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Abstract.

In this paper, closed forms of the sum formulas for the squares of generalized Tribonacci numbers are presented.
As special cases, we give summation formulas of the squares of Tribonacci, Tribonacci Lucas, Padovan, Perrin,
Narayana and some other third order linear recurrence sequences.
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1. Introduction

The generalized Tribonacei sequence {W,(Wy, W7, II’Z;T;S;t)}n-ﬁg (or shortly {H-"’n}nlg) 15 defined as

follows:
(1.1) Wo=rWy_1+sWh_s +1tW,_3, Wo=a Wy =0bWy=¢ n=3

where Wy, Wy, W5 are arbitrary complex numbers and r, 5,1 are real numbers. The generalized Tribonaca
sequence has been studied by many authors, see for example [1,2,6,7,13,16,19,20,21,22 24 25 26 27,29].
The sequence {W,, },,~0 can be extended to negative subscripts by defining

. 5 T 1. .
W_,= _E“.—(n—lj - ?II'.—(?‘»—Z} + En'.—(n—!}}

forn=1,2,3, ... when t # 0. Therefore, recurrence (1.1) holds for all integer n.
In literature, for example, the following names and notations (see Table 1) are used for the special case

of r, 5.t and 1mitial values.
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Table 1 A few special case of generalized Tribonacei sequences.

ISSN: 2395-0218

Sequences (Numbers)

Notation

OEIS [23]

Tribonacei
Tribonacei-Lucas
third order Pell
third order Pell-Lucas
third order modified Pell
Padovan (Cordonnier)
Perrin (Padovan-Lucas)
Padovan-Perrin
Pell-Padovan
Pell-Perrin
Jacobsthal-Padovan
Jacobsthal-Perrin (-Lucas)
Narayana

third order Jacobsthal

third order Jacohsthal-Lucas

(Th) = {W,(0,1,1;1,1,1)}
(K.} ={Wn(3.1,3:1,1,1)}
(PP} = (W,(0,1,2:2,1,1)}
{QP} = {W,(3,2,6:2,1,1)}
(EPY = (W,(0,1,1;2,1,1)}
(P} = {W,(1,1,1:0,1,1)}
{E.} = {W(3,0,2;0,1,1)}
(S} = {W,(0,0,1:0,1,1)}
[R,} = {W,n(1,1,1;0,2,1)}
[Cn} = {W,(3,0,2:0,2,1)}
{Qn)} = {W,(1,1,1:0,1,2)}
(D} = {W,(3,0,2;0,1,2)}
(N} = {W,(0,1,1:1,0,1)}
{79 ={w,(0,1,1:1,1,2)}
G9Y = (W(2,1,5:1,1,2)}

A000073, A057597
A001644, A073145
A077939, A0T77978
A276225, A276228
A077997, A078049
A000931
A001608, A078712
A000931, A176971
A066983, A128587
A159284
A072328
A078012
A077947
A226308

The evaluation of sums of powers of these sequences 1z a challenging 1ssue. Two pretty examples are

- 1
Z Tg = ‘__]_(_T:E+3 - 4T§+2 - 5T§+1 44T 0T s + 2T 01 Tht5 + 1)
k=1

and

n

k=1

1
Y N = 3(—,’\’j+3 —4AN? 5 — 4N} +4Nui9Npig + 2N i1 N3 + 2N, 11 Npio + 1).

In this work, we derive expressions for sums of second powers of generalized Tribonacel numbers. We present

some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence

sums of second powers

sums of third powers sums of powers

Generalized Fibonacei
Generalized Tribonacel

Generalized Tetranacc

[3.4,10,11,12]
[17]
[15,18]

[9.25]

[5,8,14]

Let

2. Main Result

A=(s+rt—t?+1)(r+s+t—1)(r—s+t+1)

