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Abstract

A new subclass of analytic functions that generalizes some known subclasses of analytic func-
tions was defined and investigated.The bounds for Toeplitz determinants of T2(2), T2(3), T3(1)
and T3(2) were obtained.
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1. Introduction

Let H denote the class of functions of the form

f(z) = z + a2z
2 + a3z

3 + ... (1.1)

which are analytic in the open unit disk E = {z : |z| < 1} and satisfy the condition f(0) = 0 and f
′
(0) = 1.

Let S denote the subclass of H consisting of univalent in E. A funtion f(z) ∈ S is said to be starlike in the
unit disk if and only if

Re
zf ′(z)

f(z)
> 0, z ∈ E (1.2)

Also, a function f(z) ∈ S is said to be convex in the unit disk if and only if

Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0, z ∈ E (1.3)
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Let Dn : A→ A be defined by

D0f(z) = f(z)

D1f(z) = zf ′(z)

Dnf(z) = z[Dn−1f(z)]′

which is equivalent to

Dnf(z) = z +

∞∑
k=2

knakz
k, (n = {0, 1, 2, ...}), z ∈ E

Dn is the Salagean differential operator [7].
Hankel determinants play important role in several branches of mathematics such as qantum mechanics,
image processing, statistics and probability, queueing networks, signal processing and time series analysis
to mention a few [9]. A Toeplitz determinants is an upside down Hankel determinants, that is Hankel
determinants have constant entries along the reverse diagonal while Toeplitz determinants have constant
entries the diagonal.
Thomas and Halim [8] introduced the symmetric Toeplitz determinant Tq(n) for analytic functions f(z) of
the form (1.1) defined as follows

Tq(n) =

∣∣∣∣∣∣∣∣∣
an an+1 ... an+q−1
an+1 an ... an+q−2

...
...

...
...

an+q−1 an+q−2 ... an

∣∣∣∣∣∣∣∣∣ (where n, q = 1, 2, 3, · · · a1 = 1 forf(z) ∈ S)

In particular,

T2(2) =

∣∣∣∣ a2 a3
a3 a2

∣∣∣∣, T2(3) =

∣∣∣∣ a3 a4
a4 a3

∣∣∣∣, T3(1) =

∣∣∣∣∣∣
1 a2 a3
a2 1 a2
a3 a2 1

∣∣∣∣∣∣ , T3(2) =

∣∣∣∣∣∣
a2 a3 a4
a3 a2 a3
a4 a3 a2

∣∣∣∣∣∣
The estimates of the Toeplitz determinant Tq(n) for functions in S∗ and K have been studied in [8]. The
Toeplitz determinant for some subclasses of analytic function was discussed in [6]. Also, estimates of the
Toeplitz determinant for boundary rotation (R) was studied in [5] for small n and q.
Let P denote the class of analytic functions p in E of the form

p(z) = 1 +

∞∑
n=1

pnz
n (1.4)

such that Rep(z) > 0 in E.
A function f(z) of the form (1.1) analytic and univalent in E is said to be in the Rn(α, β) , α ∈ [0, 1], β ∈(−π

2 , π2
)

and n ∈ N0 if it satisfies the inequality

Re

{
eiβ
(
1− e−2iβα2z2

) Dn+1f(z)

z

}
> 0, z ∈ E. (1.5)

Remark 1
(ii) For n = 0 , β = 0 gives

Re
{(

1− α2z2
)
f ′(z)

}
> 0, z ∈ E. (1.6)

investigated by kanas and Lecko [2].
For n = 0, (1.5) gives

Re
{
eiβ
(
1− e−2iβα2z2

)
f ′(z)

}
> 0, z ∈ E. (1.7)

studied in[3].
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2 Preliminary Lemmas

We need the following lemmas to prove our results.

