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Abstract. In this paper, we introduce the A -Daehee numbers and polynomials of higher order. And
we obtain some properties of this numbers and polynomials. In addition, we explore some new
equalities and relations involving A -Daehee numbers and polynomials.
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1. Introduction

Let ke M, x € R, the High-Daechee polynomials are defined by the following generating

function
In(1+1) = U _ _
(“(f) (1+8) = E_GD;“(J:)E. (see[l,3]) (1)

When = =01in (1), D = DL’“:'(D} are called the High-Daehee numbers.
When & =1, we can obtain Dachee polynomials.
The degenerate Dachee polynomials are given by the generating function to be

In(1+t) . . " _
—(1+t) = dp(z|A)—. (see[2 2
ErEst I NN ) @

n=>0

When = =0, dn(A) = dn(0|A) are called the degenerate Dachee numbers.

The partially degenerate Dachee polynomials are defined by

A
% 1447 Zdﬂ(rm— (seef2]) (3)

n=0

When o = 0, du(X) = da(0|A) are called the partially degenerate Dachee numbers.

The totally degenerate Dachee polynomials are defined by the following generating func-

tion

(1+f)*‘—1 . "

=0
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When = =0, d;,(A) = d;,(0|A) are called the totally degenerate Dachee numbers.
The high A-Daehee polynomials of the second kind are defined by the following gener-

ating function

Aln(l+1) k ki m =
(m) (1+1¢) Z D! . (see[l]) (5)
The high cauchy polynomials of the first kind are given by the generating function
k
_ (k) () L
(In(l T t)) 1+¢)" EC (I} (seel3.4]) (6)

when =z =0, k=1, C,, = C,(0) are called the cauchy numbers.

The high cauchy polynomials of the second kind are given by the generating function

t

k == n
((1+t)£n(1+f]) (1+67 =3 CP@ . (@) (7)

n=>0

when x =0,k =1, C. = (f'n[l[}) are called the cauchy numbers of the second kind.

The Bernoulli polynomils are given by the generating function to be
oot — iBﬂ(J:)ﬂ, (5,6, 7)) ®)
1 — n! o

The high degenerate Bernoulli numbers of the second are given by the generating func-
tion

k
(“H’;ﬁ) (1487 = Zb“"(z)— (I6) (©)

The partially degenerate Bernoulli polynomils of the first kind which are given by the

generating function to he

o

{1+ M) =3 Bua)yy () (10)

The A-Changhee Genocchi polynomials are given by the generating function to he

20n(1 + 1)

Tty = ZC‘GR:;.(ng. (I8]) (11)
=00

The classcial Harmonic numbers are given by the generating function

—in(l1—-t) ZH ) (12)

1t

The Lah numbers are given by the generating function

I
(”‘) -3 Ln kJ— ([10]) (13)

n=k
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The stirling numbers of first kind and two kind are defined by

In®( 1+t)z (1)) (14)
n>k

et — k By

o oy smmt ) (15)
n>k

The degenerate stirling numbers of first kind and two kind are defined by

1 A 1))k N

QA= DF _ 5 smbl (@2) 1o
nxk

M Z»S'zmnk—n‘- ([12]) (a7
nzk

2. Properties of A-Daehee numbers and polynomials

In this section, we give the definition of A-Daehee numbers and polynomials and some
properties of them.

The A-Dachee polynomials are given by

Aln(1 + )

arip— [1+t ZDn)\(I—T:. (18)

when = =0, Dy, » = D, 1(0) are called the A-Daehee numbers.

Theorem 2.1 Supposen; = 0, k; > 0,1 € [m], m > 1. there are properties about A-Dachee
polynomials D, x(x) as follows

n ['c ) (Ez) {30 +etkm)
Z (m._nz,,.,,nm) "”( )Dn;;.(.mj--- nm [ m) = A (14 +am). (19)

ny+nz+-Am=n
Proof By (18), we get

n

— t
ZD:(:Jl.Jr +km)[$1+"'+1‘mJ§

M1+t (k1 +kat--thm)
_ ((l :(t}:__J ) (1 + t)11+9:2+"'+1'm

Z D,{Tkl 1) (z1) E D{Lm](:‘?m]?