THEOREM 2.1. If A # 0 then
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(a):
zn: w2 = ﬁ
k A’
k=1
(b):
n
S . A
Z Wi Wy = KZ:
k=1
(c):
Xn: WisaWy = 2
Ve+2We = 5
k=1
where
Ay = (B 4rtts— Wi, —(rPt+rit? Lrisdr? L2 L st Lt s — 1)W2,
—(rPt 4+ + 57 —rs’t - +risrdrst + 77 + 87+ Frt+s— )WL,
2 (r+1) (s +18) Wiag Wi + 2t (r + 5t) Wisa W1 — 2t (s — 1) (s + 78) Wiy Wiy
+(2rst+ 22 + 2 +rt+s —)WI+ (PPt + 22 4?5+ 2rst + 12 + 2 bt +5 — 1)WF
Lt 48 — st — S drlsLdrst L LS L2 Lt +s— 1)WY
—2(r + st) WyW5 — 2t(r® — 8% 4+ rt + 5)W3Wy + 2t (s — 1) (s + rt) Wy
and
Ny = (r+st)Wo g+ (s+rt)(t+rs) Wi, +t7(r+st) W2,
—(2rst+ 12+ 57+ 12 — D)W gWiis + (1% — 52 — 12 + )W, 3 Woay
(PPt —rt? —rs?t 4 rls = — st L st L S LRt s — D)WWy
+(r¥ —rs® —rt? —st)W3 — (t+75) (s +rt) W3 —t* (r + st) W]
—(r = — P VD)WW + (rPs—st? — % + 2rst + 172 + 57 + 17 + 5 — 1)WaWW,
+(—'rt3 +rft—rs?ttrls—stP— St LS L st Lt L5 — 1)1,
and

(=P rt s W2 o — (rs?t —rt® — M2 L rls L 82 — W2, + 82 (r —® Lt +s)WiL,
—(r+t)(rP = +t7 = 1) WaypsWeso — (MPs—st® —® + 2rst +17° + 8" + 17 + 5 — )Wy 3Waps
+t(s—1) (r? —=* + 1> = 1) Wyso Wiy + (rs’t + 1% — 1257 —r?¢® +2r%s —rt® + 19t + 5> — 5)WW3

Sl st — )Wy — (P — St + s)W

+(rs’t —rt
—(r? = —r? —rt? LMt LS s L )W W
H(r?s — st? 457t —rst? — s L rlst s Lot 4 rit - St Lt Lrs bst—r — )W,

+H(s+rt— +1)(r—s+t+1)(r+s+t—1)WsW7 —t(s—1)(r* —5° +1* — 1)W1,

Volume 16, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 2934 |




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Proof. First, we obtain Y ,_, 1'1-";3_ Using the recurrence relation

Wy = 1 W1 + sWois +tW,_3

1e.

Whas =rWhio +sW HEW,
or

tW, = Woaig —17Woio — sW, g
we obtain

W2 = Wi, +r W2, +8Wi —2rW,sWaio — 25W, i 3Wiiy + 2rsW i aWois
EWE = W2+ W2l +8W. —2rWo oWy — 25WeiaW, + 2rsW, W,

2WE = W2 ErW2 4+ 82WE — 20W Wy — 2sWs W + 2rsW, W,

W = WP+rW5 +52W57 — 2rWyWs — 25sWyls + 2rsW3 Wy,

It we add the equations by side by, we get

n n+3 n+2 n+1 n+2
(2.1) Y Wy o= Y WY WY W20y Wi Wk
E=1 k=4 k=3 k=2 k=3
n+1 n+1
~25 ) WiraWi +2rs Yy Wit We.
k=2 k=2

Note that if we replace the followings into (2.1),

n—+3 n
SOWE = WP WE W W, W+ 3 WE
k=4 k=1
n+2 n
NWRE o= WP WI A WE WY W
k=3 k=1
n+1 n
YW o= —WEEWI > W
k=2 k=1
n+2 n
Z' WieeitWs = —WoWy —WaeWo + W, oW1 + Wi gWo + Z W1 Wy,
k=3 k=1
n+1 n
Z‘ Wies1 Wi = —WolWy + WoaoW,iq + Z W1 Wi,
k=2 k=1
n+1 n
Z‘ WisaWi = —WaWi + WoagWoiq + Z Wit s Wi
k=2 k=1
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we get

(‘2.2) t? Z 1-1-"}62 = (—T21'1-"12 — T21_1_,-22 472 L’Vﬁﬂ + 7‘21"'"’:3+2 - 521'1"_12 + 5 Ir'][""Trfﬂ

Wi W W W Wi+ We s+ (1472 +5 )Z W2
+(2rW W — 20 W, Wiyn — 20 W aa Wi + 205 W5

+2rsWo i1 Wogy — 2rsWiWa + (=2 + 2r5) Y WilWis1)
k=1

n
—28(=WalW1 + WnsaWns1 + 3 Wisa W)
k=1

Next we obtain Z:=] W1 Wi Multiplying the both side of the recurrence relation
W, = Whag —rWhio — sW,

by W11 we get
W1 Wy = Wiy aWiiy — rWohiaW,q — sW)2 21

Then using last recurrence relation, we obtain

tWosaWo = WigsWait —rWoiaWoin —sW2,,
tWaWoi1 = WypaWy — Wiy Wy, — sW2
tWaWy = WsWs — rWaWs — sW2
tWoWy = Wil — rWalWs — sW3.

