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Abstract

In this work,the upper bounds for Fekete-Szego functional and Second Hankel Determinant
are obtained for a class of analytic functions defined by Salagean Differential Operator.The
estimates obtained are sharp.
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1. Introduction and definitions

Let A denote the class of functions f(z) analytic in the unit disk U = {z € C: |z| < 1} and let S be a
subclass of A consisting of functions f(z) univalent in U and have the form

fz)= z—|—Zakzk (1)
k=2

A function f(z) belonging to the class S is called starlike function if f(z) maps the unit disk U onto a
starlike domain. A necessary and sufficient conditions for a f(z) € S to be starlike with respect to the origin

is that;
2f'(z)
Re{ ) } >0 (zel)) (2)

The class of starlike functions is denoted as S*
A function f(z) € S is said to be starlike of order @ , 0 < a < 1 if

Re { ZJJ:(S)} Sa  (zel)) (3)

How to cite this paper: R.A.Bello, T.0.Opoola (2D21) On Some Properties of a Class of Analytic
Functions Defined by Salagean Differential Operator. Journal of Progressive Research in Mathematics,
18(3), 82-89. Retrieved from http://scitecresearch.com/journals/index.php/jprm/article/view/2085


http://www.scitecresearch.com/journals/index.php/jprm
http://creativecommons.org/licenses/by/4.0/

R.A.Bello, T.0.Opoola

The class of starlike functions of order « is denoted as S*(«)
A function f(z) € S is called a Convex function if f(z) maps the unit dist U onto a convex domain. A
function f(z) is a Convex function if and only if

zf"(2) }
R {1 + >0 zeU 4
e (= 1) (4)
The class of convex functions is denoted as K

A function f(z) € S is said to be Convex of order o, 0 < a < 1 if

2f"(2)
f1(z)

The class of all Convex functions of order « is denoted as K («).

Let f and g be analytic in U. Then f(z) is subordinate to g(z) denoted by f < g if there exist an analytic
function w(z) with w(0) = 0, |w(z)| < 1 such that f(z) = g (w(z)). In particular if g(z) is univalent in U
then f < g < f(0) = ¢(0) and f(U) C g(U).

The ¢'" Hankel determinant H,(n),q > 1,n > 1 for a function f(z) € A and have the form (1)is defined

Rell+ >« (z€U)) (5)
U

as
Qn Ap+1 ---  Oniyg-—1
an+1
Hy(n) =
Un+4q—1 e ceo On42q-—2

In recent years, attention has been given to finding estimates of the determinant H,(n). The Fekete-
Szego functional |ag — Aa3| is Ha(1).For f(z) € S it is known that Hs(1) < 1. see [1], The Second Hankel
Determinant Ho(2) = |agas — a2| has received more attention from many authors.The sharp upper bound of
H,(2) for starlike and convex functions was studied in [2] and the authors obtained Hz(2) < 1 and H3(2) < §
respectively. Many other results have been obtained for Hy(2) for a variety of subclass of S ;most of which
are subclass of S*. , .
Noticing that several subclass of univalent functions are characterized by the quantities z;(S) or { 1+ 2; ,(S) }

lying in a region in the right half plane, Ma and Minda [3] considered the classes.

s7(0) = {1 e 4: 5} ©

14 2"(2)
)

CV((;S){feA: (7)

For ¢(z) = 342, —-1<B<A<]I,
The class ST'(¢) reduces to the familiar class consisting of Janowski starlike functions denoted by ST'(A, B).The
corresponding class of convex functions is denoted by CV (A, B).