Let P denote the class of Caratheodory functions.
p(z) = 1 + p1z + p2z

2 + 33z
3 + ... (z ∈ E)

which are analytic and satisfy p(0) = 1 and <p(z) > 0 Let p ∈ P . Then

|pk| ≤ 2 (k ∈ N) [1] (2.1)

. Let p ∈ P then
2p2 = p21 + x

(
4− p21

)
(2.2)

4p3 = p31 + 2p1(4−2
1)x− p1(4− p21)x2 + 2(4− p21)(1− |x|2)z (2.3)

for some value of x, z, such that |x| ≤ 1 and |z| ≤ 1. [4]

3 Main Results

Let f(z) ∈ Rn(α, β), α ∈ [0, 1], β ∈
(−π

2 , π2
)

and n ∈ N0. Then

|T2(2)| = |a23 − a22| ≤
4 cos2 β + 4α2 cosβ

32n+2
+

cosβ

22n

Proof:
Let f(z) ∈ Rn(α, β), then there exist p ∈ P such that

eiβ

{(
1− e−2iβα2z2

)(
1 +

∞∑
k=2

kn+1akz
k−1

)}
= p(z) cosβ + i sinβ (3.1)

Equating coefficients of (3.1) give

a2 =
p1e
−iβ cosβ

2n+1
(3.2)

a3 =
p2e
−iβ cosβ + α2e−2iβ

3n+1
(3.3)

a4 =
p3e
−iβ cosβ + p1α

2e−3iβ cosβ

4n+1
(3.4)

Using (3.2) and (3.3) we obtain

|T2(2)| =
∣∣a23 − a22∣∣ =

∣∣∣∣p22e−2iβ32n+2
cos2 β +

2p2α
2e−3iβ

32n+2
cosβ − p21e

−2iβ

22n+2
cos2 β +

α4e−4iβ

32n+2

∣∣∣∣ (3.5)

Substituting for p2 using lemma (2.2) we get

∣∣a23 − a22∣∣ =

∣∣∣∣ p41e−2iβ22 · 32n+2
cos2 β +

p21x(4− p21)e−2iβ

2 · 32n+2
cos2 β +

α2x(4− p21)e−3iβ

32n+2
cosβ

−p
2
1e
−2iβ

22n+2
cos2 β +

x2(4− p21)2e−2iβ

22 · 32n+2
cos2 β +

α2p21e
−3iβ

32n+2
cosβ +

α4e−4iβ

32n+2

∣∣∣∣ (3.6)

Let p1 = p, |p| ≤ 2 and assuming without loss of generality that p ∈ [0, 2]. Also, applying the triangle
inequality with X = 4− p21 gives∣∣a23 − a22∣∣ ≤ p4

22 · 32n+2
cos2 β +

p2

22n+2
cos2 β +

p2|x|X
2 · 32n+2

cos2 β +
α2|x|X
32n+2

cosβ

+
|x|2X2

22 · 32n+2
cos2 β +

p2α2

2n+2
cosβ +

α4

32n+2
= µ(p, |x|) (3.7)
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Differentiating µ(p, |x|) w.r.t |x| and using elementary calculus shows that ∂µ(p, |x|/∂|x|) > 0 for |x| ∈ [0, 1]
and fixed p ∈ [0, 2].This follows that µ(p, |x|) is an increasing function of |x|. So, µ(p, |x|) ≤ µ(p, 1).
Therefore, ∣∣a23 − a22∣∣ ≤ p2

22n+2
cos2 β +

1

32n+2

(
4α2 cosβ + 4 cos2 β + α4

)
(3.8)

Now, µ(|x|) has a maximum value

cos2 β

22n
+

4 cos2 β + 4α2 cosβ + α4

32n+2

on [0, 2] when p=2.
Hence, ∣∣a23 − a22∣∣ ≤ 4 cos2 β + 4α2 cosβ + α4

32n+2
+

cos2 β

22n

Remark 2
For n = α = β = 0

|T2(2)| =
∣∣a23 − a22∣∣ ≤ 13

9

which is much finer than |a23−a22| ≤ 5 that was obtained in [6]. Let f(z) ∈ Rn(α, β), α ∈ [0, 1], β ∈
(−π

2 , π2
)

and n ∈ N0. Then

|T2(3)| =
∣∣a24 − a23∣∣ ≤ 1 + α4

24n+2
cos2 β +

α2

24n+1
cosβ +

1

32n+2

(
4 cos2 β + 4α2 cosβ + α4

)
Proof. Using (3.3), (3.4) and lemma (2.2) to express p2 and p3 in terms of p1, we get