= Ty =0
= " (k1) (k) t"
B E Z (m ni,---,n )Dﬂllﬁ( 1) Dﬂm.\( m}g
n=0mn1+na+-4nm=n ? ] s M |

Comparing the coefficients of tﬂ—nl in both sides, we get the identities (19).
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Corollary 2.1 For 4 = -++ = x,,, = 0 in (19), we obtain the following identities
" k1) nlk [ (hey4ho- -t )
2 ( v )Di:ma:; Dffr) = Dk, o)
ny+ngtcFnm=n 1 57 s« T

Theorem 2.2 For n > 0. A > 1, we have
E Dm) (IJ Eyj'n—'m - D'n.)l E-E + yj (21J

Proof By the method of generating function, we got

n

> 3 Do) ZDm(r _Z(yjn%

n=0m=0

Aln(1 +1¢)

=(1H)A_1(1+t) (1+1¢)Y ZDnAI+y

Comparing the coefficients of tﬂ—nl in both sides. we can easily get the identities.

Theorem 2.3 For n>=0. A= 1, we have

0, n =10,

Do) — Dy = 22
A () - {A(—l}“-l(n—ut, n>l. (22)
Proof On the one hand, we get
Aln(1 +t) _ZDM—(( +8)* —1)
n=>0
_ An(141) A Aln(l1+1)
_(1+t)"— (lﬂ) [1+tj>\—1
—Z‘,(Dn A(N) — m)
On the other hand
- n—1 t"
)‘En(l+f}=)‘§(—1) (n—l]!m.
Which completes the proof.
Theorem 2.4 For n > 0. A > 1, we have
1
/ Dya(x)dr = by . (23)
0

Proot By the method of generating funetion. we got

oo 1 tn /1 o0 t
Dy s(x)de— = Dypoalr)—
g[ﬂ @hdeTy = 132 Dnae)

T An(1 44 s gy~ A4 (14870
_/n Wflﬂ”) = AT 1l D)

Tt -1 +t}"—1 Zb"
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Comparing the coefficients of ;—T in both sides. we can easily get the identities.

Theorem 2.5 For n = k. A =1, we have

1

n—k
H(Dﬂ‘;.(x)}‘-’f? =3 Dualz)s(n—m, k). (24)
m=0

Proof By the method of generating function. we get

oo [kf oo .
g ) S=% Z=: H'I)(]

_ Aln(1+
T+

_ Z Don(z) Y s(n, k}%

nzk

_ZZD,,,;.(I n—mk—r:.

nzk m=0

(14 1)

(l—i—t) e

Comparing the coefficients of ;—T in both sides. we can easily get the identities.

3. Identities about A-Daehee numbers and polynomials

In this part, we derive some new equalities involving A-Daehee numbers and polynomials

Theorem 3.1 For n > 1. we have
Z( )CGm)\bn m).+ECGﬂ 1A—IIDR 1A (25]
m
m=0
Proof On the one hand, we have

tﬂ+l

Aln( l+t
f— D,
1+f’})\ Z A

_Z”D“ 1:.—

On the other hand, we hane

Aln(1+¢) 1 2n(1+¢) M((1+8H)*+1)
(1+t)"—1_§(1+:]"+1 T+ -1

ch;,,;l At m)

—Zc*c;,,;l 1(At+225ﬂ;.—

A
2 4

] ME I
"1
(]
i
L
=
+
LN
(]
o
\___?i.,
9]
]
3
e
=
I
El
e
*|
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So, we gain
oo A tn oo n t"’
S (nDa1n — 0 1) 5= Y ( )CG,,, Abn-ma .
n=1 . n=0m=0

Which completes the proof.

Theorem 3.2 For n = 0, we have

Zn: A" B (x)s(n,m) = D) (Ax). (26)
m=0
Z DY), (Az)S(n,m) = A"B¥F) (). (27)

Prooft By the method of generating function, we get

m g S )
ﬂzumz AT B (T)s(n, m)m mz B () ; n, m)—
- ATIn™ (1 4+ 1) Aln(1+1)
_ (k) _ Azin(l+1)
= ZoBm (z) ml - ( Nty _ 1) ©

_{ ANn(141) =
_(—(1+fjl—1) (1+t)* Z:Dm

Which completes the proof of (26), the same reasoning can be proved (27). In addition, we
can consider equation (27) as the inversion formula for (26).

Theorem 3.3 For n = 0, we get

Z DE:](ZE}A""SLA(R._ m) = D,{f;[)‘z) .
m=I]
Z -DJ[-:,),\ [’\I)Sg,\ Eﬂ.. Tﬂ) — D-S-tk‘ll(.i:};\n (zgj
m=0

Prooft By the method of generating function, we get

o

S 3 DI (@)A1 (nm)
T
n=0m=0

T

= Z DF (A Z s1.a(n, m}t—,l
n!

nZm

_ZD(L]( },\m ((1+t} "

=In(1+((l+t) “D) iy (10 - 1)

(1+8)*—1
Aln(1 + t) - "
e +i)' = ;p,‘f; () —.