If we add the equations by side by, we get

n+1 n+1 n+1

tZuank_Zlik+211k—r21tk+111k—SZH 2

Now 1t follows that

L ks
tY WipWi = (=WaWi+WorsWopa + > Wira W)
E=1

(=W Wy + Wpaa Wi + Z Wi We) — s(—l-’i-’f n 1.1_;?%4_1 4 Z 1'1-",3)
k=1 k=1

Now, we obtain Z:::z Wit oW Multiplying the both side of the recurrence relation
Wy = Wats —rWeaio —sWiiy

by W10 we get

Wi oW = W Wss — Wi a W — sWop Wi
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Then using last recurrence relation, we obtain

tWopa W = WisaWnio — Wity — sWniaWoiq

tWa1 Wiy WipaWop1 —rW2 1 — sW, W,

tWelWy = WelWs — ﬂ_1__,-52 — sWyWy
tWalW, = W;W, — 'J’"H-"f — sWyWs.

[f we add the equations by side by, we get

n+2 n+2 n+1

tZukH\nk_Zuwnk—rZuk —sZquuk

Now 1t follows that

(24) H(=WsW1 + 3 WigoWi) = (=WaWs — WsWs — WaWy + WosWoin + Wopa Wiy
k=1

+Zuk+1uk)—r( WP —WE —WE W2 W,
k=1

Y TWR) — s(—WaWa — WaWy + WegoWesy + Y Wis1 Wi
k=1

bulunur. Solving the system (2.2)-(2.3)-(2.4), the results in (a), (b) and (c) follow.
3. Specific Cases

In this section, we present the closed form solutions (identities) of the sums Z:=1 w2, Z:=l Wi Wy
and Z:=1 W12 Wy tor the specific case of sequence {1'1-"n}_

Taking r = s =1t =1 1n Theorem 2.1, we obtain the following Proposition.

PropOSITION 3.1. Ifr=s=1 =1 then for n > 1 we have the following formulas:
(a): Zk T WE = ( W2 g —aW2 = W2+ AW, oW, +2W, Wy g+ 3WE +4W T 4 5WF —
(b): S Wia Wi = (W2, 5 +2W2 L, + W2 —2W,iaWig — 2Wo iy Wip — W2 —2W2 — WP +
2W, Ws + 2W W),
(€): Ypy WisaWie = (W25 + W24 — 2Wpsy Wiy + W2 — W — 2W3 Wy + 2W, W3 + W Wj3).

From the above proposition, we have the following Corollary which gives sum formulas of Tribonace:

numbers (take Wo=T, with Ts =011 =1,T; = 1).

COROLLARY 3.2. Forn = 1, Tribonacct numbers have the following properties:
(@) Sh TP = (T2 5 —4T2 , — 512 + 4T iz + 2T0i1 T + 1).
(b): 3opos Ter1Te = §(Tn4s + 20040 + Tiiq — 2Tns2Tnts — 2Tnt1Tnsa — 1),
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(€): ey T = (T2 5+ T2 — 2T 1Ty — 1)
Taking W,, = K, with Ky = 3, K1 = 1, K3 = 3 1n the above Proposition, we have the following Corollary
which presents sum formulas of Tribonacci-Lucas numbers.
COROLLARY 3.3. Forn = 1, Tribonacci-Lucas numbers have the following properties:
(a): Sr_4 Ix’g ( Ixn+3 4I{2 —5K? K + 4K K + 2K, 1 Kyvg — 8).
(b): > K1 Ky = —(Ixn+3 +2K2 L, + K2 — 2K, 0 Knis — 2K, 1K,e0 — 20).
(C): Z::] I{k.g_QI{k = Z(Rn+3 =+ Iin+1 — ZR’;»H_] Ii’n+3 — 36)_

Taking r =2, s =1,f =1 1n Theorem 2.1, we obtain the following Proposition.

PrROPOSITION 3.4. Ifr=2,5=1,t=1 then forn = 1 we have the following formulas:

(a): Yo W2 =2 (—W2 53— OW2, , —10W2 4 +6WpioWnig+2Wes 1 Wyia+5W3 +9WF +10W7 —
W, Wy — 41, W3).

(b): Dy Wit Wi = 5(W2 5 +3W2 , + W2 —3WooWoi3 + Wi 1 Wi — W1 Wipn + W2 —
3W3F — W — WyW, + 4, W3 + 617 1Ws).