∣∣a24 − a23∣∣ =

∣∣∣∣p61e−2iβ24n+8
cos2 β +

p41(4− p21)xe−2iβ

24n+6
cos2 β − p41(4− p21)x2e−2iβ

24n+7
cos2 β

+
p31(4− p21)(1− |x|2)ze−2iβ

24n+6
cos2 β +

p21(4− p21)2x2e−2iβ

24n+6
cos2 β

−p
2
1(4− p21)x3e−2iβ

24n+6
cos2 β +

p21(4− p21)2x4e−2iβ

24n+8
cos2 β +

p41α
2e−4iβ

24n+5
cosβ

+
p1(4− p21)2(1− |x|2)xze−2iβ

24n+5
cos2 β − p1(4− p21)2x2(1− |x|2)ze−2iβ

24n+6
cos2 β

+
(4− p21)2(1− |x|2)2z2e−2iβ

24n+6
cos2 β +

p21(4− p21)α2xe−4iβ

24n+4
cosβ

−p
2
1(4− p21)α2x2e−4iβ

24n+5
cosβ +

p1(4− p21)(1− |x|2)α2ze−41β

24n+4
cosβ

+
p21α

4e−6iβ

24n+4
cos2 β − p41e

−2iβ

22 · 32n+2
cos2 β − p21(4− p21)xe−2iβ

2 · 32n+2
cos2 β

− (4− p21)2x2

22 · 32n+2
+
p21α

2e−2iβ

32n+2
cosβ +

(4− p21)α2xe−2iβ

32n+2
cosβ − α4e−4iβ

32n+2

∣∣∣∣ (3.9)

102



AYINLA, Rasheed O., BELLO Risikat, A

Letting p1 = p, |p1| ≤ 2, assuming without loss of generality that p ∈ [0, 2] and applying triangle inequality
with X = 4− p21 and Y = (1− |x|2) we obtain∣∣a24 − a23∣∣ ≤ p6

24n+8
cos2 β +

p4|x|X
24n+6

cos2 β +
p4|x|2X
24n+7

cos2 β +
p3XY

24n+6
cos2 β

+
p2|x|2X2

24n+6
cos2 β +

p2|x|3X2

24n+6
cosβ +

p2|x|4X2

24n+8
+
p|x|X2Y

24n+5
cos2 β

+
p|x|2X2Y

24n+6
cos2 β +

X2Y 2

24n+6
cos2 β +

p4α2

24n+5
cosβ +

p2|x|Xα2

24n+4
cosβ

+
p2|x|2Xα2

24n+5
cosβ +

pXY α2

24n+4
cosβ +

p2α4

24n+4
cos2 β +

p4

22 · 32n+2
cos2 β

+
p2|x|X

2 · 32n+2
cos2 β +

|x|2X2

22 · 32n+2
cos2 β +

p2α2

32n+2
cosβ +

α2|x|X
32n+2

cosβ

+
α4

32n+2
= φ(p, |x|) (3.10)

Differentiating φ(p, |x|) w.r.t |x| and using elementary calculus shows that ∂φ(p, |x|/∂|x|) > 0 for |x| ∈ [0, 1]
and fixed p ∈ [0, 2].This follows that φ(p, |x|) is an increasing function of |x|. So, φ(p, |x|) ≤ φ(p, 1).∣∣a24 − a23∣∣ ≤ p6

24n+8
cos2 β +

3p4(4− p2)

24n+7
cos2 β +

5p2(4− p2)2

24n+8
cos2 β +

p4α2

24n+5
cosβ

+
3p2(4− p2)α2

24n+5
cosβ +

p2α4

24n+4
cos2 β +

p4

22 · 32n+2
cos2 β +

p2(4− p2)

2 · 32n+2
cos2 β

+
(4− p2)2

22 · 32n+2
cos2 β +

p2α2

32n+2
cosβ +

(4− p2)α2

32n+2
cosβ +

α4

32n+2
(3.11)

(3.11) has maximum value

1 + α4

24n+2
cos2 β +

α2

24n+1
cosβ +

1

32n+2

(
4 cos2 β + 4α2 cosβ + α4

)
on [0, , 2] when p = 2.
Remark 3: When n = α = β = 0,

|T2(3)| =
∣∣a24 − a23∣∣ ≤ 25

36

. which is much finer than |a24 − a23| ≤ 7 that was obtained in [6] for the class of function with real positive
part. Let f(z) ∈ Rn(α, β), α ∈ [0, 1], β ∈

(−π
2 , π2

)
and n ∈ N0. Then

|T3(2)| =
∣∣(a2 − a4)(a22 − 2a23 + a2a4)