Which completes the proof of (28), the same reasoning can be proved (29). In addition, we

can consider equation (29) as the inversion formula for (28).
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Theorem 3.4 For n > 0, we get

n—k
> (:1) D\ sia(n —m, k) = s(n, k). 0
m—0

Proof By the method of generating function. we have

ZZ( ) mls“\(n—m k)t—r:

nz> k m=0

Z (A]t,lZsl;.(nk—':

n=0 nok
_( In(1+1) )"(1((1+f — 1))k
AL+ -1 k!

InF(1+1t) t"
=— = Z s(n, k)ﬁ

n>k
Comparing the coefficients of ;—T in both sides of equation, we can complete the proof.

Theorem 3.5 For n > 0, we get

n—1
> bma(=1)"" Hn—m — 1) =nD,_q,. (31)
m=0
Proof By the method of generating function. we have
oo n—1 n
Zzbmﬁt }1'1_]'“_1[?1—37'1—1}!’:—r
Ti:
=1 m=0
oo 4 o0 . 1
Z - Zl - } =)
- At _ AMn(l1+4)
~arp 1) =g oyt
oo tﬂ+1 i "
=Z{)Dn)7 = ZI;IIDT! 1)\—||

Comparing the coefficients of ;—’T in both sides of equation, we can complete the proof.

Theorem 3.6 For n >0, d € N", we have
=

72 Dasila +z) = Dna(z). (32)
a=0

Prooft By the method of generating function, we have
oo d—1 d—1 oo

dZZDnM(aHI)—“ éggﬂﬂd (e + 2)-

n=0a=

]’1
n!

d—1 d—1
15 Mdin(l+1t) ortx  Aln(141) ariz
Il TFe -1 T = gy 220+
=0
Mn(l +t) —(1+)M

“aroe—To T —+f}"

Aln(1 + t)
W(l +t ZDT[ f\[x
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Comparing the coefficients of % in both sides of equation, we complete the proof.
Theorem 3.7 For n = 0, we have
= V(A= Dmsr
" D = D, (x). 33
Z (m) (m+1) Alz) () (33)

m=0

Proot By the method of generating function, we have

(146 —1 Aln(141) .
=  rpr-iatY

_In(1+14) = "
= [l-l-t}—nZ::DDn(J:}H!.

Comparing the coefficients of :1—’1, in both sides of equation, we complete the proof.
Theorem 3.8 Forn > 1, we have
- n (""' — 1]m+1 _f_1ymn _ 1
Z (Eﬂ) WDn—m.l(:‘f) = 1) (Hn+l Hn}nu (34]

m=[
Prooft By the method of generating funetion we have

" —n(l+t) 1+t

Dp— =
n! 1+ —t

WL

-
I
=]

1

(~1)" Hat(1+ )

M

=
II
—-

(_1)n+lHﬂtn + Z(_l)ﬂ-'_gﬂn.{.lfﬂ

n=0

M

=
II
—-

((_l)n+1Hn + (_1}ﬂ+2Hn+1]t‘n +H]_.

M

=
II
—-

So, we obtain
Do = Hiy
Dp=(—1)"(Hpy1 —Hp)nl. (n>1)
Meanwhile, from (33), we know

m=0

n\(A—=1)ma _
(m)w‘”ﬂ-w = Dn

So, we can complete the proof.
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Theorem 3.9 For n = 0, we have

n—k
> (:z) (—1)"K! D s (k) L — m, k) = (=1)" " () D (35)
m=0

Proot By the method of generating function, we get

n—k n
D (:I) (—1)" k! Dy (k)L (m — m:k)%
nZxk m=0 .
=5 Z ( )( 1) Dy (k) (—1)" "™ L{n — m, kw—
n=k m=
Z )“DM(LJ E( 1)"L(n, k)k'

n=0 n}k

Mn(l—t)
-1 (1—t)* ( ) Z( )" Dra—

=S (1) D s = 3 (1) (n)e D “_“.

nk ( n=k

tn+k

Comparing the coefficients of = ‘ in both sides of equation, we can complete the proof.

Theorem 3.10 For n = 0, we have

3 (:1) Do (@)d%_ (A = dn(z|N). (36)

m=0

Proof By the method of generating function, we get

22( ) Do (@) (M)
n=0m
=EDDn.Atx)% LA

_Mﬂ(1+t]1 L+t -1
_(1+t)"—1( )En(l+)|t}
o t“‘
=Zdn(.a:|)\]§.

Comparing the coefficients of = t in both sides of equation, we can complete the proof.

