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Abstract

Triangular distributions are well known but not so widely studied in the specialized literature. Despite of having few
applications, triangular distributions are useful in finances, econometrics, risk analysis and hydraulics. However, triangular
distributions are usually conceived using two or more parameters, what gives them flexibility but turns them less
parsimonious, mainly for small samples. For that reason, this paper brings a new alternative of parsimonious triangular
distribution.
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1.Introduction

Triangular distributions are well known but not so widely studied in the specialized literature ([7], [8], [9], [3]). Although it
has few applications, triangular distributions are useful in finances, econometrics, risk analysis ([1], [6]) and hydraulics

([20], 2D

In econometrics, [6] states that when a time series is not available for variables that make up the cash ow, one can use
the minimum, the average and the maximum values for associating those variables to a triangular distribution.

On the other hand, [8] say that many forms of risk analysis incorporate appropriate probability distributions to represent
the uncertainty surrounding key parameters in the analysis. As many uncertain quantities have identifiable minimum and
maximum values, a distribution with finite limits is intuitively plausible to non-statistically minded decision makers. The
beta distribution is often seen as a suitable model in this context as long as it provides a wide variety of distributional
shapes over a finite interval. It is therefore one of the most versatile of all the standard distributions used in risk analysis.
Other commonly used distribution with similar properties is the triangular distribution, which in the case of right-triangular
distributions, is a special case of the beta distribution.

In hydraulics, [10] states that variables like discharge coefficient and width reduction of pipes caused by debris
follow triangular distributions, and that their minimum, modal and maximum observed values are needed to estimate the
suitable parameters. On the other hand, [2] simulated evapotranspiration data from Gaussian and triangular distributions for
coffee growing.

However, triangular distributions are usually modeled using two or more parameters, what gives then flexibility
but turns them less parsimonious, requiring large samples. For that reason, this paper aims to propose an alternative one
parameter triangular distribution.

In section 2 we present both the triangular model proposed in this paper and the standard triangular one. We
present also several moments and other properties of the new model.

An application to real data is presented in section 3, highlighting the important of a model, mainly for being
parsimonious.
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2 The proposed triangular model

In this paper we propose a parsimonious triangular model following the probability density function:
FX) = (1= B4 X 15(X) + (L4 B = X) (43 (X) )

where —oco <¢ [ < oc is the location parameter.
The proposed model can be written in the standard triangular form, and is a particular case of the general
triangular distribution,

2(X —a) 2(e—X)
(e—a)(b—a) (e—a)(c—b)

setting a = f— 1, b= § and ¢ = 3+ 1. Figure 1 shows the probability density function for four possible
values of the location parameter, 3 € {—1,0,1,2}.
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Figure 1: Proposed triangular probability density function.

[11] presented a particular case (5 = 1) of triangular distribution proposed in this work. Note that when
[ =1, the triangular distribution is given by the sum of two independent uniform random variables in the
interval [0,1].

Theorem 1 The cumulative distribution function of (1) is given by

_7.2 ,32 ) 1 . 2,2 82 1 .
Flr) = 5 T #(1—p5) + 5 B+ 3 Iig_1,(X) + Y +o(l+8)—— -6+ 3 Tigp411(X).

Proof. If = < 3, the cumulative function becomes

F(X) = f;lu — B+z)dx

a2 3 32 3 1
= x(l — o ——F . 3
S a(l=f)+ =B+ 3)
If # > /3, the cumulative function becomes
B T
:f (1—p3+a)dr+ f (144 —a)dr
A-1 8
22 /32 1
=——+r(1+8)—-—=——-+= 4
5 Tr+p8) -5 —f+3 (4)
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From (3) and (4) gives
x? g2 1 . 22 R | .
F(r) = 5 +x(l-p)+ 5 B+ 5 Tig-1:5(X) + Y +a(l+5) - 5 B+ 5 Tig:5+11(X).
0
Since the segmented density function is linear it is straightforward to derive its cumulative density function
(cdf). Figure 2 shows the cumulative density function for four possible values of 5 € {—1,0,1,2}.
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Figure 2: Proposed triangular probability density function.

2.1 DMoments and other properties

Its population moments (mean, variance, skewness and kurtosis) were derived as well as its coefficients of
skewness and kurtosis, moment generating function, cumulative density function, mean deviation the ration
between the mean deviation and the standard deviation.

Theorem 2 The expectation of (1) is given by
E[X]=3. (5)

Proof.
E[X] :/Drf(a‘)d;r

B A+1
= / x(1— G4 a)de + -[ x(1+ 5 —x)de
A—1 B

e

Theorem 3 The variance of (1) is given by

Var[X] = é
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Proof.
Var[X] = -/:D(“c — E[X])?f(x)dx

&} B+l
:f (x = B)?(1— B+ a)dr + f (x— B)*(1+ B — a)dx
f-1 8

&)
:f (22 =362 + 2% — 202 + 3% + 32 — *)dx
A-1

B+1
+ f (22 + 3622 — 2% — 282 — 3522 4+ 32 + P)dx
B

Theorem 4 The third population central moment of (1) is given by
s = 0.
Proof.

p3 = fD(;L’ — E[X])3 f(x)dx

B G+1
:] (x=p)31-5 +J:)d:s—|—] (x =B+ 3 —z)dr
£-1 5
B
:f [+ + (1 — 48)2? + (6% — 33)2? + (33* — 48" — 3* + 3] dx
p-1

B+1
+f [zt + (1 +48)2® — (6587 +38)2 + (382 +48%)x — 3 — 3] du
B

=0.