The special case of A=1-2a, B=-1, 0<a<1,ST(¢) and CV(¢)gives the classes of starlike func-
tions of ordera and convex functions of order « respectively.  Let SC be the class of functions f € S with

the quantity = ()) lying in the region bounded by the cardiod given by (922 + 9y? — 18z + 5)% — 16(922 +

9y? — 6z + 1) = 0 Thus a function f(z) € SC if z]{(i;: € CAR where,

4 2
C’AR:wGC:w:1+§z+§zz,(|z|<1) (8)

The class SC was investigated by Kanika [4]
We say that f € S belongs to the class 5,,C' if

D" f(2)

e < 9) )
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where D™ is the Salagean Differential Operator, n € N U0 and

4 2
o(z) = 1+§z+§zz zeU (10)
when n = 0, the class S,,C reduces to the class SC. In this paper, we obtain the initial coefficient

estimates as, a3 and a4 for functions belonging to the class S,,C.The Upper bounds for the Fekete-Szego
functional and the second Hankel Determinant for functions belonging to the class S,,C are also established.
Furthermore,when n = 0 and ¢(z) = /(1 + 22) + z, the class S,,C becomes e class S*(g) sudied in [1]

2 Main Result

Let © be the class of analytic functions of the form
w(z) =crz4+coz® +c32® + ... (11)

such that |ex| <1, k=1,2,3,...
(see[])

Lemma 2.1[5]
If w € Q, then for any t € R

—t if t<-1
lea —tc?|{ 1 if —1<t<1
toif t>1

Lemma 2.2[5]

If w € Q, for any complex number t
lea — te3| < maz{1 : |t|}
The result is sharp for w(z) = 22 or w(z) = 2z

Lemma 2.3[5]

If w(z) =c1z+ c22? +c323 +... € Q,
then |c} + 3 + 2c1e2| < 1

Theorem 3.1

If f(z) =2+ pogyarz® € S,C then

4 11 68
T N T e T
Proof:
Since f € S5,,C,
We have that,
Dn+1
where ¢(z) is given as (10),
Thus D ()
" z 4 2
= 14 - 2 12
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Let w=ciz+ 22+ 328 +...€Q
Then from (12) we obtain

D" f() = D)L+ 3u(e) + 2 (w(2)]
Therefore,

D™ f(2) = 2+ 2" ag2® 4+ 3" ag® + 4" a2t + (13)

and

N 4 2
D)L+ gu(2) + 5 (@)

4 4 2 4 4 4 2 4
= z+[§cl +2”a2]z2+[502+§c§+2"a2 §01+3”a3]23+[gclcg+2”a2~§CQ+§2"aQC%+3”a3§cl +4”a4]z4 (14)

Comparing coefficiens in (13)and (14) we have

4
2n,+1a2 — gcl T 2”@2

i.e
4
ag = 3.9n C1
4 2 4
3l = o + fcf + =2"asc1 + 3"as (15)
3 3 3
which gives
4 L1
as = c c
5T 3230 2 323!
(16)
and
4 4 4 4
4 tlg, = §C3 + 56182 + 52"a262 + gQHCLQC% + gS"agcl +4"ay
Thus,
4 36 68
= . [ 17
I TR A TR BT A T BT (17)

From equation (15)and using |cx| < 1 we get

s 4 o 2 3-2.37¢
31732030 132930 4
4 2 3.2.3n¢2
T 3.2.3n |\"" T 32.0.3n 4

4 22 ,
T (02+ﬁcl

4 292
=39 (62—(—5)0?
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By Applying Lemma (2.1),we have that

ol < 73 | 19)| = 773

=3.2.3 | 12 9.3
<
lasl < 575
Also from equation (17) we have
a—icc—i- 08 cg—i— 4 c
T B T I TR I U
_ 68 o3 33.3.4" 4 C+33-3-4n 36
T 33.3.4n \ ! 68 3~3-4"3 68 32.3.4n
—768 cs—i—%c +2—7cc
T3an \P s a7 P
68 4
< m (Cl +c3 + 26102>

and lemma (2.3)we obtain

68
35.3.4n
_ 68
= 8147

lag| < |3 4 ¢34 2c164|

which complete the proof.

