_ ——W_ ——-Ww_ ——-Ww_ ——-W_
n v n+5 v n+1 v n+2 v n+3 v n+4

UW7H+1 = W7n+5 — 7'an+4 — SW7n+3 — tW7n+2 — ’l)an
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we obtain

ux" W_Qn
uxr”” ! W—2n+2
ua:"_2 W,2n+4
’U“’En_?)WanJrG

uzr*W_g
urdW_g
uzPW_y

ur'W_q

on—2n+4 — T$nW_2n+3 — SI”W_2n+2 — tInW_2n+1 — vx"W_gn_l
-1 —1 -1 -1 -1
z" W—2n+6 —ra” W_27l+5 — " SW_2n+4 —tx" W_2n+3 —vz"” W_27L+1
n—2 n—2 n—2 n—2 n—2
X W,anpg —rr W,2n+7 — ST W72n+6 —tx W,2n+5 — v W,2n+3

-3 -3 -3 -3 -3
" W,2n+10 —ra” W,2n+9 — sx" W72n+8 — ta” W,2n+7 —vzx" W,2n+5

W_y —ra*W_g — sa?W_g — ta*W_7 — v W_g
3W_o —ra3W_g — sa3W_y —tadW_5 — vz W_s
2Wy — ra?W_y — s2?W_g — ta?W_g — vz’ W_s
Wy — rat Wy — sa'Wy — ta'W_y — vz W_s.

If we add the equations side by side, we get

n n
u Z Woop = (=" Wogpio — 2" W oo, + 2 W + 2° Wy + Z R PRW o)
k=1

Since

it follows that

n
u E ka,Q}C
k=1

k=1

—r(—x"+1W,2n+1 + .’171W1 + Z xk—HW,QkJrl)
k=1

—s(=a" T W_gp, + ' Wy + Z "W o) — t(z "W _gp11)
k=1 k=1

n
7U($nW_2n_1 - ZL’OW_l + Z l’kilW_Qk_i_l).
k=1

u t s T 1
W_i=—Wyg—-Wy — Wy — W3+ -W,4
v v v v v

(—(En+1W72n+2 _ .Tn+2W—2n + .’L’1W2 + ;L'QWQ + .’L'2 Z fL'kW—2k) (42)
k=1

n
—r(=z" W _gp i1 + Wy 4 2! Z ka,QkH)
k=1

n n
78(7In+1W_2n + IIWO + 2t Z IkW_Qk) — t(z l‘kW_Qk_H)
k=1 k=1

U t S r 1 -
—U($nW_2n_1 — xo(—EWO — ;Wl — ;WQ - ;Wg + ;W4) + 37_1 Zka_2k+1).
k=1

Then, solving system (4.1)-(4.2) the required result of (b) and (c) follow. O

5 Specific Cases

In this section, for the specific cases of z, we present the closed form solutions (identities) of the sums
S W, STr_ aFW ooy, and Y _ | aF¥W_oi11 for the specific case of sequence {W,,}.
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5.1 The case z =1

In this subsection, we consider the special case z = 1.
The case © = 1 of Theorem 4.1 is given in Soykan [21].

5.2 The case z = —1

In this subsection we consider the special case x = —1.
Taking r = s =t =u=wv =1 in Theorem 4.1 (a), (b) and (c), we obtain the following Proposition.

Proposition 5.1. Ifr=s=t=u=v =1 then for n > 1 we have the following formulas:

(@) Yr (D)W = 3(—1)" (W —2W_ 3+ Wy —2W_ 1 + W, ) — W+ 2W5 — W+ 2W; — Wo).
(b) it (CD) " Woo = 5((—1)" (Woznt3—2Wonnio—Wonps1 +2Wo2n + Wonp1) = Wa+3Wa+2W1 — W)
(€) Sp i (—D)FWogpir = 2((—=1)" (—Weopis+3W_opi1 +2W_op,+W_o,_1) — Wa+2W5+Wo —2W; —Wp).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Pen-
tanacci numbers (take W,, = P, with Py, =0,P, =1,P, = 1,P; =2, P, = 4).