Theorem 5 The fourth population central moment of (1) is given by

1

Ha :E

Proof.
pi = [ (o= BXD (oo
B A+1
:f (z— )1 =B +a)de —l—/ (x =B + 8 — x)da
B-1 8

B
= f [7° 4+ (1 = 53)a* + (=48 +104%)2” + (6% — 105%)2? + (551 — 45%)x + 5] do
B—-1

B+1
+ f [—2® + (1 +58)a — (48 + 108%)2® + (687 + 108%)a® — (48° + 58"« + 5] dx
B

1
157
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Theorem 6 The coefficient of asymmetry of (1) is given by
V=0,
Proof.
13
f1= =0
(#52)%
O

As the value /1 equal zero, such distribution is obviously symmetric

Theorem 7 The kurtosis coefficient of (1) is given by
By =24

As fIs < 3, such distribution is placticurtic
Proof.
. J14
)
O
Theorem 8 The moments generating function of (1) is given by
eF(—24 et 4 et)
M,(t) = 2 .
Proof.
M,.(t) :/ et f(x)da
B+1
:/ + x)dxr + / (1 4+ f—a)d
B
[ } [ (tm:|»5 [Tetm (,t.r:|3 |:Ctm:|»5+1 [ g+1 el e B+1
=|—- — |/ + - + + | 3- ] —[ ——]
t t 5-1 t 12 5-1 t 3 t 3 t 12 3
tﬁ( 2+ c’*i +e )
12
O
Theorem 9 The mean deviation of (1) is given by
1
MD=—-.
3
Proof.
MD :f | — E]|f(2)
D
B B+1
:] x—f(1— )d&‘+f [z —B|(1+ 5 — x)da
G—-1 B
8 B+1
:j —(z— )1 -+ x)dx —5—] (z =) 1+ 5 —a)dx
g-1 B
B B5+1
:f (= + 228 — 22+ B — 3%)dr + [ (x+ 228 — 22 — 3 — *)dx
f—1 8
_1
3
O
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3 Estimators of

[4] states that, for standard triangular distribution (eq. 2) “maximum likelihood estimators for a, b, ¢ do
not have closed form. But we can maximize the log-likelihood numerically. Furthermore, moment based
estimators have to be computed numerically solving the system of sample moments and theoretical ones.”

Indeed, we could not solve the equation derived from the maximum likelihood (section 3.3). On the other
hand, the moment based estimator is straightforward obtaining for the proposed distribution (section 3.1).
Let Xy, Xo. ..., X}, be a random sample of the distribution (1) with parameter 3. Next, the estimators
for 5 will be obtained.
3.1 Method of moments
Theorem 10 The moments based estimator for 3 is given by
Proof. Since the first non-central population moment was derived in (5)

iy = E[X]=0

and the correspondent sample moment is

my ==L =X,
we automatically obtain the estimator of /3 setting them to each other. Then,

#5’1 = m,l = 43’ =X.

3.2 Least squares method

Theorem 11 The least squares estimator for 3 is given by

Proof. Using again the first population moment (5), we first state the residual sum of squares (Z) for the
proposed model:

T

7= Zl e? = é(x —EX])? =) (X - p)*

i=1

Then we find the value of 3 that minimizes Z:

dz
|
ds
—23 (X, = 3) =0
i=1
2 X
gL - X
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3.3 Maximum likelihood method

Let L(X) be the likelihood function for a sample size n = ny 4+ ng of the proposed model. Then,

L= H[prfﬂx) 1.5 (Xi) + (14 B — X)) (5,541 (Xi)]
i=1
ny

fH(17J+X1)><H(1+’3 Xi)

Thus, the support function S(X) is given hy

S(X)=InL(X)
=Y I(1-8+X)+» Wm(l+5-X;)
i=1 i=1

Then, the score function becomes

(—{.S‘(X ) =0

nq

Z —,)‘—i—X Z +B-X;

i=1 =1

what is not straightforward solving,.

4 Rnyi entropy
Theorem 12 The Rnyi entropy of order o of (1) is given by

1 ([1 — B+ X]>*1
In
a+1

[]. + ‘J_J] — ){]Q‘—‘rl

H,(X)=
(X) a—+1

Ipo1m(X) Iipsary (X))

11—«

where o > 0 and o # 1.

Proof.

f) 1)

(1= B+ X)5_1.5/(X) + 1+ B = X)(p541(X)]" da )

1 .
= In / 1—0+X]"de+ [ 1+ 08— X]"da
I-a €[5-1:5) z€(6:5-1]

[1— 3+ X]ott o 1+ 3- Xt .
Tig—1;5(X) — TI(B:;HH(JX)
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5 Application

An application example is presented in this section. Real Cash flow data, adapted from [5], were used to
illustrate the model adjustment. Fifteen observations of cash flow were normalized (5 = 0) and the proposed
model adjusted (Figure 2).
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Figure 3: Adjustment of the proposed triangular model for normalized cash flow data.

The model revealed to fit the data suitably since chi-squared test did not indicate to reject the null
hypothesis of adherence (p-value=0.2615).
Such small sample situation is an example of interesting case for using the proposed parsimonious model.

6 Conclusions

The parsimonious triangular distribution proposed in this paper is a considerable alternative for the case of
small samples (or large samples in situations of symmetric populations).
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