(€): Spy Wiaa Wi = $(2W2, 5 4+ 2W2, | — 3WoyoWioig — AW Wiy + W3 — 2WE — 5W5 W, +
SW, W3 4+ 91 W)

From the last Proposition, we have the following Corollary which gives sum formulas of Third-order Pell

numbers (take W, = P with P =0, P¥ =1, P =1).

COROLLARY 3.5. Forn = 1, third-order Pell numbers have the following properties:

(a): Yr_ P? = L(—P2 —9P®? —10P%} + 6P, PO, +2PD) PO 1),
) _

n+32 n+1
3 3)2 3)2 3 3 3
(b): >7h4 k+)1P( (PY{?.-F)S +3Pr(z+)2 +P‘?’[l+)] 3Pr(z+]2P[ : P(+)1Pr{z+)3 _GP( )1Pr(z+]2 1).

(3) p(3) (3)2 3) p(3) (3) p(3)
(c): Zk 1 PPy = 9(2 +3 + 2P +1 — 3Pn+2Pn+3 — 4P, P 5 —2)

Taking W, = QLS with Q{a) = S?Qgg) = Z,Qgs) = 6 in the last Proposition, we have the following
Corollary which presents sum formulas of third-order Pell-Lucas numbers.
COROLLARY 3.6. Forn = 1, third-order Pell-Lucas numbers have the following properties:
(3)2 _ 1 (3)2 (3)2 (3) ~3) .
(El) Zk 1 Q = 5(_Qn+3 - 9Qn+2 - 10Qn+1 =+ 6Qn+‘2Qn+3 + 2(\_.‘:'\rr,+'| Qn+3 - 27)
(3) (3)2 (3) (3)
(b): 3 Qk+lQ = $(@75 +3Q75 + Q21 —3Q7,Q s + 07110175 - 6Q.7,@5L, — 57).

3 3)2 3
(e): Yr, 7,07 —g(an+3+2Qi11 307,08); —40%),0), — 144).

From the last Proposition, we have the tollowing Corollary which gives sum formulas of third-order

modified Pell numbers (take W,, — B with B — 0, E{¥ —1, B¥ —1).

COROLLARY 3.7. Forn = 1, third-order modified Pell numbers have the following properties:

3)2 3)2 3)2 3)2
(a): Ty B = %(_EL—OJ—S —9E); —10EZ] + 6ELL B + 2B By + 4).
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(3) _ (3)2 (3)2 (3)2 (3) (3) (3) (3) (3) p(3 )
(b) Ek 1 +1E (En+3 + 3En+‘2 + En+1 3Eﬂ+2E +3 + En+1En+3 - 6‘T-:’|n+lj-r;" 1)-

3 3)2 3 3
(e): Yy E}[c-£2 E(QESles + 2E( }1 - 3E‘n+2En+3 - 4E( }lEn+3 +1).
Taking r =0, =1,t =1 in Theorem 2.1, we obtain the following Proposition.

ProrosiTiON 3.8. Ifr=0,s=1,t =1 then forn = 1 we have the following formulas:
(@) Yop  WE=—2W2  — W2 W2, +2W, oWt 3+ 2W, ey Wiy s + W2+ WE L 2WE — 21, W5
(b): Ek:] 1-1-"k+1 Wi = II L3+ Wy 2 1o+ I’i 11— WhpoWh g — Wi iWhig -2 5 — w3 5 — I’u +WylWs.
(C): E:=1 WitoWy = WitaWy g — Wl + W7 W5

From the last Proposition, we have the following Corollary which gives sum formulas of Padovan numbers

(take W, = P, with Py =1,P; =1, P, = 1).

COROLLARY 3.9. Forn = 1, Padovan numbers have the following properties:
(a): 2221 P,f = —P§+3 P —2P? w1 T 2P Py + 2P 1 Prys — 1.
(b): Yici Pes1Pe = Piis+ Piig + Pi — PasaPays — PariPoyg — 2.
(C)i Z:=1 B oP, =F,.0F, 3 —2.

Taking W,, = E,, with Ey = 3, E7 = 0, E5 = 2 1n the last Proposition, we have the following Corollary

which presents sum formulas of Perrin numbers.

COROLLARY 3.10. Forn = 1, Perrin numbers have the following properties:
(a): S  El=-E2 ;—E2 ,—2E2 1 +2E,:9E, 3+2E,11Epig+ 1.
(b): > % 1 Ers1Ex = E2+3 + En+2 + Eﬂ+1 —E . 2FE 3 —E (1 E i3 —T.
(0)1 Z:=1 Ey 2Ey =E, 2E,.3—6.