Corollary 5.2. For n > 1, Pentanacci numbers have the following properties.

(@) Yy (=DFP oy = 3((=1)" (Popya = 2P pys + Py — 2P 1 + Py) + 1),

(b) Ypo i (—1)FP g = 5((—=1)" (P-ant3 — 2P-gny2 — Poony1 + 2P g + Pgp_1) + 1).
(©) Yho (=) P_gp1 = 5((—1)" (—P—gnts + 3P_2pi1 + 2P0y + P_gy1) — 1).

Taking W,, = @, with Qo = 5,01 = 1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we have the
following Corollary which presents linear sum formulas of Pentanacci-Lucas numbers.

Corollary 5.3. For n > 1, Pentanacci-Lucas numbers have the following properties.

(@) Zro i (1FQk = (1) (Q-nt4 = 2Q 13+ Q-ny2 = 2Q-ni1 +Q-p) = 7).
(b) Yo ("D*Q-2k = 5((—1)" (Q-2n+43 — 2Q-2n42 — Q2041 +2Q 20 + Q—20-1) — 9).
(€) Yot (1)*Qokr1 = 5((=1)" (~Q-2013 + 3Q—2041 + 2Q 20 + Q-20-1) — 5).
Taking 7 = 2,s =t = u = v = 1 in Theorem 4.1 (a), (b) and (c), we obtain the following Proposition.

Proposition 5.4. Ifr=2,s=t=u=wv =1 then for n > 1 we have the following formulas:

(@) Yp o (D)W = 2((—=1)" (W_pga — 3Wepys + 2W_ppo — BW_p iy + 2W_y,) — Wy + 3W3 — 2W, +
3W, — 2Wh).

(b) Zzzl(—l)kW,Qk = %((—l)n (2W3,2n—5W2,2n—2W172n+4W72n+W72n,1)—W4+6W2+3W1—3WO).
(C) Zzzl(_l)kW72k+1 = %((_1)71 (—W372n+6W1,2n+3W72n+2W72n,1)—2W4+5W3+2W2—4W1—Wo).

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth-order
Pell numbers (take W,, = P, with Py =0,P, =1, P, =2, P; =5, Py = 13).

Corollary 5.5. For n > 1, fifth-order Pell numbers have the following properties:
(a) Y (—1)FPy = %((—1)” (P_pya —3P_py3+2P_p10—3P_p41 +2P_,) + 1).
(b) Yp i (=1 P o) = +((—=1)" (2P3_2n — 5Pa—2n — 2P0y + 4P 2, + P_3y_1) + 2).

33



Soykan, Y.

(€) Yp_i(=1)FP_gpi1 = 2((=1)" (—Ps—2n + 6P1_2y + 3P_9, + 2P_5,,_1) — 1).

Taking W,, = @,, with Qo = 5,Q1 = 2,Q2 = 6,Q3 = 17,Q4 = 46 in the last Proposition, we have the
following Corollary which presents linear sum formulas of fifth-order Pell-Lucas numbers.

Corollary 5.6. For n > 1, fifth-order Pell-Lucas numbers have the following properties:
(@) Ypo (1*Q_k = 3((=1)" (Q—nt4 — 3Q—n13 + 2Q_ny2 — 3Q_pnt1 +2Q_,) — 11).
(b) > (—1)FQ_op = %((—1)n (2Q3-2n — 5Q2-2n — 2Q1—2n, +4Q_2, + Q_2n—1) — 19).
(€) Yhoi (- Q-2ks1 = ((=1)" (~Q3—20 + 6Q1-20 + 3Q—20 +2Q—20-1) — 8).
Taking r =s=t=1,u = 1,0 = 2 in Theorem 4.1 (a), (b) and (c), we obtain the following Proposition.
Proposition 5.7. Ifr=s=t=1,u=1,v =2 then for n > 1 we have the following formulas:
(@) Yp (D)W = 2((—1)" (Weonga=2W 3+ W o —2W_ 1 + W) = Wy 2W3 — W+ 2W1 — Wy).

