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Abstract 

This study proposes a model that describes the dynamics of HIV/AIDS Co infection with Malaria using systems of 

nonlinear ordinary differential equations. The basic reproduction number (R0) is the average number of secondary 

infections an infectious individual would cause during the infectious period in an entirely susceptible population. 

This study has shown that treatment (ARV) and counseling for HIV/AIDS infected individuals have insignificant 

effect on the spread of malaria, however HIV/AIDS counseling strategy is very effective in controlling the spread of 

malaria, HIV/AIDS and HIV/AIDS - Malaria co infections. The study further showed that the co infections of 

HIV/AIDS and malaria reduces the number of HIV/AIDS cases in the population but increases the malaria cases 

which could be due to the fact that malaria increases the rate of progression from HIV to AIDS leading to more 

HIV/AIDS deaths reducing the number of the HIV/AIDS cases while HIV/AIDS compromises the immune system 

thus the HIV/AIDS individuals become easily susceptible to malaria infection increasing the prevalence of malaria 

in the community. 
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1.0  Introduction 
Infectious diseases, alongside cardiovascular diseases and cancer, have been the main threat to human health. Acute 

and chronic respiratory diseases, especially pulmonary tuberculosis, malaria and HIV/AIDS are responsible for a 

large portion of mortality especially in developing countries (Kramer et al., 2010). Globally HIV/AIDS remains one 

of the leading causes of death in the world with its effects most devastating in Sub-Saharan Africa. One of the key 

factors that fuels the high incidence of HIV/AIDS in Sub Saharan Africa is its dual infection with malaria and 

tuberculosis (Kramer et al., 2010). 

HIV/AIDS increases the risk of malaria infection and accelerate the development of clinical symptoms of malaria 

with the greatest impact on the immune suppressed persons while Malaria infection increases the progression rate 

from HIV to AIDS (WHO, 2008). From the time the co infection of HIV/AIDS and malaria was recorded, malaria 

has seen a 28 percent increase in its prevalence and malaria related death rates have also nearly doubled for those 

with the co infection (Centre for Disease Control (CDC), 2007).   
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The normal CD
+ 

 cell counts in a healthy HIV negative adult vary from 500 cells/µl  (500 cells per mm3 of blood) to 

1500 cells/µl (Kramer et al., 2010). Audu et al. (2005) investigated the possible impact of co infections of 

tuberculosis and malaria on the CD
+
 cell counts of HIV/AIDS patients and established the following: The healthy 

control group recorded a median CD
+
 cell counts of 789 cells/µl; subjects infected with HIV/AIDS only recorded a 

median CD
+
 cell counts of 386 cells/µl; subjects co infected with HIV/AIDS and TB recorded a median CD

+
 cell 

counts of 268 cells/µl; subjects co infected with HIV/AIDS and malaria recorded a median CD
+
 cell counts of 211 

cells/µl and those co infected with HIV/AIDS, malaria and TB recorded the lowest median CD
+
 cell counts of 182 

cells/µl. 

The basic reproduction number (R0) is defined as the average number of secondary infections an infectious 

individual would cause during the infectious period in an entirely susceptible population. The basic reproduction 

number (RH) for the HIV/AIDS model is defied as the number of secondary HIV/AIDS infections due to a single 

HIV/AIDS infective individual. When RH < 1, then an infectious individual is causing, on average, less than one 

new infection and thus the disease does not invade the population. On the other hand, when RH > 1 then an 

infectious individual is causing, on average, more than one new infection and thus the disease invades and persist in 

the population. The basic reproduction number RH is obtained using the next generation operator approach 

(Diekmann et al, 1990). 

2.0 The Model Equations 

In this study, a deterministic model exploring the joint dynamics of HIV/AIDS and TB co infections at the 

population level within a single model is developed. The model is described by a system of ordinary differential 

equations. The total human population NH(t) is the sum of the following epidemiological classes: SH(t) - Susceptible 

population at time t, IM(t) - Malaria infected individuals at time t, IH (t) - HIV infected individuals at time t, IA (t) - 

AIDS individuals at time t,  IHM(t) - Individuals co infected with malaria and HIV at time t,  IAM(t) - Individuals co 

infected with malaria and HIV and have progressed to AIDS at a given time t. 

NH(t) is therefore given by NH(t) = SH(t)+IM (t)+IH(t)+IA(t)+IHM(t)+IAM(t) and the total vector population NV(t) is 

given by NV(t) = SV(t) + IV(t). 

