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Abstract

In this paper, closed forms of the sum formulas Y, _,2"*W; and Y ;_, 2"W_,, for generalized
Tetranacci numbers are presented. As special cases, we give summation formulas of Tetranacci,
Tetranacci-Lucas, and other fourth-order recurrence sequences.
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1. Introduction

There have been so many studies of the sequences of numbers in the literature which are defined recursively.
Two of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas which are special case
of generalized Tetranacci numbers. A generalized Tetranacci sequence

{Wn}nzo = {Wn(W07 W17 WZa W3; r,s, t7 u)}nZ(]
is defined by the fourth-order recurrence relations
Wp=1mWyp_1+sWy o +tW, 3+ UWn74a (1)

with the initial values Wy, W1, Wy, W3 are arbitrary complex (or real) numbers not all being zero and r, s, ¢, u
are real numbers.

This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [5,8,9,11,30,32,33].

The sequence {W,, },,>0 can be extended to negative subscripts by defining

t S r 1
W_,= _aW—(n—l) - EW—(n—Q) - EW—(n—3) + ;W—(n—él)
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for n =1,2,3,.... Therefore, recurrence (1) holds for all integer n.

For some specific values of Wy, Wy, Wy, W3 and r, s,t, u, it is worth presenting these special Tetranacci
numbers in a table as a specific name. In literature, for example, the following names and notations (see
Table 1) are used for the special cases of r, s,¢, v and initial values.

In literature, for example, the following names and notations (see Table 1) are used for the special case
of r,s,t,u and initial values.

Table 1. A few special case of generalized Tetranacci sequences.

No Sequences (Numbers) Notation OEIS [12] Ref.
1 Tetranacci (M} = {W,(0,1,1,2,1,1,1,1)} _ A000078  [20]
2 Tetranacci-Lucas {R,} ={W,(4,1,3,7;1,1,1,1)} A073817  [26]
3 fourth order Pell (P} = {W,(0,1,2,5:2,1,1,1)}  A103142  [27]
4 fourth order Pell-Lucas {Q$L4)} ={W,(4,2,6,17;2,1,1,1)}  A331413 [[27]
5 modified fourth order Pell (B = {W,(0,1,1,3;2,1,1,1)}  A190139  [[27]
6 fourth order Jacobsthal (7Y = {W,(0,1,1,1;1,1,1,2)}  A007909  [28]
7 fourth order Jacobsthal-Lucas G9) = {(Wa(2,1,5,10;1,1,1,2)}  A226309  [28]
8 modified fourth order Jacobsthal {K,(;l)} ={W,.(3,1,3,10;1,1,1,2)} [28]
9 fourth-order Jacobsthal Perrin {Qf(fl)} ={W,.(3,0,2,8;1,1,1,2)} [28]
10 adjusted fourth-order Jacobsthal {5’7(;1)} ={W,(0,1,1,2;1,1,1,2)} [28]
11  modified fourth-order Jacobsthal-Lucas {Rff)} ={W,.4,1,3,7;1,1,1,2)} [28]
12 4-primes (G} = {W,(0,0,1,2;2,3,5,7)} [29]
13 Lucas 4-primes {H,} ={W,(4,2,10,41;2,3,5,7)} [29]
14 modified 4-primes {E,} = {W,(0,0,1,1;2,3,5,7)} [29]
Here OEIS stands for On-line Encyclopedia of Integer Sequences. For easy writing, from now on, we
drop the superscripts from the sequences, for example we write .J,, for JT(L4).

We present some works on summing formulas of the numbers in the following Table 2.
Table 2. A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [1,3,31],[6,7]
Generalized Fibonacci [4,13,14,15,16,17,19]
Generalized Tribonacci (2,10,18]
Generalized Tetranacci [20,25,32]
Generalized Pentanacci [21,22]
Generalized Hexanacci [23,24]

In this work, we investigate linear summation formulas of generalized Tetranacci numbers.

2 Linear Sum Formulas of Generalized Tetranacci Numbers with
Positive Subscripts

The following theorem presents some linear summing formulas of generalized Tetranacci numbers with pos-
itive subscripts.

Theorem 1. Let x be a real or complex numbers. For n > 0 we have the following formulas:

(a) If rz + sx? + ta® + ux* — 1 #£ 0, then

zn:kak _ O1(z)

re+sx2+ted +uxt —1°
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(b) If r’z 4 2uz? — s%2? + 223 — w?xt + 2sz + 2rta? — 2suz® — 1 #£ 0 then

Zn: ZF Wy, = ©a(z)
prd r2x 4 2ux? — s222 4+ 223 — u?at + 2sx + 2rtx? — 2suad — 17

and

(c) If r’z + 2uz? — %% + 223 — w22 + 25z + 2rta? — 2sux® — 1 # 0 then

zn: 2R _ Os(z)
pard 2Rl = 20 ¥ oux? — 5222 + 220 — w2zt + 25z + 2rta? — 2suz® — 1

where

O1(z) = 2" Wygs — 2" 2 (re — 1) Wyyo — 2™ (s2? 4+ rz — 1) Wyp1 + ua™ ™MW, — W5 + 2% (rz —
DWo + z(s2? + rz — D)Wy + (ta® + sz + rz — )Wy,

Oy(x) = 2"+ (fuxz — ST+ 1) Wonio+2" 2 (t+rs+rux)Wap i + 2" T2 (u+ 22 —u?x? +rt — sux) W, +
ux™ 2 (r + to) Wap—1 — 22(r + tz)Ws + 2(r’z +uz? + sz + rta? — 1)Wa — 22(t + rux — stx)Wy + (r’z + ux?® —
s22% + 1223 + 252 + 2rta? — sux® — 1)W,

O3(x) = 2" (r+tx)Wap o +2" M (s —s2x+t22% —u? 23 +uz —2sux? +rtx) Way 1 + 2" (t+rux — stz) Wa,
—ux" T (ux?+ 52 —1)Way 1 +x(ux? +szx— 1) Wi —a?(t+rs+ruz)Wo+ (rle+ux? — s22? +2sx+rta? — suxr® —1)
W1 — uz?(r + tz)Wy.

Proof.

(a) Using the recurrence relation

Wn=1Wh_1+ Wy o +tW,_3+ulWy,_4

i.e.
’U,Wn,4 = Wn — 7”an1 — SWn,Q — th,;),
we obtain
wr®Wy = 2'Wy — ra®Wy — sa®Ws — t2°W;
we'Wy = 2'Ws — ra' Wy — sa'Ws — ta'Wh
wr?Wy = 2*Ws — ra®Ws — sz®Wy — ta’Ws
wrdWsy = 23Wy — rad3 Wy — sa®Wy — ta* Wy
wr" Wz = 2" Wy — ra" W, — sz 3W g — taV3W,
ux" PWo_o = 2" 2 Whyo — 12" i W, — sz 2W, — ta" AW,
wr" W1 = 2" Wips — 2" Wgo — sz Wy — ta" W,
ur" Wy, = z"Wyhyq — 12" Wiis — sa"Wyyo —ta" Wy

If we add the above equations side by side, we get (a).

(b) and (c) Using the recurrence relation

Wn=1Wp_1+sWy_o +tW,_3+uWy,_4

TWho1 =Wy —sWy_o —tW,_3 —uWy,_4
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we obtain
mchg = 'Wy — sa'Wy — tz' Wy — uxlT/VO
re?Ws = x*Ws — sz?Wy — ta® Wy — ux?Ws
re’Wy, = 3Wy — sa®Ws — ta® Wy — uz® Wy
ret*Wy = Wiy — sz*Ws — tz* Wy — uz* Wy
" Wap1 = 2" Way, — sz Way g — ta"  Way g — ua™  Way,_y
TI"WQnJrl = InW2n+2 — SQ?"WQTL — tmnW2n,1 — ua:"WQn,g
7"(En+1W2n+3 = {En+1W2n+4 — S(En+1W2n+2 — t$n+1WQn+1 — ux”+1W2n

Now, if we add the above equations side by side, we get

r(=Wi + szWQk-H) = (2"Wapio — Wo —z "Wy + ZIkilWQk)
k=0 k=0
n n
—S(—Wo + Z kaQk) — t(—$n+1W2n+1 + Z $k+1W2k+1)
k=0 k=0
—u(—z" T Wy, + Z kang).
k=0

Similarly, using the recurrence relation
Wp=1Wpn1+sWy o +tW, 3+ulW, 4

i.e.

