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Abstract

Given an hypergraph H®) uniform of rank h, an HM-design lor also
a design of type H(h)] of order v is a pair ¥ = (X, B), where X is a set
of cardinality v and B is a collection of hypergraphs, all isomorphic to
H®™  such that every h-subset of X is an edge of exactly one hypergraph
HWM e B. An hyperpath Pg(h) is an uniform hypergraph, having two non
disjoint edges. In this paper we determine the spectrum of hyperpath-
designs of type PQ(S)., in the case that hyperedges have 3 or 4 vertices in
common and formulate a conjecture about the cases k=1, 2.
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1 Introduction

Let KM = (X, &) be the complete hypergraph, uniform of rank £, defined in
the vertex set X = {x1,x2,...,2,}, for v > h. This means that £ = P,(X),
the collection of all the h-subsets of X.

Let H™ be a subhypergraph of K. An HW™_design [or also a design of type
HW™], having order v, is a pair X = (X, B), where X is a finite set of cardinality
v, whose elements are called vertices | and B is a collection of hypergraphs, also
called blocks, all isomorphic to H™ with the condition that every h-subset Y
of X is an edge of exactly one hypergraph H" € B. An H™-design, of order
v, is also called an HM-decomposition of K [1].

In what follows, we will indicate by Sp(H™) the spectrum of the correspondent
HW™_designs, i.e. the set of all integers v such that there exist H"™-designs of
order v.

Observe that:
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- Among all the graphs, there is exactly one path with two edges and it is known
as Py. If x,y, » are the vertices of a path Py and the edges are {z,y}, {y, 2},
we will indicate it by [z, (v), 2]

- Among all the uniform hypergraphs of rank 3, there are exactly two hyper-
paths with two edges. The number of vertices can be 4 or 5. A P®)(2,4) will be
the hyperpath having vertices a, b, ¢, d and edges {a,b, ¢}, {b,c,d}, and it will
be indicate by [a. (b, ¢),d]. A P®(1,5) will be the hyperpath having vertices
a,b,c,d, e and edges {a, b, c}, {c,d, e}, and it will be indicated by [a, b, (¢),d, €].
- Among all the hypergraphs uniform of rank 4, there are exactly three hyper-
paths with two edges. The number of vertices can be 5 or 6 or 7. A P¥)(3,5)
will be the hyperpath having vertices a,b, ¢, d, e and edges {a,b, ¢, d},
{b,c,d,e}. and it will be indicate by [a, (b.c,d).e]. A P¥®(2,6) will be the
hyperpath having vertices a, b, ¢, d, e, f and edges {a, b, c,d},{c,d e, f}, and it
will be indicate by [a.b, (¢,d),e. f]. A P®(1,7) will be the hyperpath having
vertices a,b, ¢, d, e, f, g and edges {a, b, c,d},{d, e, [, g}, and it will be indicate
by [a,b,c, (d), e, f, g].

For h =2, H? is a graph G and G-designs have been studied in the recent
past by many authors.

For h = 3, H®-designs have been studied in [2], where the spectrum has
been determined in some cases of hypergraphs H® with few edges. Balanced
H®)_designs have been studied in [4]. Other general results can been found in
[1].

For h = 4, H®-designs have been studied in [3], where the spectrum
has been determined for P®(3,5)-designs, P™(2,6)-designs and P¥(1,7)-
designs, where P®(u,8 — u), for u = 1,2, 3, is an hyperpath with two edges,
i.e. an uniform hypergraph of rank 4, of order 8 — u, with two edges having u
vertices in common.

It is known that:

Theorem 1.1 : Sp(P3) ={ve N:v=0o0r1mod4, v>4}.

Theorem 1.2 : Sp(P® (6 —u,u)) = {v € N :v=00rLor2mod4, v > u,
for u=4,5}.[2

Some proof of the previous theorems can be found in [2] and also in [1]. For

PW(3,5), PW(2,6), PW(1,7), in [3] it is proved that:

Theorem 1.3 : Sp(PW(3,5)) = Sp(PW(2,6)) = Sp(PW(1,7)) = {v € N :
v=0orlor2or3mod8, v=>8}. [

In this paper we study the spectrum for P®)(4, 6)-designs PO (3,7)-designs
and determine it completely. Further, we formulate a conjecture regarding
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PG)(2 8)-designs and P®)(1,9)-designs. The motivation for this research is to
study the trend of the spectrum of P (k, 2h — k)-designs. We will see that for
h =5 the situation is similar to the case h = 3, while in the cases h =2, h =4
the trend is the same.

