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Abstract

A new subclass of analytic functions that generalizes some known subclasses of analytic func-
tions was defined and investigated.The bounds for Toeplitz determinants of T5(2),7%(3),75(1)
and T3(2) were obtained.
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1. Introduction
Let H denote the class of functions of the form
f(2) =2+ a2 +azz® + ... (1.1)

which are analytic in the open unit disk F = {z : || < 1} and satisfy the condition f(0) =0 and f (0) = 1.
Let S denote the subclass of H consisting of univalent in E. A funtion f(z) € S is said to be starlike in the
unit disk if and only if

2f'(2)
Re > 0, zeF 1.2
e 2
Also, a function f(z) € S is said to be convex in the unit disk if and only if
Zf"(2)>
Re 1+ >0, z€eF 1.3
1+ )
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Let D™ : A — A be defined by

Df(z) = f(2)
D'f(z) = 2f'(2)
D" f(z) = 2[D" ' f ()]

which is equivalent to
Df(z)=z+ Zk”akzk, (n=40,1,2,...}), z€E
k=2

D™ is the Salagean differential operator [7].

Hankel determinants play important role in several branches of mathematics such as gqantum mechanics,
image processing, statistics and probability, queueing networks, signal processing and time series analysis
to mention a few [9]. A Toeplitz determinants is an upside down Hankel determinants, that is Hankel
determinants have constant entries along the reverse diagonal while Toeplitz determinants have constant
entries the diagonal.

Thomas and Halim [8] introduced the symmetric Toeplitz determinant Tj(n) for analytic functions f(z) of
the form (1.1) defined as follows

(479 An+1 cee Qp4g—1
Ap41 Ganp co Ongg—2
Ty(n) = , : : : (where n,q=1,2,3,---a1 =1 forf(z) € 5)
Gn4qg—1 Optq—2 --- Qp,
In particular,

1 as a3 az a3 a4
@)= | nE)=" “| ) =|a 1 a|,T32) =|a a a
a3 @2 @4 @3 az a2 1 ay agz az

The estimates of the Toeplitz determinant T,(n) for functions in S* and K have been studied in [8]. The
Toeplitz determinant for some subclasses of analytic function was discussed in [6]. Also, estimates of the
Toeplitz determinant for boundary rotation (R) was studied in [5] for small n and gq.

Let P denote the class of analytic functions p in £ of the form

p(z) =1+ anz” (1.4)
n=1

such that Rep(z) > 0in E.
A function f(z) of the form (1.1) analytic and univalent in E is said to be in the R, (o, 8) ,a € [0,1], 8 €

(’7” , g) and n € Ny if it satisfies the inequality

) . Dn+1
Re {e’ﬁ (1- eleﬁoﬂzz) f(z)} >0,z€ F. (1.5)
z
Remark 1
(ii) Forn =0 , B =0 gives
Re{(1-0a*2*) f'()} >0, z€E. (1.6)
investigated by kanas and Lecko [2].
For n =0, (1.5) gives 4 .
Re{e” (1 —e?Pa?2%) f'(2)} >0, z€E. (1.7)

studied in[3].
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2 Preliminary Lemmas

We need the following lemmas to prove our results.

Let P denote the class of Caratheodory functions.
p(z) =14+ p1z+p222+3322+... (2 €E)
which are analytic and satisfy p(0) =1 and p(z) >0  Let p € P. Then

Pl <2 (keN) [1] (2.1)

. Let p € P then
2py = pi + (4 — pi)
dps = pi + 2p1(4-1)x — p1(4 — p)z® +2(4 - pi)(1 — |zf*)z (2.3)
for some value of z, z, such that |z| <1 and |z| < 1. [4]