TWho1 =W, —sW,_o —tW,_3 —ulWy,_4

we write the following obvious equations;

re'We = 2'Ws—sz'Wy —ta' Wy —uz'W_4
ra*Wy = 2°Ws — s2®Ws — ta*Wa — uz®W,
retWe = Wy — sa3Ws — ta® Wy — ua®Ws
retWs = 2*Wy — se*Wr — ta* W — uz* Wi
n—1 _ n—1 n—1 n—1 n—1
rx Wgn,Q = X Wgnfl — ST Wgn,;; —tx W2n74 —uxr W2n75
T'onQn = on2n+1 — anWQn_l — tonQR_Q — U$nW2n_3
+1 _ +1 +1 +1 +1
ra” W2n+2 = z" W27L+3 — sx™ W27L+1 — ta™ Wgn —uz” Wgn_1
n+2 _ n+2 n+2 n+2 n+2
rr W2n+4 = X W2n+5 — ST W2n+3 —tx W2n+2 —uxr W2n+1

Now, if we add the above equations side by side, we obtain
T(—WO + ZkaQk) = (—Wl + Z kaQk+1) — S(—xn+1W2n+1 + ZkangH)
k=0 k=0 k=0

n
—t(—2" T W, + Z 2FHWoy)
k=0

n
2 1 1 k42
—u(—2" T W1 — 2" T Wop 1 + ' Wy + E "2 Wori1)
k=0
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Since : )
Wy = ——Wo— 2Wy — ~Wy + - W

U u u u

we have
r(—=Wo + Z W) = (Wi + Zka2k+1) — s(—2" T Wapy1 + Z 2* T W 1) (3)
k=0 k=0 k=0
—t(—2" T W, + Z * T Way)
k=0

—u(—2" P Wapp1 — 2" W,y
t s r 1 =

—|—x1(——WO — =Wy — —Wa + —W5) + Z$k+2w2k+1)~
U u u U P

Then, solving the system (2)-(3), the required results of (b) and (c) follow. O

Note that (a) of the above theorem can be written as follows:

k g
W =
Zx T e+ sa? + t2d + uxt — 1

where
g=a" MW, g —a" B (re — )W, i3 — 2" 2(s2® +ro — D)W — 2" Pt + sz +ra — 1) W,y — 23 Wi +
22 (re — 1)Wo + z(s2? + ra — D)Wy + (ta® + sz +rx — 1)Wy.

3 Special Cases

In this section, for the special cases of x, we present the closed form solutions (identities) of the sums
oo TFWi, S0 ¥ W and Y-}, 28 Way11 for the specific case of sequence {W,,}.
3.1 The case z =1

In this subsection we consider the special case x = 1.

The case = 1 of Theorem 1 is given in [20]. For the generalized 4-primes sequence case (z = 1,7 =
2,8=3,t=5u=7), see [29].

We only consider the case x = 1,7 =1,s = 1,¢t = 1,u = 2 (which is not considered in [20]).

Observe that setting x = 1,7 = 1,s = 1,t = 1,u = 2 (i.e. for the generalized fourth order Jacobsthal
sequence case) in Theorem 1 (b),(c) makes the right hand side of the sum formulas to be an indeterminate
form. Application of L’Hospital rule however provides the evaluation of the sum formulas.

Theorem 2. Ifr=1,s=1,t =1,u =2 then for n > 0 we have the following formulas:
(a) ZZ:O Wk = i(Wn+3 - W7L+1 + 2Wn - WS + Wl + QWO)

(b) ZZ:O Wor = %((QTL + 7)W2n+2 — 2(2n + 5)W2n+1 + (2TL + 13)W2n — 2(2n + 5)W2n71 + 5W3 — 12W5 +
5, — 6W,).

(C) ZZ:O Waoky1 = %(—(277, + 3)W2n+2 + 4(n + 5)W2n+1 — (2’(l + B)Wgn + 2(2n + 7)W2n_1 —TW3 4+ 10W5 —
Wy + 10Wp).

Proof.

(a) We use Theorem 1 (a). If we set z = 1,r =1,s=1,t{ = 1,u = 2 in Theorem 1 (a) we get (a).
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(b) We use Theorem 1 (b). If we set r =1, =1,£ = 1,u = 2 in Theorem 1 (b) then we have

n
k g1()
Wor =
kz:om 2T T4t 303 £ a2 + 32 — 1

where

g1(z) = =222 +2—1)a" T Wa o+ (20 +2)2" 2 Wo 11 — (42% + 2 —3) 2" 2 Wa,, +2(z+ 1) 2" 2 Wa,, 1+
(322 4+ 22 — 1)Wo — (2 + 1)a?Wy + (=23 + 322 + 30 — )Wy — (z + 1)22Ws.

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (b) using

- B L (g1(2))
D W= 5 Azt — 323 4 ba2 + 3z — 1
k=0 7o (—4xt —32% + 522 + 32 — 1)

r=1

(c) We use Theorem 1 (c). If we set r =1,s =1,t =1,u = 2 in Theorem 1 (c) then we have

- T
Zka%“ = — 92( )
k=0

4zt — 323 + 522 + 3z — 1

where
go(z) = (z+1)2" T Woy 10— (423 + 322 —22—1) 2" T Wo,, 1 +(2+1) 2" H 1 Ws, —2(202 42— 1) 2" 1 Wa,, 1+
(22 + 2 — 1)W3 — (22 + 2)2®Wa + (=223 + 222 + 3z — 1)W; — 2(z + 1)2*W,.

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (¢) using

n d
Z Wakt1 = — dr (gg(ac))
— = (—4x* — 323 + 522 4 32 — 1)

r=1

O

Taking W,, = J,, with Jy =0,J; =1,J2 = 1,J3 = 1 in the last theorem, we have the following corollary
which presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 1. Forn > 0, fourth order Jacobsthal numbers have the following property:

(@) Yook = i(Jn—&-S — Jng1 +2J,).

(b) Shg Jor = 15 (20 + T)Janta — 2(2n + 5)Joni1 + (20 + 13)Ja, — 2(2n + 5)Jan_1 — 2).
(C) ZZ:O J2k+1 = % (—(271 + 3)J2n+2 + 4.(n + 5)J2n+1 — (2’]’L —+ 3)J2n + 2(2fn + 7)J2’I’L71 + 2) .

From the last theorem, we have the following corollary which gives linear sum formula of fourth order
Jacobsthal-Lucas numbers (take W, = j,, with jo = 2,51 = 1,j2 = 5,55 = 10).

Corollary 2. For n > 0, fourth order Jacobsthal-Lucas numbers have the following property:
(@) Y r_odk = t(nts — Jn+1 + 2jn —5).

(b) Sh_o ok = 15 (20 + T)jonta — 2(20 + 5)fzps1 + (20 + 13)j2n — 2(20 + 5)jon—1 — 17) .
() Yhooion+1 = 15 (—(2n+ 3)jant2 +4(n +5)jant1 — (20 + 3)jan +2(20 + 7)jan—1 — 1).

Taking W,, = K,, with Ky = 3, K; = 1, Ky = 3, K3 = 10 in the last theorem, we have the following
corollary which presents linear sum formula of modified fourth order Jacobsthal numbers.
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Corollary 3. For n > 0,modified fourth order Jacobsthal numbers have the following property:
() Yoo Kk = 3 (K

(b) Yo Kok = 15 ((2n+ 7)Kany2 — 2(2n 4+ 5)Kony1 + (2n + 13) Koy, — 2(2n + 5)Kop—1 + 1)..
(C) Zk 0 Kopy1 = ( (2n + 3)K2n+2 + 4(?1 + 5)K2n+1 (27’L + 3)K2n + 2(2n + 7)K2n,1 — 11) .

n+3 — Kn+1 + QKn - 3)

From the last theorem, we have the following corollary which gives linear sum formula of fourth-order
Jacobsthal Perrin numbers (take W,, = @Q,, with Qo = 3,Q1 =0,Q2 = 2,Q3 = 8).

Corollary 4. For n > 0, fourth-order Jacobsthal Perrin numbers have the following property:
(@) YroQr = 1(Qnisz — Qi1 +2Q, —2).

(b) Yo Qa2 = 75 (2n+ 7)Q2n+2 — 2(2n 4 5)Q2nt1 + (2n + 13)Q2p — 2(2n + 5)Q2n—1 — 2) .
(€) Yh_oQ2t1 = 15 (—(2n 4 3)Q2n42 + 4(n + 5)Q2n+1 — (2n + 3)Q2n + 2(2n + T)Q2n—1 — 6)..