In what follows, for a given P(EZ?Qh_k)—(lesign Y =(X,B),if A={a1,az,.....,a,} C
X and {z,y,by,ba, ....bp_p 1} € X, then [z, (A by, by, ..., by 1), y] will indi-
cate the block of ¥ having for h-edges {x, a1, a9, ,...,a,,b1, b2, ..., bj_p_1} and
{(111 ag, ..., dp, 51, E)Q., bh,p,11 y}‘

2 General results

In [3] the authors proved the following general results.

Theorem 2.1 : If¥ = (X,B) is a Pz(h)—design of order v, for any h, then:
DBl = ()/2
2) if P = PW (k20 — k), then v > 2h — k.

Theorem 2.2 - If ¥ is a Pg(h)(k, 2h — k)-design of order v, T a Pg(h_lj(k —
1,2h — k — 1)-design of the same order v, then there exists a Péh)(k., 2h — k)-
design X' of order v' = v + 1, embedding X.

3 Necessary conditions for P;S)-designs

We have that:

Theorem 3.1 : Ifk =1.2,3.4 and T = (X, B) is a P\”(k, 10 — k)-design of

order v, then v is even or v = 1or 3mod 38, , with always v > 10 — k.

Proof. For k=1,23/4, if ¥ =(X,B) is a PQ(S)-design of order v, then:

v\ /¢ v(v—1)(v—2)(v—-3)(v—4
|1B| = (5)/2 = )(5-4-;-(2-1 9.4

%)

From which, necessarily, it follows that or v is even or v = 8k+1 or v = 8L+ 3.
Further, if B € B and the two edges of B have k vertices in common for
k=1.2,3.4, then |B| = 10 — k and therefore v > 10 — £. 0
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In this section we determine all the positive integer v such that there exist
P((_i‘):)ﬁ)-designs of order v.

Theorem 4.1 - There exist P((E}E;)—designs of order v = 6.

Proof. Let X = {ux1,x2,...,28}. Consider the family B of the following hy-
pergraphs:

(21, (X — {a1, 29}), 9],
(23, (X — {x3.24}), 4],
lr5, (X — {5, 26}), z6).

It is immediate to verify that X = (X, B) is a P((f‘)ﬁ)-design of order v =6. O

Theorem 4.2 - [fv € *S'p(P(ié)) N Sp(P((S)r))) thenv+1 € Sp(P((i)ﬁ)).

Proof. Construction v — v + 1.

Let ¥ = (X,By) be a P((f_)G)-dcsign and let o = (X, Bs) be a P((i)s)-design,
both of order v. Let co ¢ X, X’ = X U{oo}. Define the following family 11 of
hypergraphs P(Eié)

1= {[2'. (00, zj1, 252, 258), 2] [2', (w50, 22, 28), 2"] € Ba}.

If B =B, UTL, then ¥ = (X", B) is a P,y -design of order v+ 1.

Indeed, consider any ¥ C X', |Y| = 5. If Y C X, there exists exactly one
block B € B;j having Y as edge and also no block of IT has Y as edge. If
oo € Y and therefore |Y N X| = 4, then there exists exactly one block of
B € By containing Y — {oo} as edge in ¥y and therefore there exists exactly
one block of IT containing Y as edge.

The statement is so proved. O

Theorem 4.3 - Ifv € Sp(P(fG) N Sp(P((Q )4) v even, then v+ 2 € SP(P((E)G)

Proof. Construction v — v + 2.

Let 0oy, 000 € X, 001 # 009, X/ = X U {00, 009}. Further, let
X = (X,B; be a P(4 )6] design of order v:
Yo = (X.By) be a P(2 1) -design of order v.
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Define the following families of hypergraphs pY (4.6)°
Il = {[z'. (001, 000, 1. xj0, 2" 0 [, (251,250, 2"] € Ba}s
Iy = {loor, (w51, 752, 8, wja),000] = {1, 052, 753, w54} € Pa(X)}.

It B= B, UII, Iy, it is possible to verify that ¥ = (X’ B) is a P -dCbl“ll of
order v + 2, which proves the statement. O

Collecting together the results proved in the previous Theorems, it follows
that:

Theorem 4.4 - There exist P(Ei)ﬁ)—designs if and only if:
1) v is even, v > 6;

or
2)v=1orv=3, mod8.