(
(b) > (1) W_op = $((—1)" (2W_2pn13—3W_on42—3W_2p1 +2W_on +2W_o,_1) =Wy — W3 +4Wo +
AW, — Wo).

() Y (=)W g4y = %((*1)71 (—W_ony3 —W_onyo +4W_opi1 +4W_g, +4W_g9,_1) —2W4 + 3W3 +
3Ws — 2W, — 2W)).

Taking W,, = J,, with Jo =0,J; =1,Jo =1,J3 =1,J4 = 1 in the last Proposition, we have the following
Corollary which presents linear sum formulas of fifth-order Jacobsthal numbers.

Corollary 5.8. For n > 1, fifth order Jacobsthal numbers have the following properties:
(@) Yo (DRI = 3((-1)" (Jonga = 20 g3+ Jng2 = 2J 1 + Jp) +2).

(b) > (—1)FJ o = %((—1)" (2J-2n+3 —3J—ant2 — 3J_2nt1 + 2Jon + 2J_2,-1) + 6).
(€) Ypo i (=D T gpy1 = 2((=1)" (= J-2n+43 — J—ant2 + 4T 2ns1 + 4T on + 4T _on_1) + 2).

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth order
Jacobsthal-Lucas numbers (take W,, = j,, with jo = 2,j1 = 1, j2 = 5, j3 = 10, j4 = 20).

Corollary 5.9. For n > 1, fifth order Jacobsthal-Lucas numbers have the following properties:
(@) Y1 (=D ik = 3((=1)" (Jon+a = 2jnss + Jons2 = 2j—nt1 +J-n) — ).

(b) > r i (=1) i ok = 2((=1)" (2j—2n+3 — 3j—2n+2 — 3j—2nt1 + 2j—20 + 2j—2n—1) — 8).

(c) ZZ=1(*1)kj—2k+1 = %((*Dn (—J-2n43 —J-ont2 +4j ont1 +4j2n +4j_2n-1) — 1).

Taking W,, = K,, with Ky = 3,K; =1, K5 = 3, K3 = 10, K, = 20 in the last proposition, we have the
following corollary which presents linear sum formula of modified fifth order Jacobsthal numbers.

Corollary 5.10. For n > 1,modified fifth order Jacobsthal numbers have the following property:
(@) Yo (DK = 5((=1)" (K pya = 2K pys + K nyo —2K 1 + K ) — 4).

(b) Y i (=1)FK o) = :((—1)" (2K —2n+43 — 3K _2n42 — 3K_ap41 + 2K _9y + 2K _2,1) — 17).
(€) Yhoi(CDFK a1 = 5((=1)" (= K243 — K_ani2 + 4K _opp1 + 4K _on + 4K _2,-1) = 9).

From the last proposition, we have the following corollary which gives linear sum formula of fifth-order
Jacobsthal Perrin numbers (take W,, = Q,, with Qo =3,Q1 =0,Q2 =2,Q3 = 8,Q4 = 16).
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Corollary 5.11. For n > 1, fifth-order Jacobsthal Perrin numbers have the following property:
(@) Yp o (—1*Q_k = 3((—1)" (Q—nts — 2Q—n13 + Qnt2 — 2Q_pnt1 + Q—p) — 5).

(b) > r i (—1)FQ -2k = +((—1)" (2Q—-2n+3 — 3Q—-2n+2 — 3Q—2n+1 + 2Q 25 + 2Q_2n,_1) — 19).
(©) Yroi(=1)FQ 2kg1 = 2 ((-1)" (—Q-2n+3 — Q—2n42 + 4Q 2041 + 4Q 2, + 4Q_2,—1) — 8).