Taking W,, = S,, with Sy = 0,51 = 1,52 = 1,53 = 2 in the theorem, we have the following corollary
which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 5. For n > 0, adjusted fourth-order Jacobsthal numbers have the following property:
(@) Sho Sk = 2(Sniz — Spy1 +25, —1).

(b) Sr_oSak = 5 ((2n + 7)Sany2 — 2(2n + 5)Sapt1 + (20 + 13)S2, — 2(2n + 5)San—1 + 3) .
(€) S oS2k41 = 15 (—(2n 4 3)S2nt2 + 4(n + 5)San+1 — (2n + 3)San + 2(20 + 7)S2y-1 — 5).

From the last theorem, we have the following corollary which gives linear sum formula of modified fourth-
order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =4,R; =1, Ry = 3,R3 = 7).

Corollary 6. For n > 0, modified fourth-order Jacobsthal-Lucas numbers have the following property:
(8) Yioo R = 1(Rnys — Rus1 + 2R, +2).

(b) i Ror = 15 ((2n + 7)Ranta2 — 2(2n + 5)Rany1 + (20 + 13) Roy, — 2(2n + 5) Rop—1 — 20) .

(€) Yp_oRor+1 = 15 (—(2n+ 3)Rany2 + 4(n + 5)Rapi1 — (2n 4 3)Ron + 2(2n + 7)Ray—1 + 20)..

3.2 The case z = —1

In this subsection we consider the special case x = —1.

In this section, we present the closed form solutions (identities) of the sums Y, _ (—=1) Wy, S0 (—1)*Way,
and > _o(—1)kWay41 for the specific case of the sequence {W,,}.

Taking x = —1,7r =s =t =wu =1 in Theorem 1 (a), (b) and (c), we obtain the following proposition.

Proposition 3. Ifx = —1,r =s=t=wu =1 then for n > 0 we have the following formulas:
(@) Y o(=1)*Wy = (=1)" (Wya3 — 2Wipo + Wigr — W,y,) — Ws + 2Wo — Wy + 2W,.

(b) oo (=1 Wap = (=1)" (Wang2 — Wang1 — Wan) — Wa + Wi + 2W,.

(©) Yhoo(1)*Wargr = (—=1)" (Wap + Wan_1) — Wy + Wy + 2.

From the above proposition, we have the following corollary which gives linear sum formulas of Tetranacci
numbers (take W,, = M,, with My =0,M; =1, My =1, M5 = 2).

Corollary 7. For n > 0, Tetranacci numbers have the following properties.
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(@) Sp_o(=1)*Mp = (=1)" (Mpys — 2Myppo + Mpy1 — My,) — 1.
(b) Yp_o(—=1)" Moy = (—1)" (Mant2 — Many1 — May,).
(€) Yor_o(=1)F Moy = (—1)" (Man + Map_1) + 1.

Taking W,, = R,, with Ry =4,R; = 1,Rs = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 8. For n > 0, Tetranacci-Lucas numbers have the following properties.
(a) Yhoo(~1)"Ri = (=1)" (Rus+s — 2Rus2 + Ruy1 — Ry) +6.
(b) > r_o(=1)F Ry = (=1)" (Rans2 — Ront1 — Ron) +6.
(€) Yoho(=1)FRopy1 = (—1)" (Ron + Ron—1) — 2.
Taking = —1,7r =2,s =t =u =1 in Theorem 1 (a), (b) and (c), we obtain the following proposition.
Proposition 4. Ifx = —-1,r=2,s =t =u =1 then for n > 0 we have the following formulas:
(a) Zh—o(=1)"Wi = 5(
(b) S (1) Way, = 2((—1)" (Wanq2 — Wapg1 — 2Way, — Way_1) + Wi — 3Wa + 3Wp).
(€) Sp_o(—1)fWors1 = 2((—1)" Wans2 — Wapg1 + Wan_1) — Wz + Wa + AW + Wy).

(71)71 (Wn+3 - 3Wn+2 + 2Wn+l - Wn) — W3+ 3Wy — 2W7 + SWO)

From the last proposition, we have the following corollary which gives linear sum formulas of fourth-order
Pell numbers (take W,, = P, with P, =0,P, =1, P, =2, P; = 5).

Corollary 9. For n > 0, fourth-order Pell numbers have the following properties:
(@) Yhoo(-1)"Pe = 5((—=1)" (Puts — 3Ptz + 2P0 — Pu) — 1),

(b) Yhoo(=1)*Por = 5((=1)" (Pant2 — Pant1 — 2Pon — Pan—1) — 1).

(€) Yimo(=1)*Pars1 = 5((=1)" (Pant2 = Pang1 + Pan-1) +1).

Taking W,, = @,, with Qp = 4,Q1 = 2,Q2 = 6,Q3 = 17 in the last proposition, we have the following
corollary which presents linear sum formulas of fourth-order Pell-Lucas numbers.

Corollary 10. Forn > 0, fourth-order Pell-Lucas numbers have the following properties:
(@) Y o(=1*Qr = 2((-1)" (Qnss — 3Qnt2 +2Qnt1 — Qn) +9).

(b) Y o(=1)FQak = 1((-1)" (Q2n+2 — Q2nt1 — 2Q25 — Q2n—1) + 11).

(©) Sr_o(—D)FQart1 = 3((—1)" (Qant2 — Qant1 + Qan—1) + 1).

Observe that setting x = —1,r = 1,s = 1,t = 1,u = 2 (i.e. for the generalized fourth order Jacobsthal
case) in Theorem 1 (a), (b) and (c¢), makes the right hand side of the sum formulas to be an indeterminate
form. Application of L’Hospital rule however provides the evaluation of the sum formulas.

Theorem 5. Ifr=1,s=1,t =1,u =2 then for n > 0 we have the following formulas:
(a) EZZO(—l)ka = %((_1)n (—(’I’L—i— S)Wn+3 + (2n—|— 5)Wn+2 —nWhh —|—2(n+4)Wn) +3W3 —5Ws5 — QWO).

(b) > (=1 Wap = 15((=1)" (=(3n + 5)Wani2 + 2(n + 2)Wapiq + (Tn + 18)Way, + 2(n + 2)Wap—1) —
2Ws + TWy — 2W1 — 6W0)
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(C) Zzzo(_l)kW2k+l = %(— (—1)n ((n + 1)W2n+2 — (4TL + 13)W2n+1 + (n + 1)W2n + 2(3n + 5)W2n71) +
5W3 — 8Wy — 4W5 — 4W0).

Proof.

(a) We use Theorem 1 (a). If we set r =1,s =1,t = 1,u = 2 in Theorem 1 (a) then we have

- kW, gs(x)
=
kZ:ow P 2ttt a? ta -1

where
g3(z) = 2" 3W, 3 — (2 — D)a" P2 W h0 — (22 + 2 — D)a" T W, g + 22" MW, — 22 W3 + 22 (2 — 1)Wo +
(@ +x—1D)Wy + (23 + 22 + 2 — 1)W,.

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (b) using

b L (2t 4 a3+ 22 4 — 1)
k=0 dx r=—1

(b) We use Theorem 1 (b). If we set r =1, =1,£ = 1,u = 2 in Theorem 1 (b) then we have

S k ga()
War =
kz:%x T Tt "33 1522 132 — 1

where
ga(x) = =222 + 2 — 1) 2" Wayp 1o+ (22 +2)a" T2 Wy 11 — (422 + 22— 3) 2" T2 Way, +2(2 4+ 1) 2" 2 Way g —
(z + 1)a?Ws + (322 4+ 22 — 1)Wa — (z + 1)2?W; + (—2® + 322 + 3z — 1) W,

For © = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule (twice). Then we get (b) using

n & (0
S 1)+¥2p = o (01@)

P L (—4a* — 323 + 522 + 3z — 1)

r=—1

(c) We use Theorem 1 (c). If we set r =1,s =1,t = 1,u = 2 in Theorem 1 (c) then we have

S k gs()
W =
];)x 2Rl T T 323 £ 522 + 37 — 1

where
g5(x) = (x+1) 2" M Wapjo— (423 +322 =22 —1) 2" T Wop, 1 +(z+1) 2" T Wa,, —2(222 42— 1) 2" T Way, 1 +
(222 + 2 — 1)W3 — (22 + 2)2®Wa + (=223 + 222 + 3z — )W — 2(z + 1)22W,.