3 Main Results

Let f(2) € Ru(a,8),€[0,1], B€ (5 ,5) and n € Ng. Then

4cos? f+4a’cosS  cosf
|T2(2)| = |a‘§ - a‘g| < 32n+2 + 22n
Proof:
Let f(z) € Rn(«, ), then there exist p € P such that
oo
e’ {(1 — e 2Pa??) (1 + Z k"+1akzk1> } = p(z)cos B +isin 3 (3.1)
k=2
Equating coefficients of (3.1) give
—iB
pire~ " cos 8
—ig 2,—2if
poe P cos B + a‘e
as = gn+l (33)
—ip 2,—3ip
pse P cos B+ prae cos 3
Using (3.2) and (3.3) we obtain
2,—2if 2,—3if 2,—2if 4,—4if
p5€e 2paa©e e a“e
‘T2(2)| = |a§ — a§| = ;2”-‘1-2 C052 6 + w COSﬁ — ;2”-"—2 C082 /8 + W (35)
Substituting for ps using lemma (2.2) we get
4.,—2iB 2. (4 _ 2\ p—2iB 2, (4 _ 2)o—3iB
2 21 _ | Pi€ 2 piz(4 —pi)e 2 a’z(4 —pi)e
|a3 — a2| = |92 372 cos” 8+ 5 322 cos” B+ 322 cos 3
2 ,—2ip 204 _ 2)20—2iB8 2,2 ,-3if 4,—4if
pie € pi)e a“pie a“e
- ;%H s B+ (22 : 3122L+2 cos® B+ 7321n+2 cos B+ ETTe (3.6)

Let p1 = p,|p| < 2 and assuming without loss of generality that p € [0,2]. Also, applying the triangle
inequality with X =4 — p? gives

4 2 2 2
2 2 p 2 p 2 p*lz|X 2 o’lz| X
a5 — a3| < 55gans 08" B+ Ganrp C08” Bt 5gggs cos” B+ s cos B
|=[>X? p’a’ ot
T 52 genie cos” B + 5,75 cos  + Jong2 = HDs [2]) (3.7)
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Differentiating u(p, |z|) w.r.t |z| and using elementary calculus shows that du(p, |x|/9|z|) > 0 for |z| € [0, 1]
and fixed p € [0,2].This follows that wu(p,|z|) is an increasing function of |z|. So, p(p,|z|) < w(p,1).
Therefore,

2
p 1
la3 — a3 < Jont2 cos® B + TS (40” cos B + 4 cos® B + a*) (3.8)
Now, u(|z|) has a maximum value

cos? B 4cos?® B+ 4a?cos B + at
22n 32n+2

on [0, 2] when p=2.

Hence,
dcos? f+4a’cosf+at  cos?p
|a3 - a2| < 32n+2 + 92n
Remark 2
Forn=a=p8=0
13
|T2(2)] = ‘a3 —a2| < 9

which is much finer than |a3 —a3| < 5 that was obtained in [6]. Let f(z) € Ru(a, 8),a € [0,1], B € (5=, %)
and n € Ng. Then

a2

4cos® B+ 402 cos B + a4)

1 4 1
T>(3)] = a3 — 0] < g cos B+ gz (

+
Sint? cos B+

24n+1
Proof. Using (3.3), (3.4) and lemma (2.2) to express p2 and ps3 in terms of p;, we get

—2i8 2 722,8

6
2| _ |P1€

d04 2\, —2if
pi(4 — pi)ze 2 Py (4 P1)
|ai — a3| = 94n+8 cos” f —

24n+6 24n+7

304 _ o2V(1 — []2) 5 po—2i8 204 _ 1212,.2,—2i3
pi(4 —p7)(1 — |z]*)ze 2 pi(4 —pi)ze
+ 24n+6 cos™ f + 24n16

_pid—phate pi(4 — p})Pate P pia’e
24n+6 24n+8 24n+5

e PN N U e
24n+5 24n+6
(4 —p)>(1 = |z[*)?22e ¥ 2ﬁ+p?(4—p%)a2we‘4m
24n+6 cos 9dn+4

pi(4 — pi)ata?e 4P cosf 1 p1(4—p3)(1 — |z*)aPze”
24n+5 24n+4

cos?

cos? B +

cos? B

2 —41,8

cos? B+ cos® B+ cos f3

cos® 3

cos f3

418
cos 3

—6iB 4. —2ip 204 2\ —2if
p ate 2 pie 2 pi(4 — pi)ze
+oanra o8 - 22 373 08 B oo
4 p2 20 20—2i8 4 — p2)olre—2i8 ote—4iB
( i pi)*e® | pt COSﬁJr( pi) cos i —
2 . 32n+2 32n+2 32n+2 32n+2

(3.9)
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Letting p1 = p, |p1| < 2, assuming without loss of generality that p € [0,2] and applying triangle inequality
with X =4 —p? and Y = (1 — |z|?) we obtain
p'lz|X

pG p4|3;“2

|af —a3] < 9in+8 cos” § + 2An+6 cos” § + TodntT B+ 5 2An+6 cos®
+ I ot P o+ pﬂfﬁf S P st
14302\517{23/ cos? 3 + ;:}:j cos? 8+ ;4;125 cos B+ % cos 3
—i—% s+ ;iyffco 5—}—242054(205 /6"‘%;%200525
+ ﬂ%coﬁﬁﬁ- %c 0s? 3 + 32275122 cos 5 + ;2|717+‘200s6
b = 0.l (3.10)

Differentiating ¢(p, |z|) w.r.t |z| and using elementary calculus shows that d¢(p, |z|/d|z|) > 0 for |z| € [0,1]
and fixed p € [0, 2].This follows that ¢(p, |z|) is an increasing function of |z|. So, ¢(p,|z|) < é(p, 1).