Proof. The statoment follows from Theorems 4.1, 4.3, considering that for
v > 8, v even, P37-de:31gnb of order v there exist. The statement 2) follows

from 1) and Theomm 4.2, considering that for v = 8h and v = 8h + 2, for any
h € N, P((?. 5) -designs of order v there exist. O

(5

5 An extension to P(g)n-designs

By the same technique used for P(_f -designs it is possible to determine the
spectrum of P(M)-deblgns;.

Theorem 5.1 - There exist P((;)?)—des-igﬂs of order v =28,

Proof. Let X = {1.2,...,8}. Consider the family B of the following hyper-
graphs:

14,5, (1,2,3),6,8], [3,7,(1,2.5),4,6], [3,4,(1,2,7),6,8], [2.6,(1,3,4),5,8],
2.8, (1,3,5),4,6], [2,7,(1,4,5),6,8], [2,8,(1,4,7),3,5], [3.7.(1,2,6),4,8],
2,3,(1,7,8),4,6], [1,8,(2.3.4),5,6], [2,3,(6,7,8),4,5], [1,2, (5,6,8),3,7],
[1.6,(2.3,5),7,8], [3,8,(2,4,6),5.7], [1,6,(2,4,7),5,8], [3.7.(2.5.6),4,8],
[1.3,(6,7,8),2,5], [1,5,(2,7.8),3.4], [1,8,(3,4,6),5,7], [1.7.(3,4,6),5,8],
[1.8,(3,4,7),2,6], [1,5,(3,6,8).4,7], [1,6, (4,5,7),3,8], [1.7.(4,5.8),2,3],
[1.5,(6,7,8),2,4], [1,6,(3,5.7).2.4], [2,6,(1,5,7).3,8], [1.4.(2.5.8),3,6].

It is immediate to verify that ¥ = (X, B) is a P((i é)-design of order v

-~
I
::)Q
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Theorem 5.2 - [fv € bp(P((?h)T)) N bp(P((Q%D)? thenv+1¢€ Sp(P((?»)T))'

Proof. Construction v — v + 1.

Let 31 = (X, B;) be a P(g)n—design and let ¥y = (X, B;) be a P((;)G)—design,
both of order v. Let oo ¢ X, X' = X U{oo}. Define the following family II of
hypergraphs P((; )7) :

I = {[71,4, w94, (00, w1, 7j2), w34, a4 © [X14, T2, (141, 752), 3, T4,] € Ba}.

It B = By UIIL it is possible to verify that ¥ = (X’ B) is a P(;%—design of
O

: (3,
order v 4+ 1, which proves the statement.

Theorem 5.3 - Ifv € S-p(P(S) N Sp(P(3)5) N Sp(P(I) v even, then v+ 2 €

p @7 5)°
b-p(P(g_?).

Proof. Construction v — v 4+ 2. Let 001,000 € X, 001 # o009, X' =
X U {001,009 }. Further, let
¥ = (X,B; be a P((B )7,) design of order v;

Yo = (X,B;) be a P(3)5 -design of order v;

Y3 = (X,Bs) be a P(lj)-dosign of order v.

Define the following families of hypergraphs P((; )7):

Iy = {[[z1,, 224, (001,002, 251), i3, Tia] © [T14, T24, (1), T34, Ta;] € B}
Iy = {[oo1, @i, (1, 252, j3), 32,002 : [ri1, (zj1, 752, 053), xi2] € Ba}.

It B =By UIly, Iy, it is possible to verify that ¥ = (X’ B) is a P((3 %—dosign of

order v 4+ 2, which proves the statement. O

Collecting together the previous Theorems, it follows that:

Theorem 5.4 - There exist P((; %—desz’gns if and only if:
1) v s even, v = §;

or
2)v=1 orv=3, mod8.

Proof. The statement 1) follows from Theorems 5.1, 5.3, considering that

P((3)5 -designs of orer v exist for every v even, v > 6. The statement 2) follows

from Theorems 5.1, 5.2, considering that P((; ;)-(leblgllb and ‘D(1 ,)-deslgnb of
order v exist for any h € Nand v =8h,v =8h + 2. 0
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6 Conjecture for k=1 and k =2

It seems very difficult to determine the spectrum of P(f!)lo_k)-designs for k =

1,2, i.e. for }}(flg)-clesigns and P((;)S)—designs. It is opinion of the authors that
in these cases the spectrum is similar to the one already found for £ = 4 and
k= 3.

Conjecture: For k= 1,2, there exist P®)(k, 10 — k)-designs of order v if and
only if: v > 10 — k and
v=1mod8 or v=3 mod8.
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