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule (twice). Then we get (c) using

n d?

dzZ 95(30 )
Z(*l)kW2k+1 = 5 1 do- (3 ) 3
P o (—4xt — 323 4+ 522 + 3w — 1)

r=-—1
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Taking W,, = J, with J; =0,J; =1,Jo = 1,J3 = 1 in the last theorem, we have the following corollary
which presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 11. Forn > 0, fourth order Jacobsthal numbers have the following property:

(@) Y ho(=DFJk = 3((—1)" (—=(n 4+ 3)Jng3 + (20 + 5)Jnyo — ndpgr + 2(n+4)J,) — 2).

(b) > o(=1)f T = ((=1)" (=Bn +5)Jans2 + 2(n + 2)Joni1 + (Tn + 18)Jon + 2(n + 2) Jon—1) + 3).
(©) Yro(=1)FJag1 = 15(= (=1)" ((n + 1) J2ng2 — (4n + 13)Jong1 + (0 + 1) Jan + 230+ 5)Jon—1) — 7).

From the last theorem, we have the following corollary which gives linear sum formula of fourth order
Jacobsthal-Lucas numbers (take W,, = j,, with jo = 2,j1 = 1, j2 = 5, j5 = 10).

Corollary 12. Forn > 0, fourth order Jacobsthal-Lucas numbers have the following property:

(@) Yhoo(=1)* 5k = §((=1)" (=(n + 3)jnts + (20 +5)jnt2 — njnt1 + 2(n +4)jn) +1).

(b) Sioo(=1)Fjor = 35((=1)" (=(Bn + 5)jant2 + 2(n + 2)jant1 + (Tn + 18)jan + 2(n + 2)j2n—1) + 1).
(©) Yoro(=1)Fjars1 = 15(—= (=1)" (n + )jans2 — (4n 4 13)jans1 + (n + 1)j2n + 2(3n + 5)jon—1) + 14).

Taking W,, = K,, with Ko = 3,K; = 1, K = 3, K3 = 10 in the last theorem, we have the following
corollary which presents linear sum formula of modified fourth order Jacobsthal numbers.

Corollary 13. For n > 0,modified fourth order Jacobsthal numbers have the following property:

(@) Yp_o(—1)FKp=:((=1)" (=(n+3)Knss + 2n +5)Kni2 — nKpi1 +2(n + 4)K,) +9).

(b) > p_o(—1)F Koy = %((71)" (—(B3n+5)Kopy2+2(n+2)Kopy1 + (Tn+ 18) Koy, + 2(n+ 2) Koy —1) — 19).
(€) Yro(=1)*Kapy1 = 75(— (=1)" (n+1)Kanta — (4n+13) Kapi1 + (n+ 1) Kan +2(3n+ 5) K2 1) +18).

From the last theorem, we have the following corollary which gives linear sum formula of fourth-order
Jacobsthal Perrin numbers (take W,, = @Q,, with Qo = 3,Q1 = 0,Q2 = 2,Q3 = 8).

Corollary 14. For n > 0, fourth-order Jacobsthal Perrin numbers have the following property:

(@) Yho(—=1FQk = §((=1)" (—(n 4 3)Qni3 + 20+ 5)Qni2 — nQni1 + 2(n +4)Qn) + 8).
(b) Y o(=1) Q2 = 15((=1)" (=(3n + 5)Qant2 + 2(n + 2)Q2nt1 + (Tn + 18)Q2n + 2(n + 2)Qap—1) — 20).
(©) Yor—o(=1)*Qars1 = 15(— (=1)" ((n+ 1) Q2nt2 — (404 13)Q2nt1 + (n+ 1)Q2n + 2(3n + 5)Q2p 1) + 20).

Taking W,, = S,, with Sg = 0,51 = 1,5, = 1,53 = 2 in the theorem, we have the following corollary
which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 15. Forn > 0, adjusted fourth-order Jacobsthal numbers have the following property:

(@) D o(=D*Sk = $((—=1)" (=(n+ 3)Sns3 + (2n+ 5)Spt2 — nSpi1 +2(n+4)S,) + 1).

(b) > o(=1)FSok = 15 ((=1)" (—(3n + 5)San+2 + 2(n + 2)Sant1 + (7Tn + 18)Son + 2(n + 2)S2p—1) + 1).
(€) Yro(=1)FSopi1 = (= (=1)" ((n 4+ 1)Sanq2 — (4n + 13)Sanq1 + (n 4 1)S2y + 2(3n 4 5)S25—1) — 2).

From the last theorem, we have the following corollary which gives linear sum formula of modified fourth-
order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =4, Ry =1, Ry = 3,R3 = 7).

Corollary 16. For n > 0, modified fourth-order Jacobsthal-Lucas numbers have the following property:
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(@) Xr_o(=1) Ry = 5((—=1)" (=(n + 3)Rnys + (20 + 5) Ryt — nRpi1 +2(n+ 4)Ry) — 2).
(b) Yh—o(=1)*Rar = 35((=1)" (=(3n + 5) Rant2 + 2(1n + 2) Rong1 + (Tn + 18) Ry + 2(n + 2) Rap—1) — 19).
(C) ZZZO(—I)kR2k+1 = %(— (—l)n ((TL + 1)R2n+2 - (471 + 13)R2n+1 + (n + 1)R2n + 2(3n + 5)R2n71) - 1).

Taking ¢ = —1,r = 2,s = 3,t = 5,u = 7 in Theorem 1 (a), (b) and (c), we obtain the following
proposition.

Proposition 6. If r =2,s=3,t =5,u =7 then for n > 0 we have the following formulas:

(@) D o(—D)*Wi = 3((=1)" (= W3 + 3Wopo + TW,,) + W3 — 3Wa — 5W).

(b) > o(=1)fWap = :((=1)" (—Wanta + Wapgr + 12Way, + TWap_1) — Wy + 3Ws + 2W; — Wy).
(©) D hco(=1) " Wapsr = $((=1)" (IWant1 — Wanga + 2Wap — TWan_1) + Wy — Wy — 6W; — TW)).

From the last proposition, we have the following corollary which gives linear sum formulas of 4-primes
numbers (take W,, = G,, with Go =0,G; =0,G2 =1,G3 = 2).

Corollary 17. Forn > 0, 4-primes numbers have the following properties:

(b) Zzzo(_l)kGQk = %((—l)n (—G2n+2 + G2n+1 + 12Go,, + 7G2n71) + 1).
(©) Yro(=1) Gas1 = :((—1)" (9G2n+1 — Ganga + 2Gan — TGap_1) + 1).

Taking W,, = H,, with Hy = 4, H; = 2, Hy = 10, H3 = 41 in the last proposition, we have the following
corollary which presents linear sum formulas of Lucas 4-primes numbers.

Corollary 18. Forn > 0, Lucas 4-primes numbers have the following properties:
(a) ZZ:O(_I)ka = %((_1)” (_H7L+3 + 3Hn+2 + 7Hn) — 9)

(b) Yp_o(=1)*Hap = §((=1)" (—Hanq2 + Hons1 + 12Hzp, + THyp—1) — 11).

(€) Yro(=1)"Hap1 = $((—1)" (9Han41 — Hanyo + 2Hop — THap 1) — 9).

From the last proposition, we have the following corollary which gives linear sum formulas of modified
4-primes numbers (take W,, = E,, with By =0,F; =0,E, =1,FE3 =1).

Corollary 19. Forn > 0, modified 4-primes numbers have the following properties:
(@) Yioo(—1)FEy = 5((=1)" (=Ent3 + 3Ep42 + TE,) — 2).

(b) Y i o(—1)FEop = $((=1)" (= Eany2 + Eapt1 + 125, + 7By, 1) + 2).

() Yhoo(=1)* Eorsr = 5((=1)" (9B2n41 — Bonya + 2B2n — THan_1)).
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3.3 The case z =1

In this subsection we consider the special case = i. Taking © = 4,7 =s =t =wu =1 in Theorem 1 (a), (b)
and (c), we obtain the following proposition.

Proposition 7. If x =i,r =s=t=wu =1 then for n > 0 we have the following formulas:
(a) ZZ:O ika = Zn(ZWn+3 + (1 — Z) Wn+2 — (1 + 22) Wn+1 — Wn) —iWs3 — (]. — Z) Wy + (1 + 27,) Wi +2W,.