Taking W,, = S,, with Sp = 0,5, = 1,5, = 1,53 = 2,54 = 4 in the proposition, we have the following
corollary which presents linear sum formula of adjusted fifth-order Jacobsthal numbers.

Corollary 5.12. For n > 1, adjusted fifth-order Jacobsthal numbers have the following property:
(@) Yohoy(=1)FS = 5((=1)" (S—nya — 2513+ S_nt2 =25 _np1 + S-p) +1).

(b) Ypo i (—1)FS o = $((—=1)" (25_2n+3 — 3S_ont2 — 3S_2nt1 + 2520 + 25 2n-1) +2).

(€) Yori(=1)*S gp1 = £((=1)" (—S—2n43 — S—any2 + 45 on1 + 45 2n +45 5, 1) — 1).

From the last proposition, we have the following corollary which gives linear sum formula of modified
fifth-order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =5,R; =1,Rs =3, R3 =7, Ry = 15).

Corollary 5.13. Forn > 1, modified fifth-order Jacobsthal-Lucas numbers have the following property:
(@) Yoy (DR = 5((=1)" (Ropya —2R_ny3+ R pnyo — 2R 1 + R_py) — 7).

(b) >p_ (—1)FR_op, = %((—1)" (2R_9p43 —3R_9p12 —3R_9p41 + 2R _9, + 2R _o, 1) — 11).

(€) Yp_i (=D R g1 = 2((—1)" (~R—2n43 — R_anq2 + 4R _on41 + 4R 3y + 4R_2,1) — 12).

Taking r = 2,s = 3,t = 5,u = 7,v = 11 in Theorem 4.1 (a), (b) and (c), we obtain the following
proposition.

Proposition 5.14. Ifr =2,s=3,t =5,u=T7,v =11 then for n > 1 we have the following formulas:
(a) Zzzl(—l)kW,k = %((—1)” (W_pga —3W_py3 — 5W_pp1 — 2W_,,) — Wy + 3Ws5 + 5W7 + 2W).

(b) Sr_ (~D)FWoop = & ((—1)" (8W_sn13 — 13W_ops0 — 38W_o,11 — 36W_o, — 33W_o, 1) + 3Wy —
14Ws + AW, + 23W, + 15W).

(C) Zzzl(—l)kW72k+1 = %((—1)n (+3W72n+3 — 1AW _opqo +4W_o9, 411 +23W_o, + 88W72n71) — 8Wy +
13W3 + 38Ws + 36W7 + 33W0)

From the last proposition, we have the following corollary which gives linear sum formulas of 5-primes
numbers (take W,, = G,, with Go =0,G; =0,G2 =0,G3 =1,G4 = 2).

Corollary 5.15. For n > 1, 5-primes numbers have the following properties:

(@) Yh (DG = 5((—1)" (G nya — 3G _ny3 — 5G g1 — 2G ) +1).

(b) > 1 (—1)FG ok = H((-1)" (8G_2n43 — 13G_gn42 — 38G _2n41 — 36G_2, — 33G_2p—1) — 8).
(¢) Sp (—D)FG_opy1 = %((—1)" (+3G_2n43 — 14G_9p 49 + 4G _9p+1 + 23G 2, + 88G_9,—1) — 3).

Taking W,, = H,, with Hy =5, H; =2, H, = 10, H3 = 41, H; = 150 in the last proposition, we have the
following corollary which presents linear sum formulas of Lucas 5-primes numbers.

Corollary 5.16. For n > 1, Lucas 5-primes numbers have the following properties:

(a) Zzzl(_l)kak = §((_1)n (an+4 —3H _py3—5H 41 —2H ;) — 7)-
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(b) Sp (=1 H g, = &((=1)" (8H_2n43 — 13H 3540 — 38H 941 — 36 H_2, — 33H_2,—1) + 37).