The model equations are given by the system of equations below. 
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For this model it can be shown that the solutions are uniformly bounded in a proper subset 

 which is positively-invariant and attracting thus, the model is mathematically well posed and its dynamics can be 

considered in 
H

 . Scaling the sub-populations using the following set of new variables, 
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The feasible region 
1H

  (where the model makes biological sense) is given by 

8

H 1 H M H A H M A M V V + H M H A M H A M
 =  { s , i ,  i ,  i ,  i ,  i ,  s ,  i  R  : 0   s +  i +  i +  i +  i +  i     1 ; 0   

V V
0 s  +  i 1  .  It can be shown that the above region is positively invariant with respect to the system, where 

8

+
R ,  denotes the non-negative cone of 

8
R including its lower dimensional faces. The boundary and the interior of 

1H
  is denoted  by 

1H
  and  1H   respectively. 
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3.0 Disease-Free Equilibrium Point of the Model 

In the absence of infection by either or both diseases, the model , has a steady state solution called  the DFE given 

by   
0

H M H A H M A M V V
 =  s , i , i , i , i , i , s , i 1 ,0 ,0 ,0 ,0 ,0 ,1 ,0

hm
  . To study the stability of the DFE, the basic 

reproduction number (
H T

R ) which governs the qualitative dynamics of the model is first obtained.  Define 
i  as the 

rate of appearance of new infections in the class or compartment i and 
i i i

v v v
 

  , where 
i

v


is the rate of transfer 

of individuals out of compartment i, and  
i

v


 is the rate of transfer of individuals into compartment i by all other 

means. Therefore the Jacobian of  
i   and  

i
v  at the DFE denoted by F and V   respectively is given by: 

 

and  
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The basic reproduction number 
0 H M

R R  is by definition is the spectral radius of the matrix 
1

F V


 and is given 

by:  m ax ,
H M M H

R R R , where 

 

Lemma 1.  The DFE of the HIV/AIDS-Malaria model is locally asymptotically stable (LAS) if RHM < 1, and 

unstable otherwise 

Proof.  Lemma 1 follows from Theorem 2 by Van  and  Watmough (2002). 
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Table 1. 

Parameter Values for the HIV/AIDS - Malaria Co Infection Model 

 

 

4.0 The Role of Treatment and Counseling 

The reproduction number (
M

R ) represents the total number of secondary malaria infections in humans caused by 

one infected mosquito. Numerical simulation of the reproduction number (
M

R ) against malaria treatment (
m

r ) is 

depicted in figure 1 using the set of parameters in table 1. Figure 1 shows that malaria treatment a lone, without 

strategies to reduce the mosquito biting rate (
1

 ) may not eliminate malaria from the community therefore 

strategies for the reduction of malaria infections in humans should not only target malaria treatment but also the 

reduction of mosquito biting rate 
1

  by encouraging the use of insecticide treated nets, vector elimination or 

reduction (spraying) and draining stagnant water (breeding grounds) 
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Figure 1: Malaria Reproduction Number ( R H) against Treatment. 

Assuming that RH > RM, implying that RH = RHM, then the graph of RH against ARV treatment with and without 

counseling is shown in figure 2 

 

 

Figure 2: Simulation of RH against HIV/AIDS Treatment with δ = 0 and 0.9. 

Figure 2 shows that an effective HIV/AIDS counseling strategy where δ = 0.9 reduces the value of the reproduction 

number (RHM = RH) to a level below unity indicating that counseling is very effective in controlling the spread of the 

HIV/AIDS - malaria co infection. 

 



Journal of Progressive Research in Mathematics(JPRM) 

ISSN: 2395-0218   

 
 Volume 15, Issue 1  available at www.scitecresearch.com/journals/index.php/jprm                                                        2460| 

 

Figure 3 shows that the effects of scaling up malaria treatment is not significant in reducing the value of RHM. 

 

Figure 3: Simulation of  RHM  against Malaria Treatment 

HIV/AIDS incidence in the absence and presence of malaria is analysed in figure 4. The figure depicts the graph of 

HIV/AIDS infected individuals (IH + IA) against time in days. The graph shows that co infections of HIV/AIDS and 

malaria reduces the number of HIV/AIDS cases in the population. This could be due to the fact that malaria 

increases the rate of progression from HIV to AIDS leading to more HIV/AIDS deaths reducing the number of the 

HIV/AIDS cases. 

 

Figure 4: Simulation of HIV/AIDS - Malaria Co Infection against Time in Days. 
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Figure 5 shows the graph of the malaria infected individuals (IM) against time in days in the presence and absence of 

HIV/AIDS. The simulation indicates that co infections of malaria and HIV/AIDS increases the malaria cases in the 

population. The increase in the malaria cases in the population could be due to the compromised immune system of 

HIV/AIDS victims as a result of the co infection. 

 

Figure 5: Simulation of  Malaria with and without HIV/AIDS. 

5. Conclusion 

This study has shown that treatment (ARV) and counseling for HIV/AIDS infected individuals have insignificant 

effect on the spread of malaria, however HIV/AIDS counseling strategy is very effective in controlling the spread of 

malaria, HIV/AIDS and HIV/AIDS - Malaria co infections. The study further showed that the co infections of 

HIV/AIDS and malaria reduces the number of HIV/AIDS cases in the population but increases the malaria cases 

which could be due to the fact that malaria increases the rate of progression from HIV to AIDS leading to more 

HIV/AIDS deaths reducing the number of the HIV/AIDS cases while HIV/AIDS compromises the immune system 

thus the HIV/AIDS individuals become easily susceptible to malaria infection increasing the prevalence of malaria 

in the community. 

6. Recommendations 

Biologically, lemma 1 implies that HIV/AIDS can be eliminated from the community (when RHM < 1) if the initial 

sizes of the sub-populations of the model are in the basin of attraction of 
0

 
h m

 . To ensure that elimination of the 

virus is independent of the initial sizes of the sub-populations, it is necessary to show that the DFE is globally 

asymptotically stable. 
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