(b) ZZ:() ikW2k = %(ln(_ (1 + 22) W2n+2 + (2 + Z) W2n+l + 3W2n + (1 + Z) Wanl) - (1 + Z) WS +
(2 + 30) Wy — Wi + (3 — 3i) Wp).

(€) Sr_o " Wapr = EE G (1 — i) Wapio + (2 — 20) Wapyr — iWay — (1+ 20) Wap—1) + (1 4 2i) Wy —
(240 Wy + (2 — 40) Wy — (1 + i) Wy).

From the above proposition, we have the following corollary which gives linear sum formulas of Tetranacci
numbers (take W,, = M,, with My =0,M; =1, My =1, M5 = 2).

Corollary 20. For n > 0, Tetranacci numbers have the following properties.

(@) Yop_o "My =i"(iMpgs + (1 — i) Mpqo — (1 + 20) Mpy1 — My,) + .

(b) S i Mop = (" (= (14 20) Mapys + (24 1) Mans1 + 3Man + (1 414) Map_1) + (=1 +1)),
(€) S0y if Mopyy = CHE(Gm (1 — §) My + (2 = 20) Mayy — iMay — (14 2i) May 1) + (2 —0)).

Taking W,, = R, with Ry = 4,R; = 1,Ry = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 21. Forn > 0, Tetranacci-Lucas numbers have the following properties.

(@) Yi_oi"Rp = i"(iRpgs + (1 — i) Rpya — (14 20) Rug1 — Ry) + (6 — 2i).

(b) Sp_oi* Rop = EE (17 (— (1 4 20) Ropyo + (2 +14) Rant1 + 3Ran + (14 1) Rar) + 10(1 — i)).
(©) o Roppr = SR (" (1 = i) Ransa + (2= 20) Rong1 — iRan — (14 24) Rop 1) + (=14 30)).

Corresponding sums of the other fourth order generalized Tetranacci numbers can be calculated similarly.

4 Linear Sum Formulas of Generalized Tetranacci Numbers with
Negative Subscripts

The following theorem present some linear summing formulas of generalized Tetranacci numbers with nega-
tive subscripts.

Theorem 8. Let x be a real or complex numbers. For n > 1 we have the following formulas:
(a) Ifra® + sz® +to +u—a* #0, then
O4(x)

n
kY
€T _ =
1; P vt fsa? +tr +u— b

(b) If 2523 + t?x + 2ux® + r?2® — s%2% — u? — 2t + 2rta? — 2sux # 0 then

n
Y Wog = 265(2)
Pt B 2523 4+ t2x + 2ua? 4+ r2ad — 222 — u? — 2t + 2rta? — 2sux
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(c) If 252 + t2x + 2ua? + 1?23 — s22% — u? — 2% + 2rta® — 2sux # 0 then

n
Z "W _gp41 = 29 (c)
Pt 2523 4+ 22 + 2ua? 4+ r2a3 — 222 — u? — 2t + 2rta? — 2sux

where

O4(r) = =" W_, 3+ 2" (r—2)W_ o+ 2" (s+re —2?)W_, g + 2" Pt +ra? +so —23)W_,, +
aWsz — x(r — 2)Wa + 2(—s — re + 22)W1 + o(—t — ra? — sx + 23) W,

O5(x) = 2™ (u+ sz — )W _9,10 — 2™ (ru+tz +rsz)W_ o, 1 + 2" (2522 — s%20 +r22? — su+ux — 23 + rtx)
W_op —uz™(t+r2)W_gn_1 + (t+r2)Ws + (—u — 122 — 1t — sz + 22)Wa + (ru — st + tx)W; — (2s2? — s%z +
r?2? — su+ux + 2 — 2% + 2rta) Wy,

Op(r) = —2" MLt +1r2)W_ oo + 2" Hu + 22 + rt + sv — 22)W_o9,01 — 2" (ru — st + to)W_o, +
ur™(u+sr —22)W_o,_ 1+ (—u— sz +22)Ws + (ru+tx +rsx)Wa + (—2s2% + 822 — r22? + su—ux + 2° —rtz)
Wi+ u(t + ra)Wy.

Proof.

(a) Using the recurrence relation

W_nsa=rW_pni3+sW_ o +tW_ppg +ulW_,

i.e.
’LLW_n = W_n+4 - ’I”W_n+3 — SW_n+2 — tW_n+1
we obtain
ux"W_, = z"W_pyq—ra"W_,ig —sz"W_pi10 —tx"W_, 11
wr" W = 2" W s — T Wy — s T Wt T W
wr" PWopge = " PWoge — 2" W gy — sz W pgs — t2" W3

wrtW_y, = 2*Wo—ra*W_y — se*W_q —ta*W_3

wrW_s = 23W, —ra3Wy — sa®W_y — ta®>W_o
wrPW_o = 2°We — ra®Wy — sa®Wo — ta?W_,
wr'W_y = z'Ws —ratWsy — sz'Wy — tz' Wy

If we add the above equations side by side, we obtain

n
u( E W) = (2" W — 2" PPW e — 2" TIW g — 2",
k=1

n
+I1W3 + IQWQ + 1‘3W1 + J,‘4W0 + 2 Z ka—k)
k=1

—r (="MW g — 2" TPW oy — 2" W, 4+ 2 Wy + 22 W 4 23 W + 23 Z ka,k)
k=1

n
—s(—x" Wy — 2" PPW_, + 2 W+ 2® W + 2® Z mkW,k)
k=1

n
—t(—x" W, 4 2 W + 2t Z W)
k=1

From the last equation we get (a).
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(b) and (c¢) Using the recurrence relation

W pga =rW_pys+sW_pyo +tW_p 1 +uW_,

ie.
tW_n+1 = W_n+4 - ’I"W_n_;,_3 - SW_n+2 - UW_n
we obtain
tJCnW_gn+1 = JL‘nW_gn+4 - TZEnW_2n+3 - S$nW_2n+2 - U$nW_2n
-1 —1 —1 —1 -1
tx™ W_2n+3 = " W—2n+6 —rz" W_2n+5 —sz" W_2n+4 —uzx" W_2n+2

tr" 2 W gy
tz" W g7

n—2”r n—2”7 n—2”r n—2”7

xz —2n48 — T —2n+4+7 — ST —2n46 — UT —2n+4
n—3 n—3 n—3 n—3

xz W_ony10 —rx W_onyo — sx W_on48 — ux W_2nt6

taPW_s 22W_og —raPW_g — sz®W_y — ux®W_g
tPW_g = 2?Wy—ra®W_y — st?W_o — uz’W_,
te'W_y = 2'Wse —ra'Wy — sz'Wy — uz'W_s.

If we add the above equations side by side, we get

n
k
tz "W _op41
k=1

n
(=" W _gpio — 2" 2 W_o, + 22Wy + 2 W5 + Z 2R T2W_g)
k=1

—r (=" W_gpi1 + ' Wi + Z "W gp41)
k=1

—s(=a" T W_g,, + ' W + Z P o) — U(Z "W _ap).
k=1 k=1

Similarly, using the recurrence relation

W7n+4 = Tan+3 + 3W7n+2 + thnJrl +uW_,

tW_ o =W_pag —rmW_pio —sW_pp1 —uW_p
we obtain
tx"W_o9, = a"W_gnig—rx"W_ oo —s2"W_ogpy1 —ux"W_g, 1

tl’nil W_2n+2
-2
tz" W—2n+4

n—1 n—1 n—1 n—1
x W_2n+5 —Trr W_2n+4 — ST W_2n+3 —uxr W_2n+1

n—2 n—2 n—2 n—2
x W_2n+7 —TrTr W—2n+6 — ST W_2n+5 —uxr W_2n+3

n—3 n—3 n—3 n—3 n—3
tx W72n+6 = X W,2n+9 —TrTr W,2n+g — ST W,2n+7 —uxr W,2n+5
tetW_og = 2*W_g —rz*W_g — sz?W_7 —ux®W_g
t*W_g = W_g—ra®W_y —sa®W_s —uz®W_z
te’W_y = 22W_q1 —ra®W_o — sz®W_g — uz?W_s
te'W_o = 'Wy —ra'Wo — sz'W_y — uz'W_s.
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If we add the above equations side by side, we get

n n
tzka—zk = (—a""W_gpi1 +2' Wy + ZCEk+1W—2k+1)
k=1 k=1

n
—’r‘(—$n+1W_2n + 1‘1W0 + Z $k+1W_2k)
k=1

—S(Z "W oopi1) — w(@"Wegp_y — 2"W_q + Z P W o gpt1).
k=1 k=1

Since ; L
Wy = ——Wo— 2Wy — — Wy + —Ws
U U U U
it follows that

tz "Woop = (2" Wiogny1 +2' Wi+ Z "W gp41) (5)
k=1 k=1

n n
—r(—z" T W_gn + "Wy + Z P TW o) — S(Z "W _op41)
k=1 k=1

t S r 1 2 _
—u(z"W_gp1 — 2 (— =Wy — EWI - ;W2 + EWS) + Zxk "Woogi1).
k

u
=1

Then, solving system (4)-(5) the required results of (b) and (c) follow. O

5 Specific Cases

In this section, for the specific cases of x, we present the closed form solutions (identities) of the sums
S W, Sop_ 2P W ooy, and Y, _ @ W_ok11 for the specific case of sequence {W,,}.