Theorem 3.11 For n = 0. we get

Z( ) (A)Dn—m () = Dn(z). (37)

m=0

) (i,zk)‘f‘wa-"(I)* = Dy(z). (38)

itj+k=
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Proof By the method of generating function. we get

Z( ) () D ()
r:sznh(IJ

t} 1 Aln(1+4)
M arr T
ZZDD“E ‘::

Comparing the coefficients of % in both sides of equation, we can complete the proof of (37),

the same reasoning can be proved (38).

Theorem 3.12 For n = 0, we get

Zn: (;‘1) b D () = Do (z). (39)
m=I0
3 (t. ;‘k)ba-)nj (@) = D (). (40)
itjthk=n \ '

Proof By the method of generating function. we have

(]2
a
5;-.,
-
[=n)
3
P
&
3
o
|

n=>0m=
oo oo
t" t"
=E bn}l_r n(x:]_r
.
n=>0 n=

B At In(1+1t)
T+ —-1 ¢

oo tn
= Dpalz)—.
; !

Comparing the coefficients of in both sides of equation, we can complete the proof of (39),

the same reasoning can be prcwed (40).

Theorem 3.13 For n > 0, we get

> (fk) Di(@)ds ()G = (@) (a1)

itithk=n
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Proof By the method of generating function, we have

n

2, 2 (?J&Mﬂ@M&%

n=0i4j+k=n

=§D£:A(I]t—rgﬂ St . chku

~ Mn(l+1)
1+ -1

=(1+t)* Z(z}n

=

L1+ —1 t

(1+2) N In(I+D)

Comparing the coefficients of L7 " in both sides of equation, we can complete the proof.

Theorem 3.14 For n > 0, we get

3 (tj k) Di A (n)d;(N)Cr = nl. (42)

itithk=n

Proot When (41) r =n, we can complete the proof.

Theorem 3.15 For n = 0, we have

2 C;JDMM%WQﬂ=$HW- (43)

i+j+k=n
Proof By the method of generating function. we have
- i) = Lt"
Sy (i,jfk)ﬂ«:»mdfmmg

n=0itj+k=n

o0

_ZDM(I tiZd;(A) Zc A*f
_ Aln(1+14) T(1+t)" - At
x0T T In(l A

oo

In(1+1) . £
=77 n = (z]\) =
:n(1+)¢ﬁ( 7= dn(e) nl’

n=>0

Comparing the coefficients of fl—", in both sides of equation, we complete the proof.

Theorem 3.16 For n > 0, we have

> (1: k) DinC5(NL(k, A) = (—1)* (:) brx- (44)

itjthk=n
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Proof By the method of generating function, we have

i S (,’?k)Dé,AC L(kAL,

1
n=>\it+jt+k=n b

=2 Dz G 3 Lk
i=(0 =0 k=X

C Aln(l+1) tH1+4t)* (1M
TF ) —1In(l+0) 1+ N

B At (—1)** _ib " (1M
IR e D VR~ A DY

_Z 1:] bﬂ;‘ Z( 1) ( ) — A,J\%-

Comparing the coefficients of & =7 in both sides of equation, we complete the proof.

Theorem 3.17 For n > 0, we have

T - mn -
E (‘!, i k) b”:,)‘ B.’r‘-,)‘dk()‘) = Z (m) BmDn—m,)l . (40]

i+jt+k=n m=0

Proof By the method of generating function, we have

n=0itjtk=n
oo i oo i o0
t t t*
=3 bag 3By LN
i=0 T =0 7 k=0

M In(1+M)F In(l+1)
T+t -1 et—1 In(l+)n!)71f

ot Aln(1+1)
Tet—1(1+tr -1 ZB 'Z ""

= n t"
Z Z (i,jek)bi,hgj.hdk()‘jm

Comparing the coefficients of Q in both sides of equation, we complete the proof.
mnl

Theorem 3.18 Forn >0, & > 1, we have

i (m) DY\ (k)CE, = b (). (46)
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Proof By the method of generating function, we have

. 4
§:§:( )Dm e,

n=0m=0
(k) Ay 2
LR

_{ An(1+1) \* k t k

_((1+t)"—1) (1+2) ((l—l—fjln(l—i-t})

=(7“ )k(1+t)°“ 3 b8 e "
(1+)*>—1 i

Comparing the coefficients of ;—ﬂ, in both sides of equation, we complete the proof.

Theorem 3.19 Forn =0, k > 1, we have

b3

> ( )D”‘&(r}uk)n m = D) (). (47)

m=I

Proof By the method of generating function, we have

t"
ZZ( )D‘“ () AR

n=0m=0
B L (k) tn tn
_E‘DR:A (.I‘J ! 2(’\'&) nr

k
= (m) (L+ &) (1 + )™

Comparing the coefficients of fl—", in both sides of equation, we complete the proof.
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