Theorem 3.2

Let 04 = 522" 09 = 17.2°" g f(2) € S,,C, then for any real number A

16-3™ 16-37

LI if A<a
if o1<A<o0,

n
3 4 2

las — )\a%| <

6-3n
e i As e
Proof:
If f(z) € S,,C,then from equation(15)and (16) we have that
4 22 16
Y 2 _ 2 by
B R e U TR A BT

4 28-2n 1\
6¢w@b(3knA6>CJ
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By applying lemma (2.1),equation (20) yields

4 11 23—2n
lag — 3| < ( - )\)

6-3" \ 6 3i-n
For 5 o
20— <4n 11
— A= — < -1
31-n 6
i.e )
5.2°m
A<
16 - 3»

and takingo; = 2 2

1637
we obtain that

1/11 16
2
|“3—Aa2|§9<3n—22ﬂ>

when A\ <oy
Also, using Lemma 2.1, inequality (20) yields

4
lag — Aa3| < 6-3n
for
1< 23_2")\ 1 <1
“legmmAT g s
that is, for
522" - 17 - 220
16-3» —  — 16-3"
. o 17'2271.
Taking o9 = J55+
we obtain that
4
\ag—/\a§|gm if 01 <A<o09

Applying Lemma (2.1) again to inequality (20) we have,

4 23-2n 11
lag — \a2| < ( )\>

—6-3n \ 3t 6
for 5 9
AL 11
—A——=>1
3l-n 6
that is,
1/ 16 11
a—Nall < = [ — - =
2 a29<2”)\ 3n>
for A > o9

Combining inequality (21)(22)and (23)we obtain the result of the theorem.
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Theorem 3.3

If f(z) € S,,C then for any complex number A

1 8-3"

G 3o

lag — Aa2| < max{1;

4
~6-3n
Proof:

From inequality (15)and(16)we have that

4 23—2n )\ 11
las — Aa| = '63 [ - (3 - 6> C?]

4
6-3"

i.e

lag — \a3| =

By applying lemma 2.2 we have

8-3" 11

4
|a3—)\a2\< max {].,322,”_6‘}

-3n
272 . 4 22 5\’
35 2371 (cl + 261C2 + 63) B 9 . 32n <C2 + ]_261>

272
35 23n

L 22 4 (2 2

— 35.23n 9.32n 12
272 121

= 35930 T 34.3%n

lagas — a%\

22 ,|?
cz—l—ﬁcl

4
2
\cchl—i— clcg—i—c;),’—i—g 3

Theorem 3.4

Let f(z) belong to the class of functions in S, C, then

272 121
— 35 23n + 34 ,32n

Hy(2) = |azay — a3] <

Proof:
Given f(z) € S, C then

, 4 4 36 68 4 4 2 L]
0204 = 03 = 300 |32 gz B T 33 0mn T 3093 1| T |33 @ 33 g 3

144 2712, 4 22,17
= 33,23716163_'_ 34_23716162_'_ 35 _23ncl T 9.32n Ecl

272 3, 432 144 4 L2 ?
= ——=C1C — C —C
35 g1 [T grp@1e t gt | ~ grgan | L

272
S 35 . 23n

[62 +

4
c1 [ci’ + 2cie0 + 03] ~ 9 am [02 + QCﬂ 2

272
lasay — a3| = 3598 C

5 4 22,17
[cl + 2c1c0 + 03] ~ 9. 3m co + —cf

272

— 35 . 23n |Cl| [Cl + 20102 + C3| + o 2o

4
9.32n |C2 +2Cl‘
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272 ) 4 22 ,\?
35 .90 ¢ o1 (¢ +2c1¢2 + ¢3) = 9.32n (CQ + 1261>
2
272 22 ,
=35 o lea ] ’cl + 2c1e0 + 03| + “3on co + 36
< 272 n 4 22
= 3598 9.3 \ 12
272 121

= 35.99n " 31.3m
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