5.1 The case z =1

In this subsection we consider the special case r = 1.

The case = 1 of Theorem 8 is given in [20]. For the generalized 4-primes sequence case (z = 1,7 =
2,s=23,t=>5u="7), see [29].

We only consider the cases ¢ = 1,7 =1,s = 1,t = 1,u = 2 (which is not considered in [20]).

Observe that setting x = 1,7 = 1,5 = 1,t = 1,u = 2 (i.e. for the generalized fourth order Jacobsthal
case) in Theorem 8 (a),(b),(c) makes the right hand side of the sum formulas to be an indeterminate form.
Application of L’Hospital rule however provides the evaluation of the sum formulas.

Taking r =1,s =1, = 1,u = 2 in Theorem 8, we obtain the following theorem.

Theorem 9. Ifr=1,s=1,t =1,u = 2 then for n > 1 we have the following formulas:
(@) Y W =5 (-Weopiss + Wepgr +2W_y, + Wy — Wy — 2Wj).

(b) Spi Weor = 15((2n + D)Weonyo — 2(2n + 3)W_oni1 + 2n + T)W_gn — 2(2n + 3)W_o,—1 + 3W3 —
A4Wso + 3W1 — 1OWO)

(C) ZZ:I W_2k+1 = TIQ(—(QTL + 5)W_2n+2 + 4(71 + Q)W_2n+1 — (27”L + 5)W_2n + 2(2n + I)W_Qn_l — W3+
6Wy — TW1 + GWO)

Proof.
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(a) We use Theorem 8 (a). If we set r =1,s =1,t = 1,u = 2 in Theorem 8 (a) we get (a).
(b) We use Theorem 8 (b). If we set r =1,s =1,¢t = 1,u = 2 in Theorem 8 (b) then we have

n
kW 96(x)
_ =
;x T g 1323 4522 — 3z — 4

where

g6(2) = (=22 + 2+ 2)2" T W _ o, 10 — (22 + 2)2" W _o, 11 + (=23 + 322 + 220 — 2)a" T W_o, — 2(z +
D" MW g, 1 +a(x + 1)Ws — z(—22 + 22 4+ 3)Ws + x(xz + 1)W; — z(—23 + 322 + 3z — 1) W,

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (b) using

S £ (95(2))
—2k =

— &L (=2t + 323 4 522 — 3z — 4) -

(c) We use Theorem 8 (c). If we set r =1,s =1,t = 1,u = 2 in Theorem 8 (c) then we have

~ ok g7(x)
W_ =
; v LT T 303 4 502 — 3z — 4
where
g7(z) = —(z + )" 2 W_gpio + (—2% + 22 + 3)a" 2 W_9,41 — (z + D)z W_y, + 2(—2% + = +

2)x" W g, 1 — z(—2% + 2+ 2)W3 + 2(22 + 2)Wa — z(—2% + 322 + 22 — 2)W; + 22Wy(z + 1).

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (¢) using

z”:w s — & (g7())
A S G PO T P

O

Taking W,, = J, with Jy =0,J; =1,Jo = 1,J3 = 1 in the last theorem, we have the following corollary
which presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 22. Forn > 1, fourth order Jacobsthal numbers have the following property

(@) Shoy Jok = 2(—Tons + Jons1 +2J0).

(b) Sor ) Joor = 5((2n + 1)Jan0 — 2(20 + 3)J—ans1 + (20 + 7) 20 — 2(2n + 3)J_2p—1 + 2).
(€) Sr_) J-okt1 = 5 (—2n +5)J2pi2 +4(n +2)J2pi1 — (20 +5) T2y + 220+ 1)J 21 — 2).

From the last theorem, we have the following corollary which gives linear sum formulas of fourth order
Jacobsthal-Lucas numbers (take W,, = j,, with jo = 2,j1 = 1,j2 = 5, j3 = 10).

Corollary 23. Forn > 1, fourth order Jacobsthal-Lucas numbers have the following property
(a) EZ:1 J—k = i(_j*n+3 +Jont1+2jn+ 5)-
(b) 3oy -2k = 15((2n+ 1)j-2nt2 — 220+ 3)j_2n41 + (20 + T)j—2n — 2(2n + 3)j2n—1 — 7).

(©) Sr_id-okt1 = 15(—=2n+5)j_oni2+4(n—+2)j_ons1 — (2n+5)j_2n +2(2n + 1)j_2,—1 + 25).
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Taking W,, = K,, with Ko = 3,K; = 1, K = 3, K3 = 10 in the last theorem, we have the following
corollary which presents linear sum formula of modified fourth order Jacobsthal numbers.

Corollary 24. For n > 1,modified fourth order Jacobsthal numbers have the following property:

(@) Yh Kp=3(-K_nis+ K ny1+2K_,, +3).

(b) S Koon=5(@n+ 1)K _opi2 — 220+ 3)K_an41 + 2n+ 7)K_2 — 2(2n + 3)K_3,,_1 — 9).

(€) Yohoi K okyr = 15(—(2n+5)K 9ni2 +4(n+2)K 2p11 — (20 +5)K o, +2(2n + 1)K 5,1 +19).

From the last theorem, we have the following corollary which gives linear sum formula of fourth-order
Jacobsthal Perrin numbers (take W,, = Q,, with Qo =3,Q1 =0,Q2 =2,Q3 = 8).

Corollary 25. Forn > 1, fourth-order Jacobsthal Perrin numbers have the following property:

(a) ZZ:l Q*k = %(_anﬁ»S + erH»l + 2Q7n + 2)

(b) Yo Qoor = 5(2n + 1)Q 2012 — 220+ 3)Q—2n11 + (20 + T)Q 20 — 2(2n + 3)Q 2,1 — 14).
(€) >pey Q2641 = Tlg(_(2n +5)Q-2nt2+4(n+2)Q_2n+1 — 2n+5)Q_2n + 2(2n + 1)Q_2p—1 + 22).

Taking W, = S,, with Sy = 0,51 = 1,5, = 1,53 = 2 in the last theorem, we have the following corollary
which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 26. Forn > 1, adjusted fourth-order Jacobsthal numbers have the following property:
(@) Yr 1Sk =12(=S_nis3+ S pni1+25,+1).

(b) Y hy S—ok = 15((2n +1)S_on42 — 2(2n + 3)S_2nt1 + (20 + 7)S—_2, — 2(2n + 3)S_2,,_1 — 1).
(€) Yoy S-akt1 = 75(—(2n+5)S gm0 +4(n+2)S_2ni1 — (2n+5)S 2, +2(2n+ 1)S 5,1 — 3).

From the last theorem, we have the following corollary which gives linear sum formula of modified fourth-
order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =4, R; =1, Ry =3,R3 =T).

Corollary 27. Forn > 1, modified fourth-order Jacobsthal-Lucas numbers have the following property:
(a) ZZ:l R_, = i(*R—n—&-S + R_n+1 +2R_,, — 2).
(b) ZZ:I R,Qk = %((QTL + 1)R,2n+2 - Q(QTL + 3)R,2n+1 + (QTL + 7)R,2n — 2(2TL + 3)R,2n,1 - 28)

(C) ZZ:l R,2k+1 = %(—(2” + 5)R,2n+2 + 4(TL + 2)R,2n+1 — (2n + 5)R,2n + 2(2n + ].)R,Qn,l + 28)

5.2 The case z = —1

In this subsection we consider the special case x = —1.
Taking x = —1,7 = s =t =u = 1 in Theorem 8 (a) and (b) (or (c)), we obtain the following proposition.