6 4 2 2 22 4.2
2 o p 25, 30 (4—p7) o, Spi(4—p°)° o, pa
’a4 fa3| < Sin+s CO8 8+ ~ iy Co8 8+ ~oangs 08 8+ ints cos 3
3p*(4 — p*)a? plat p* PA-1*)
24n+5 COSB + 24n+4 cos 6 + 22 . 32n+2 cos 5 + 2. 32n+2 cos
4-p))? 5, P’ (4-p*)o’ a’
+ 92 . 32n+2 98 g+ 32n+2 cos f + 32n+2 cos f + 32n+2 (3.11)
(3.11) has maximum value
1+at o? 1 2 2 4
Sanis cos ,6’+24n+1cosﬁ+32 e (4cos B+ 4o cosﬁ—i—a)
on [0,,2] when p = 2.
Remark 3: Whenn =a =5 =0,
25
T — _
T2(3)] = ‘a4 a3|_36

. which is much finer than |a — a3| < 7 that was obtained in [6] for the class of function with real positive

part. Let f(z) € Ry(a,8),a €[0,1], B (5 ,5) and n € Ng. Then

T5(2)] = |(az — as)(a3 — 243 + a2a4)|

1+a? 21
ST cos f3 + 5. COS 6] [2271 cos? B+ (23717“) cos?
8 .. 8a? 201
+32n+2 cos 32n+2 cos 3 + 32n+2
Proof.
IT5(2)| = |(a2 — as)(a3 — 2a3 + azaq)| < |az — a4l a3 — 203 + azas|
Now, using (3.2), (3.4) and lemma (2.2)
—if e~ B —n2 —if
pie P p1(4 — pi)ze
|ag — as| = on+1 cos f — 212n+4 0s 3 — W os 3
pi(4 —pi)zie (4-p)A = [z[*)ze prote P
+ 92n+4 cos § — 22n+3 €08} — —gra CosB
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Using triangle inequality with p; =p

3 2
p p plz|X plzl*X
\a27a4|_22n+4cosﬂ+ csﬂ+22n+3csﬁ+ 92n T4 8
Y pa2
+ 5ani3 22n+3 COSB + 22n+2 COSﬂ

Using the same techniques as in theorem (3.1) and (3.2)
2

1+ o
lag — aq| < DIy cos 3 + —COSB
From (3.2),(3.3) and (3.4) we get
2,23 9p2e—2iB Apya2e—3iB
2 2 1€ 2 pae 2 paae
|(a2 — 2(13 +a2a4)| = WCOS ﬂ - WCOS /B — WCOSﬂ
2ate™4B  ppse2iB pla2e=diB
T 32nt2 93nt3 08 B+ oangs  C05" 0

Letting p1 = p € [0, 2] and applying triangle inequality and simplifying, we obtain
2 2 2 a2 2 2
9 9 cos® B —2a”cosf a‘cos” B , cos® 3 cos® B 4
| (a3 — 205 + azaa)| < |:22n+2 T T gemre T s | P T |5 geere T ans

cos? B cos® 3 a?(4 —p?)|z|
|:32n+2 o 23n+4:| (4 = p7)lzlp” + 32n+2

cos 3

204 — p2)|2|2 4 — p2)2|2|2
PU—Pef oo Gp o

+ 23n+5 92 .32n+2
p(4—p*)(1 - |z?) 2a°
+ 23’IL+4 COS25+ 32’!L+2 :,Y(p7 |x|)

Now, we need to obtain the maximum value of v(p, |z|) on the closed region [0,2]X0,1]. Let us assume that
there is a maximum at an interior point (py, |z|) of [0,2]X]0,1]. Then, differentiating y(po, |z|) w.r.t |z| we
get

vy cos? 3 cos?p3 oy o, 202(4—p?) | pPA—p)lz]
o = Lo ot | (-0 + T
4 — 22 4 — 2
I G o I PO PO el 9 (3.12)

32n+2 923n+3

equating (3.12) to zero imply that p = 2 which is a contradiction. Thus, we need to consider only the
endpoints of [0,2] X0, 1] in other to obtain the maximum of y(p, |z|).