(€) Ypoi (=D H g1 = 5 ((—1)" (+3H_2p43 — 14H 92 + 4H _9p41 + 23H_2, + 88H _9,_1) — 50).

From the last proposition, we have the following corollary which gives linear sum formulas of modified
5-primes numbers (take W,, = E,, with By =0,FE; =0,E, =0,FE3 =1, E; = 1).

Corollary 5.17. For n > 1, modified 5-primes numbers have the following properties:
(a) Zzzl(_l)kEfk = %((_1)n (E_pnya—3E _ni3—5E 1 —2E ;) +2).
(b) Y i (—1)FE_ g, = % ((—=1)" (8E_2p43 — 13E_2n42 — 38F_9y41 — 36 E_2, — 33E_2,_1) — 11).

(€) Sp (-1 E a1 = (1) (+3E_2n13 — 14E_snio + 4E_ g, 1 + 23E_9, + 88E_9,_1) +5).

5.3 The case z =1

In this subsection, we consider the special case x = i.
Taking r =s =t =wu = v =1 in Theorem 4.1, we obtain the following proposition.

Proposition 5.18. Ifr =s=t=u=wv =1 then for n > 1 we have the following formulas:

(@) Yop "W = (" (—iWopqa + (L + ) Wepys — (1= 20)W_ o — 2W_ g —iW_,,) + iWs — (1 +

3

Z)W5 + (]. — ZZ)WQ +2W1 + ZWO)

(b) >y " Woop = 525 (("(Wozn43 — B+ 1) Wegnio+ (1 +20) W_gpi1 + (2= 20) W_g, — (1 = 20) W_gp_1) +
(1 —20)Wy — (2 — 20)W3 + (2 + 30)Wo — 2W — (3 — 4i)Wp).

(€) Sy M Wogpir = g2 (M (= 2+ ) Wesngs + (24 20)Woonio + (3= 20)Woopir +20W oy + Wegyy) —
Wi+ (3+0)Ws — (1+ 20)Ws — (2 — 20)W; + (1 — 20)Wp).

From the above Proposition, we have the following Corollary which gives sum formulas of Pentanacci
numbers (take W,, = P, with Py =0,P, =1, P, =1, P; =2, P, = 4).

Corollary 5.19. For n > 1, Pentanacci numbers have the following properties.
(@) g i Pog = 15 (i"(—iPopga + (1 + ) Popys — (1 = 20)Popyo — 2Py —iP_,) + 1),
(b) >y iFP g = 525 (" (Pgnts — (3+1)Pognya + (14 20) Pgyyy + (2 — 2i) P_gy, — (1 — 2i) P_gp 1) — ).

(€) Y1 iFPgri1 = 725 (("(—(2 + ) Pognys + (24 20) P_gppo + (3 — 20) P_gpyr + 2iP_on + P_gp1) +
(—1 4 20)).

Taking W,, = @, with Qo =5,Q1 = 1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we have the
following Corollary which presents sum formulas of Pentanacci-Lucas numbers.

Corollary 5.20. For n > 1, Pentanacci-Lucas numbers have the following properties.
(a) EZ:l ikQ—k = lii (in(_iQ—n+4 + (1 + i)Q—n-{-S - (1 - 2i)Q—n+2 - QQ—n-i-l - ZQ—n) + (_2 + 72))

(b) ZZ:l ikQ—Qk = ﬁ(in(Q—Qn-&-S - (3 + i)Q—Qn-&-Q + (1 + 2i)Q—2n+1 + (2 - 2Z)Q—Qn - (1 - Qi)Q—Qn—l) +
(—10 + 131)).

(c) %Z:l ik)szH = 2= (("(—(2+ 1) Q—2n+3 + (24 20)Q—2n42 + (3 = 20)Q_2n41 + 2iQ_2n + Q—2n—1) +
6 — 7i)).

Corresponding sums of the other fifth order generalized Pentanacci numbers can be calculated simi-
larly.
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