Proposition 10. If r=s=t=wu =1 then for n > 1 we have the following formulas:

(@) Yoo (D)W = ()" (~Wepy +2W 0 = Wy +2W,,) + W3 — 2Wa + W — 2W,.
(b) Yo (CD)Woogp = (1) (= Wesnyo + Woonir +2Woon) + Wo — Wi — 2W.

(€) Yopy (CD)MWogpr = (=1)" (Wegng1 — Wegn — Weogpo1) + W — Wo — 205

From the above proposition, we have the following corollary which gives linear sum formulas of Tetranacci
numbers (take W,, = M,, with My =0, My =1, My =1, M3 = 2).
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Corollary 28. Forn > 1, Tetranacci numbers have the following properties.
(@) Y p (—)FM_y = (-1)" (—-M_py3+2M_, 40 — M_,q +2M_,,) + 1.
(b) > ()M gy = (=1)" (=M _any2 + M_p11 +2M ).

(€) Ypoy ()M g1 = (=1)" (M_gp11 — M_9, — M_5, 1) — 1.

Taking W,, = R,, with Ry =4,R; = 1, Ry = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 29. Forn > 1, Tetranacci-Lucas numbers have the following properties.
(@) Yhoi(=D)F*R = (-1)" (~R-ny3+2R 42 — R i1 +2R_,) — 6.

(b) Y1 (1)FR_op = (=1)" (~R_zp42 + R_2p41 + 2R_2,) — 6.

(€) Y1 (1) Rospr = (—1)" (R—2n41 — Ro2p — Ronp—1) +2.

Taking z = —1, r = 2,s =t = u = 1 in Theorem 8 (a) and (b) (or (c)), we obtain the following
proposition.

Proposition 11. Ifr =2,s =t =wu =1 then for n > 1 we have the following formulas:

From the last proposition, we have the following corollary which gives linear sum formulas of fourth-order
Pell numbers (take W,, = P, with Py, =0,P, =1, P, =2, P3 = 5).

Corollary 30. Forn > 1, fourth-order Pell numbers have the following properties:
(2) Yo (-1)PPop = 5((=1)" (~Ponys + 3P-ni2 — 2P_pi1 + 3P_5) +1).

(b) >hoy (=1 Poo = 5((=1)" (P22 + Poni1 + 4Pz + Pogno1) +1).

(©) Yho (=) P_gpg1 = 5((—1)" (= P—gnq2 + 3P_gnq1 — P_on_1) — 1).

Taking W,, = @, with Q¢ = 4,Q1 = 2,2 = 6,Q3 = 17 in the last proposition, we have the following
corollary which presents linear sum formulas of fourth-order Pell-Lucas numbers.

Corollary 31. Forn > 1, fourth-order Pell-Lucas numbers have the following properties:

(@) Yro (—D*Q_k = 2((-1)" (—Q—nt3 4+ 3Q—nt2 — 2Q_nt1 +3Q_,) — 9).
(b) Y (—1)FQ-ok = 2((=1)" (—Q-2n42 + Q—2n41 +4Q_25 + Q_2n—1) — 11).
(€) Spo i (—DFQ oky1 = 2((-1)" (—Q-2n+42 + 3Q—2n+1 — Q—2,—1) — 1).

Observe that setting x = —1,7r = 1,s = 1,t = 1,u = 2 (i.e. for the generalized fourth order Jacobsthal
case) in Theorem 8 (a),(b),(c) makes the right hand side of the sum formulas to be an indeterminate form.
Application of L’Hospital rule however provides the evaluation of the sum formulas.

Taking r =1,s = 1,t = 1,u = 2 in Theorem &8, we obtain the following theorem.

Theorem 12. Ifr=1,s=1,t =1,u = 2 then for n > 1 we have the following formulas:
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(@) Y (DW= (D) (=(n+ D)W piz+ 2n+3)W_pio — (n+ W1 +2(n+3)W_,,) + W5 —
3Wy + 4Wq — 6WO)

(b) S r (=) W_ g = 15((=1)" (—=Bn+4)W_spi2+2(n+1)W_sgpi1 +(Tn+13)W_o, +2(n+1)W_g, 1) —
Ws + 5Wo — W1 — 12W)).

(€) Yoy ()W gppn = 15((=1)" (= (n4+2)W_znt2+(An+9)W_ony1 — (n+2)W_o, —2(3n+4)W_s, 1)+
AW — 13W, — 2Ws — 2W).

Proof.

(a) We use Theorem 8 (a). If weset r =1,s =1, = 1,u = 2 in Theorem 8 (a) then we have

- 77 gs(x)
_ =
;x ST I e

where

gs(z) = aWs+z(z—1)Wo—z(—2?+2+1)W) —2(—23 + 22 +a+ D) Wo—2" T W_, 53— (2—1)a" W _, 10+
(2?2 + 2+ D" W,y + (=22 + 22 + 2+ Dan W,

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (a) using

kT A (gt p a3 a2 +a42)
k=1 dx r=—1

(b) We use Theorem 8 (b). If we set r =1,s =1,£ = 1,u = 2 in Theorem 8 (b) then we have

n
kW 9o(2)
_ =
;x R g 1343 4 522 — 3z — 4

where

go(z) = (—2% + 2+ 2)2" W _o, 10 — (22 + 2)2" W o, 11 + (=23 + 322 + 220 — 2)a" T W_o, — 2(z +
D" W o, 1 +ax(x + D)Wz — x(—22 + 22 + 3)Ws + z(z + D)Wy — z(—2 + 322 + 3z — 1)W,.

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule (twice). Then we get (b) using
n 2
- - 2
Pt dd? (—a* + 323 + 522 — 3x — 4) ——1

(c) We use Theorem 8 (c). If we set r =1,s =1,t = 1,u = 2 in Theorem 8 (c) then we have

n

T
d W g = g10(x)
k=1

—x4 + 323 4+ 522 - 3x — 4

where

gio(z) = —(z + )" P2 W_o,i0 + (=22 + 22 + 3)2" P2 W_o9,41 — (z + 1)2" P2 W_g, + 2(—22 + = +
2)a" W g, 1 —x(—2% + 2+ 2)W3 + (20 + 2)Wy — z(—22 + 322 + 22 — 2)W; + 2x(x + 1) W

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use

L’Hospital rule (twice). Then we get (c) using

n

d? (

da? gio(z))
Z(—l)kw—%ﬂz R d; 3 2 e
k=1 dz2 x4t + 323 + b 3x 4)

r=—1
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Taking W,, = J, with Jyo = 0,J; = 1,Jo = 1,J3 = 1 in the last proposition, we have the following
corollary which presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 32. Forn > 1, fourth order Jacobsthal numbers have the following property

(@) Yp (DRI =3((-1)" (~(n+ 1)J_pss + (2n + 3)J_pg2 — (n+4)J_ny1 + 2(n + 3)J_p) + 2).

(b) >r (=T ok = 15 ((=1)" (=(Bn+4)J_gnt2+2(n+1)J_ons1 4+ (Tn+13) J_2p +2(n+1)J_35—1) +3).
(©) Yho (=T kg1 = 35 ((—1)" (= (n+2)J—2nt2+ (4n+9)J_ons1— (n+2) J_2n —2(3n+4) J_g5—1) — 11).

From the last proposition, we have the following corollary which gives linear sum formulas of fourth order
Jacobsthal-Lucas numbers (take W,, = j,, with jo = 2,j1 = 1,j2 = 5, j5 = 10).

Corollary 33. Forn > 1, fourth order Jacobsthal-Lucas numbers have the following property

(@) Yo (D% = 5((=1)" (=(n + 1)jonts + (20 +3)jontz — (0 +4)jnt1 +2(n +3)j_n) — 13).

(b) i (=1)Fjon = 35((=1)" (= (Bn+4)j-ant2 +2(n+1)j 2041+ (Tn+13)j_2n +2(n+1)j_20—1) — 10).
(€) Ypoi(=DFjapg1 = 15 ((=1)" (=(n+2)j—2n+2+ (4n+9)j—2n+1 — (n+2)j_2n —2(3n+4)j_2n—1) +13).

Taking W,, = K,, with Ky = 3,K; =1, Ky = 3, K3 = 10 in the last proposition, we have the following
corollary which presents linear sum formula of modified fourth order Jacobsthal numbers.