From the last Proposition, we have the following Corollary which gives sum formulas of Padovan-Perrin

numbers (take W,, = S, with S5 =0,5; =0,5, =1).

COROLLARY 3.11. Forn > 1, Padovan-Perrin numbers have the following properties:
(@) Y p  SE=—82,,—52.,—252 1 +25,195013+ 25115023+ 1.
(b): Sp_q Skc1Se =52 5+ .5‘3&2 + 82 | — Snt2Snta — Snt1Sn+a — 1.
(€): Ypeq Sk+25k = Sn+25n+3-

Taking r =0,5s=1,t = 2 in Theorem 2.1, we obtain the following Proposition.

PrOPOSITION 3.12. [fr=0,5s =1t =2 then for n > 1 we have the following formulas:
(@) p W2 =2 (W2 g+ W2+ 2W2  — WyioWiig —2We Wiy — W2 — W2 — 203 + W, W3).
(b): Y Wi Wy = —( W2 =W, — AW+ 2Wo oW g+ AW, Wi g + W2+ W2 HAWE —
2V W)

(€): Yom_y WisaWi = 2(WiaWiig + 201 W5 — WalWy).
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From the last Proposition, we have the following Corollary which gives sum formulas of Jacobsthal-

Padovan numbers (take W, = @, with Qo =1,Q1 =1,Q> =1).

COROLLARY 3.13. Forn = 1, Jacobsthal-Padovan numbers have the following properties:

(a): Z: 1 Qi = %(QQ +3 T Q2 42+ 2Qn+] Qn+2Qnt+3 — 2Qn+1Qns3 — 3).
(b) Ek 1 Q-’C+1Qk‘ - 4( Qn+3 n+‘2 4Qn+] + 2Qﬂ+2Qn+3 + 4Q\n+1 Q‘ﬂ+3 - 4)
(€): Yohot Qu+2Qk = 3(@n+2@n+3 — 3)-

Taking W,, = D,, with Dy = 3, D1 = 0, D3 = 2 1n the last Proposzition, we have the following Corollary

which presents sum formulas of Jacobsthal-Perrin numbers.

COROLLARY 3.14. Forn = 1, Jacobsthal-Perrin numbers have the following properties:
(a): Yp_Di=231(D2.,+ D2 ,+2D%  —D,9Dp5 2D, 1D,.5 —28).
(b): >4y Drs1Dy = %(—Dim D2 ,—4D2% |+ 2D, 3Dyi3+ 4Dy 1Dyiz + 16).
(C)i Z:=1 DytoDy = %(Dn+‘2Dn+3 - 12)-

Takingr=1,5§ =0.t =1 1n Theorem 2.1, we obtain the following Proposition.

ProroOSITION 3.15. Ifr=1,8=0,t =1 then forn = 1 we have the following formulas:
(a): Z:=1 I-’i-’,f = ( w2 nag — 4W2 nta — 41-1-"§+1 + AWt oWt s + 2Wo 1 Whas + 2Wh 1 Wihys + 31-1-"32 +
41‘.-"2 + 41-1-’12 — 2W, W3 — AW, W3 — 2 W3 ).
(b) Zk 1 W, E+1 Wy = 3(” n—+3 + ” n+2 + “ n+1 = "1';n+‘2 I,.’[.-’n+3 + Ir']i""n+1 "1';n+3 - 21""!'n+1 I"Vn+2 - "'1""22 -
1-1-'1 — W3Wy + W3Wa + 21 1W5).
(c): Z:=1 WiaWy = (211 2+3+211 +2+2H 1 —2Wo oW s =W g W =W 1 1'1-"n+3—21-i-’22—
211-"12 — 2Ws Wy + 2W3Wo + 3W3 Wy + W4T,

From the last Proposition, we have the following Corollary which gives sum formulas of Narayana

numbers (take W, = N,, with Ny =0, Ny =1, Ny, =1).

COROLLARY 3.16. Forn = 1, Narayana numbers have the following properties:

(a): Sop i Vi =3(—N2i3 — 4N 5 — AN + 4N, 0 Npas + 2N, 1 Nogs + 2N Nogo + 1),
(b): Sy New1 N = 2(N2, 5 + N2, + N2,; — NyiaNosg + N1 Nuss — 2Nnaq Nogo — 1).
(€): 7, NpsaNp = L(2N2, 5 + N2, + 2N2,; — 2NniaNnss — Not1 Nasa — Nps1 Npia — 2).
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