∣∣
≤
[

1 + α2

22n+1
cosβ +

1

2n
cosβ

] [
1

22n
cos2 β +

(α2 − 1)

23n+1
cos2 β

+
8

32n+2
cos2 β − 8α2

32n+2
cosβ +

2α4

32n+2

]
Proof.

|T3(2)| =
∣∣(a2 − a4)(a22 − 2a23 + a2a4)

∣∣ ≤ |a2 − a4| ∣∣a22 − 2a23 + a2a4
∣∣

Now, using (3.2), (3.4) and lemma (2.2)

|a2 − a4| =
∣∣∣∣p1e−iβ2n+1

cosβ − p31e
−iβ

22n+4
cosβ − p1(4− p21)xe−iβ

22n+3
cosβ

+
p1(4− p21)x2e−iβ

22n+4
cosβ − (4− p21)(1− |x|2)ze−iβ

22n+3
cosβ − p1α

2e−3iβ

22n+2
cosβ

∣∣∣∣
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Using triangle inequality with p1 = p

|a2 − a4| ≤
p3

22n+4
cosβ +

p

2n+1
cosβ +

p|x|X
22n+3

cosβ +
p|x|2X
22n+4

cosβ

+
XY

22n+3
cosβ +

pα2

22n+2
cosβ

Using the same techniques as in theorem (3.1) and (3.2)

|a2 − a4| ≤
1 + α2

22n+1
cosβ +

1

2n
cosβ

From (3.2),(3.3) and (3.4) we get

∣∣(a22 − 2a23 + a2a4)
∣∣ =

∣∣∣∣p21e−2iβ22n+2
cos2 β − 2p22e

−2iβ

32n+2
cos2 β − 4p2α

2e−3iβ

32n+2
cosβ

−2α4e−4iβ

32n+2
+
p1p3e

−2iβ

23n+3
cos2 β +

p21α
2e−4iβ

23n+3
cos2 β

∣∣∣∣
Letting p1 = p ∈ [0, 2] and applying triangle inequality and simplifying, we obtain∣∣(a22 − 2a23 + a2a4)

∣∣ ≤ [cos2 β

22n+2
− −2α2 cosβ

32n+2
+
α2 cos2 β

23n+3

]
p2 +

[
cos2 β

2 · 32n+2
− cos2 β

23n+5

]
p4

+

[
cos2 β

32n+2
− cos2 β

23n+4

]
(4− p2)|x|p2 +

2α2(4− p2)|x|
32n+2

cosβ

+
p2(4− p2)|x|2

23n+5
cos2 β +

(4− p2)2|x|2

2 · 32n+2
cos2 β

+
p(4− p2)(1− |x|2)

23n+4
cos2 β +

2α4

32n+2
= γ(p, |x|)

Now, we need to obtain the maximum value of γ(p, |x|) on the closed region [0, 2]X[0, 1]. Let us assume that
there is a maximum at an interior point (p0, |x|) of [0, 2]X[0, 1]. Then, differentiating γ(p0, |x|) w.r.t |x| we
get

∂γ

∂|x|
=

[
cos2 β

32n+2
− cos2 β

23n+4

]
(4− p2)p2 +

2α2(4− p2)

32n+2
+
p2(4− p2)|x|

23n+4
cos2 β

+
(4− p2)2|x|

32n+2
cos2 β − p(4− p2)|x|

23n+3
(3.12)

equating (3.12) to zero imply that p = 2 which is a contradiction. Thus, we need to consider only the
endpoints of [0, 2]X[0, 1] in other to obtain the maximum of γ(p, |x|).
When p = 0,

γ(0, |x|) =
8α2|x|
32n+2

cosβ +
16|x|2

2 · 32n+2
cos2 β +

2α4

32n+2
≤ 8α2

32n+2
cosβ +

8

32n+2
cos2 β +

2α4

32n+2

When p = 2,

γ(2, |x|) =
4

22n+2
cos2 β − 8α2

32n+2
cosβ +

4α2

23n+3
cos2 β +

8

32n+2
cos2 β − 1

23n+1
cos2 β +

2α4

32n+2

When |x| = 0,

γ(p, 0) =

[
cos2 β

22n+2
− 2α2 cosβ

32n+2
+
α2 cos2 β

23n+3

]
p2 +

[
cos2 β

2 · 32n+2
− cos2 β

23n+5

]
p4

+
p(4− p2)