When p =0,
8a?| x| |z)? at a? 20
’Y(O’ |.’L‘D = 32n+2 COSB + 2 . 32n+2 Cos ﬁ + 32n+2 — 32n+2 COSB + 32n+2 cos B + 32n+2
When p = 2,
2 402 8 1 20
(2, |z]) = JonTe cos® B — Tont2 cos B+ —5—= S3nt3 08 Bt =5 Foni2 cos® B — 301 €08 B+ —— 3ant2
When |z| =0,
cos? B 2a%cosfB  a’cos?fB] , cos? 3 cos? 3] 4
7(p,0) = o2nt2 ~  32n+2 23n+3 9.32n+2  93n+s | P
p(4—1) 20"
T osnga CO8 B+ sonrs 32n+2
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which has a maximum value

8a? a? 9 1 20t
22n Cos ﬁ 32n+2 COSﬁ + 23n+1 Cos 23n+1 cos B + 32n+2
on [0,2]. Also, when |z| =1
B cos? 3 2a%cosfB  alcos? B , cos? 3 cos’ 3] ,
(p,1) = o2nt2  32n+2 23n+3 5 .32n+2  93n+5
cos? B cos? B , oy 20%(4—p ) p?(4—p%)
[32n+2 B 23n+4] (4=p7)+ 32n+2 osf+© oanys 0SB
(4 _ p2)2 ) 20[4
t 5 e O Bt 5
which has a maximum value
1 9 8a? a? 8 9 1 20
92n 98 32n+2 cosf+ ogop 32n+2 ¢O° B — a1 CO8 B+ onrs 32n+2

on [0,2]. Hence,

T5(2)| = |(a2 — as)(a3 — 243 + asas)|

1+ a?

1 1 -1
ST cosﬁ—i—cosﬁ] [22n cos? B+ WC0826

Remark 4 Forn =a = =0,

IT5(2)| = ’(@2 —ay)(a3 — 2a3 + a2a4)’ < E

which is also finer than |(a2 —ay4)(a3 — 2ad% + a2a4)| < 12 obtained in [6] for functions with real positive
part. Let f(z) € Ru(a, 8), € [0,1], B€ (5*,%) and n € Ng. Then

(4 —2a?)

22n 3n+1

2 402 cos B — 4 cos® B+ at
cos ﬁ'i‘ ~ Cos 2B+ ( B32n+2 ’ )

IT5(1)] = |14 2a3(as — 1) —a3] <1+

Proof. By using (3.2), (3.3) , lemma (2.2) and simplifying, we get

e3P cos? B e %P cos?
Ts(1) = |1 +2a3(as — 1) — @g‘ = ’1 + [22n+2 Jgntl 92, 32n+2 } i

|:6_2Z’B cos? B a?e Pcosf  ale B cos? 6] 9

92n+1 32n+2 T T 92n+1. gntl D1

e Pecos?B e3P cos? B X e3P cos? B o, o, a’e P cosp ate ¥h
T | 9.3z 92n+42.gntl | TAPL + 92 . 32n+2 © T T gtz YT T3

Assuming without loss of generality that p; = p € [0,2] and X = (4 —p?). Also, using the triangle inequality
and the fact that |x| = 1, we get

|T3(1)‘ S 1 + |: COSQﬂ . COSQﬂ :| 4 + |:C052ﬂ 0(2 COSﬁ 3 0[2 COS25 :| )
22n+2 . 3n+1 92 .32n+2 92n+1 32n+2 92n+1 . gntl
cos” 3 1 cos? (4 — p?)?
[2 . 3n+2 o 92n+2 ,3n+1] (4 —pz)p2 + W
a? cos 3 ) at
e TP Y g (3.13)
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The RHS of (3.13) has a maximum at p = 2, therefore,

(4 —2a?)
22n . 3n+1

(4a” cos B — 4cos? B+ at)
32n+2

2
cos? B+ — cos® B+

Remark 5 Forn=a=8=0

35
T5(1) = |14 2a3(as — 1) — a3] < N

which is finer than the result in [6].
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