Corollary 34. Forn > 1,modified fourth order Jacobsthal numbers have the following property:
(@) Yo DM E k= ((-1)" (—(n+ 1)Ky + 20+ 3)K sz — (n+ 4)K_ny1 +2(n + 3)K_,) — 13).

(b) Yo (1)FK o = 15((=1)" (—=(3n+4)K_sn424+2(n+1)K_gp i1 +(Tn+13)K_op +2(n+1)K_g,_1) —
32).

(c) 2%1(_1)’6—[{2“1 = L((=1)" (—=(n+2)K_gpt2+(4n+9)K 21— (n+2)K_2, —2(3n+4)K_2,-1)+
15).

From the last proposition, we have the following corollary which gives linear sum formula of fourth-order
Jacobsthal Perrin numbers (take W,, = Q,, with Qo =3,Q1 =0,Q2 =2,Q3 = 8).

Corollary 35. Forn > 1, fourth-order Jacobsthal Perrin numbers have the following property:

(@) Yo (CDMQok = §((-1)" (~(n+ 1)Q—ns + 20+ 3)Qps2 — (M +4)Qpy1 +2(n + 3)Q—y) — 16).
(b) Zzzl(fl)kQ_gk = %((71)71 (—(3n+4)Q_2n+2+2(n+1)Q_2n+1+(7n+13)Q—2n+2(n+1)Q_2n_1)734).
(€) Yhoi (1) Q241 = 15 ((—1)" (—(n+2) Q2042+ (4n+9)Q 2541~ (n+2) Q20 —2(3n+4) Q—20—1) +22).

Taking W,, = S,, with Sy = 0,57 = 1,5, = 1,53 = 2 in the last proposition, we have the following
corollary which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 36. Forn > 1, adjusted fourth-order Jacobsthal numbers have the following property:

(2) Yhoi(-1)PS_k = 5((=1)" (=(n + 1)S_pss + (20 +3)S_ns2 — (0 + 4)S_n41 +2(n + 3)S_n) +3).

(b) S i (=1)FS g = 15((=1)" (=(3n+4)S_2nt2+2(n+1)S_2p41+ (Tn+13)S_2n +2(n+1)S_2n-1) +2).
(€) Yoroi (1S gpg1 = 15((—1)" (—(n+2)S_2nt2+ (4n+9)S_2n41 — (n+2)S_2 —2(3n+4)S_2,_1) — 7).

From the last proposition, we have the following corollary which gives linear sum formula of modified
fourth-order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =4,R; =1,Ro =3,R3 = 7).
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Corollary 37. Forn > 1, modified fourth-order Jacobsthal-Lucas numbers have the following property:
(@) Yp_ (-1)*R_j = £((-1)" (=(n+ 1)R_py3+ 2n+3)R_pi2 — (n+4)R_pi1 +2(n+ 3)R_,,) — 22).
(b) Y (—1)*R_g = 15((—1)" (=(Bn+4) R_2p12+2(n+1) R_2n41+(7Tn+13) R_op+2(n+1)R_g, 1) —41).
(¢) Sp_i(DFR g1 = %((—1)“ (=(n+2)R_2pt2+(An+9)R_2n+1—(n+2)R_9,—2(3n+4)R_2,,—1)+1).

Taking ¢ = =1, r = 2,8 = 3,t = 5,u = 7 in Theorem 8 (a), (b) and (c), we obtain the following
proposition.

Proposition 13. Ifr =2,5s =3,t =5,u =7 then for n > 1 we have the following formulas:

(@) Y (D)W = 3((=1)" (W_pys — 3W_yqp — SW_,) — W3 + 3W, + 5Wj).

(b) > (=)W = 5 ((=1)" (W_zny2 — Weang1 — 6W_gy — TW_3,_1) + W3 — 3Wy — 2W1 + W) .
(€) Sp i (D) Wogppr = ((—=1)" (Wegns2 — 3W_oni1 — 2W_on + TW_2,_1) — W3 + Wa + 6Wy + TW)).

From the last proposition, we have the following corollary which gives linear sum formulas of 4-primes
numbers (take W,, = G,, with Go =0,G1 =0,Gy = 1,G3 = 2).

Corollary 38. Forn > 1, 4-primes numbers have the following properties:

(2) Zho i (-1FGk = 5((-1)" (Gnss = 3G _py2 = 5G ) + 1).

(b) > p (m1D)FG ok = 2 ((—1)" (G—2nt2 — G_ong1 — 6G_2, — TG_g5_1) — 1).
(€) Yoroi(—1)FG _gpy1 = $((—1)" (G_2nt2 — 3G _any1 — 2G_2n + TG 2, 1) — 1).

=

Taking W,, = H,, with Hy = 4, H; = 2, Hy = 10, H3 = 41 in the last proposition, we have the following
corollary which presents linear sum formulas of Lucas 4-primes numbers.

Corollary 39. Forn > 1, Lucas 4-primes numbers have the following properties:
(8) Sp (D" H o = S(~1)" (Hopys = 3H i — 5H_,) +9).

(b) > (—1)FH o = % (-1)" (H-2p42 — H-9p41 —6H_2, — TH_9,1) + 11).
(€) Yor_i(=1)"H g1 = §((=1)" (H-2nt2 = 3H 9n1 — 2H 5, + TH 2,1) +9).

From the last proposition, we have the following corollary which gives linear sum formulas of modified
4-primes numbers (take W,, = E,, with Ey =0,E; =0,E, =1, E3 = 1).

Corollary 40. Forn > 1, modified 4-primes numbers have the following properties:
(2) Xh (C1)E_ = 3((-1)" (B-p4s = 3E_ni2 — 5E_y) +2).

() Yo ()P Bk = § (1) (B-2n42 — E-2p1 = 6E_ 2, = TE_2,-1) — 2)..

(€) Yroi(—1)FE_gp1 = §((=1)" (B_2nt2 — 3E_an41 — 2B 5, + TE_3,_1)).
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5.3 The case z =1

In this subsection we consider the special case x = 7. Taking r = s =t = u = 1 in Theorem 8, we obtain the
following proposition.

Proposition 14. If r =s=t=wu =1 then for n > 1 we have the following formulas:

(a) 1@) FW_g = (6" (Wengs — (1 — §) Wenpa — (2 4+ 8) Weniq — 20W_) — Wa -+ (1 — §) Wa+ (2 + 1) Wy +
2’LWO

(b) S7_ iFW ooy = B (— (24 i)W g + (14+20) Wogpis 4+ (4—20) W_o, + (14+8) W_g,_1) —
(]. + Z) Wd + (3 + 2’&) WQ — ZWl (3 32) Wo)

(€) Yoy " Wogpp1 = (4+5l)( (= (L =) Wegpya+(2 = 30) Wegny1 —Woo,—(2+ 1) W_gp1)+(2+1) W3~
( + 22) Wy — (4 21) Wy — (1 + Z) WQ)

From the above proposition, we have the following corollary which gives linear sum formulas of Tetranacci
numbers (take W,, = M,, with My =0,M; =1, Ms =1, M35 = 2).

Corollary 41. Forn > 1, Tetranacci numbers have the following properties.
(@) Y p_ "My =i(i" (Mg — (1 — i) M_pyo — (2+8) M_pyq — 2iM_,,) + 1).

(b) 2)13 VM _gp, = B (i ( (2 4 4) Mgy o+ (14 20) M_gpy1 + (4 — 20) M_gp+ (1 +4) M_gp_1) + (1 —

(€) Sy "M gy = LD (7 (— (1 — 6) M_gio+(2 — 3) M_gpyr — M_gy — (2 + 1) M_gp_1) +(—1+2i)).

Taking W,, = R,, with Ry =4,R; = 1,Rs = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 42. Forn > 1, Tetranacci-Lucas numbers have the following properties.
(@) Y h "Ry =i(i"(R_pys — (1 — i) Ropyo — (241) Ropi1 — 20R_,,) + 2(—1 + 3i)).

(b) S PR oo = EERY(m (— (24 0) R_gppo+ (14 20) Rogpy1+(4 — 20) R_gp (1 + 1) R_gp1)+10(—
7).

(©) Yoy i*Rogpyr = Y22 (i" (= (1= i) Rognya + (2= 3i) Roany1 — Roon — (2+1) Rgn 1) + (3—1)).

Corresponding sums of the other fourth order generalized Tetranacci numbers can be calculated similarly.
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