23n+4
cos2 β +

2α4

32n+2
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which has a maximum value

1

22n
cos2 β − 8α2

32n+2
cosβ +

α2

23n+1
cos2 β − 1

23n+1
cos2 β +

2α4

32n+2

on [0, 2]. Also, when |x| = 1

γ(p, 1) =

[
cos2 β

22n+2
− 2α2 cosβ

32n+2
+
α2 cos2 β

23n+3

]
p2 +

[
cos2 β

2 · 32n+2
− cos2 β

23n+5

]
p4

+

[
cos2 β

32n+2
− cos2 β

23n+4

]
p2(4− p2) +

2α2(4− p2)

32n+2
cosβ +

p2(4− p2)

23n+5
cos2 β

+
(4− p2)2

2 · 32n+2
cos2 β +

2α4

32n+2

which has a maximum value

1

22n
cos2 β − 8α2

32n+2
cosβ +

α2

23n+1
+

8

32n+2
cos2 β − 1

23n+1
cos2 β +

2α4

32n+2

on [0, 2]. Hence,

|T3(2)| =
∣∣(a2 − a4)(a22 − 2a23 + a2a4)

∣∣
≤
[

1 + α2

22n+1
cosβ +

1

2n
cosβ

] [
1

22n
cos2 β +

(α2 − 1)

23n+1
cos2 β

+
8

32n+2
cos2 β − 8α2

32n+2
cosβ +

2α4

32n+2

]
Remark 4 For n = α = β = 0,

|T3(2)| =
∣∣(a2 − a4)(a22 − 2a23 + a2a4)

∣∣ ≤ 25

12

which is also finer than
∣∣(a2 − a4)(a22 − 2a23 + a2a4)

∣∣ ≤ 12 obtained in [6] for functions with real positive

part. Let f(z) ∈ Rn(α, β), α ∈ [0, 1], β ∈
(−π

2 , π2
)

and n ∈ N0. Then

|T3(1)| =
∣∣1 + 2a22(a3 − 1)− a23

∣∣ ≤ 1 +
(4− 2α2)

22n · 3n+1
cos2 β +

2

22n
cos2 β +

(4α2 cosβ − 4 cos2 β + α4)

32n+2

Proof. By using (3.2), (3.3) , lemma (2.2) and simplifying, we get

T3(1) =
∣∣1 + 2a22(a3 − 1)− a23

∣∣ =

∣∣∣∣1 +

[
e−3iβ cos2 β

22n+2 · 3n+1
− e−2iβ cos2 β

22 · 32n+2

]
p41

−
[
e−2iβ cos2 β

22n+1
+
α2e−iβ cosβ

32n+2
− α2e−4iβ cos2 β

22n+1 · 3n+1

]
p21

−
[
e−iβ cos2 β

2 · 32n+2
− e−3iβ cos2 β

22n+2 · 3n+1

]
xXp21 +

e−3iβ cos2 β

22 · 32n+2
x2X2 − α2e−iβ cosβ

32n+2
xX − α4e−4iβ

32n+2

∣∣∣∣
Assuming without loss of generality that p1 = p ∈ [0, 2] and X = (4−p2). Also, using the triangle inequality
and the fact that |x| = 1, we get

|T3(1)| ≤ 1 +

[
cos2 β

22n+2 · 3n+1
− cos2 β

22 · 32n+2

]
p4 +

[
cos2 β

22n+1
+
α2 cosβ

32n+2
− α2 cos2 β

22n+1 · 3n+1

]
p2

+

[
cos2 β

2 · 3n+2
− 1

22n+2 · 3n+1

]
(4− p2)p2 +

cos2 β(4− p2)2

22 · 32n+2

+
α2 cosβ

32n+2
(4− p2) +

α4

32n+2
(3.13)
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The RHS of (3.13) has a maximum at p = 2, therefore,

|T3(1)| ≤ 1 +
(4− 2α2)

22n · 3n+1
cos2 β +

2

22n
cos2 β +

(4α2 cosβ − 4 cos2 β + α4)

32n+2

Remark 5 For n = α = β = 0

T3(1) =
∣∣1 + 2a22(a3 − 1)− a23

∣∣ ≤ 35

9

which is finer than the result in [6].
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