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Abstract

In this paper, we extension of hypergeometric series to obtain a new Ultra-hypergeometric series, we
establish three terminating Ultra-hypergeometric series identities, by means of Legendre inverse series
relations. By using the linear combination between these three identities, we can obtain new terminating
Ultra-hypergeometric series identities.
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1 Introduction

For complex number 2 and a natural number n, denote the a-shifted-factorial by (see[5])
(z|o)g = 1, (z]a), = x(z —a)(x — 2a) -+ (z — na + «), (1)
(z]a)g = 1, (x|a)y, = z(x + a)(x + 2a) -+ (x 4+ na — «). (2)
Evidently, the classical shifted-factorial is o = 1
(o =1 (), =a(x—1)(x—2)-- (z —n+1),
()o=L(x)p =2+ 1) (x+2)-- (z4+n—1).
By formula (1) we give the following definition.

Definition 1 For (z,y) € C2, let us denote

(z|a)y : 2 N
T ., xeC* yeN
a | = y! (3)
Y
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In particular, it is obvious that the binomial coefficients are given hy a = 1,2,y € N,

(ﬂ_) _ (i _nn=1(n=2)-(n—k+1)

k ko k!
Although we have two kinds of identities by Definition 1

( in—i—_r;a Q) _ (v + z|a)n | n
) _ (pyesn ot ol (el 5

(n—E)la+ x|a)g
T+ no
ce+n+k (e+n+k)!

Next, we give the definition of a-hypergeometric series.

Definition 2 A Ultra-hypergeometric series is a series Xy, such that epy1/¢n is a ra-
tional function of 7. On factorizing the polynomials in n, we obtain
cnt1 (a1 +noq)(az +nag) - (ap +nagp)z
cn (b +nb1)(by +nBa) -+ (by+nby)(n+1)

(6)

from (6), we have

_ (a1|or)n(azlag)pn - -+ (aplap)n 2™ (atlar), (aglag), -« (aplay)
Z Cn = Cp Z ) — =¢o oFy 1z
Z (02151)n (bl o) -~ (bpl ) ! (1|1, (belBa). - . (bl B0)

Here the b; are not a non-negative integer multiple of 3; or zero, as that would make denominator

zero.
For typographical reasons, we shall sometimes denote the sum on the right side of (7)
by a-pFy((ai]ar), (as|aa), - (aplap); (b1]51), (b2|F2), -+ . (bg|3q): 2) or by a-pFy .

In particu]ar in formula (7) when a; = 3; = 1 is classical hypergeometric series (see[1,2,3])

(a1)n(ag)n - (ap)n =" a,a, - . ap

cp = g — =g ,F -1 I

;:O i Z::0 (b1)n(b2)s -+ (by)n n! e bi.ba, -+ . by

Lemma 1[4] We can introduction Legendre two pairs inversions, let p be a fixed real

number the follow inverse series relations hold:

fm) =3 (=" (p_ o ) P2, ®)

ot n p+2n
= p+n+k—

o) = L0 (T s, o)
n=>0

We shall also use another pair of inversions

F(n) =3 (1)} ("jigf) G(k), (10)
n=>0

oy = k[Pt nt+k\ p+2n _)
o = S0 () ) ) (1)

this follows directly from the replacements
F(k)=(p+2k)f(k), and G(k) = (p+ 2k)g(k).

Lemma 2[5] For generalized Vandermonde convolution formula

r+y . " T X Y .
( m m) B kz:% ( k (') ( m—k () ' (12)
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Especially o = 1 is the Chu-vandermonde convolution formula(see[6])

()50

2 Terminating Ultra-hypergeometric series identity

This section mainly uses the Legendre inversion relationship to give three useful Ultra-
hypergeometric series identities.

Theorem 1 For 4 = 0, lterminating Ultra-hypergeometric series identity

1 7 Y . atao | .
4F3( non+ 146, (2a), (5%]a) —1)

o+ %_. (o +cla), (o +a—cla)’

_ n! { (=cla)ntivs (= a.|n;-)n+1+(;}
(a—2c)(a—ala)s+1(6+ 1Dn | (a+a—cla)y (o + c|a)n '

Proof Applying lemma 2 it is not difficult to show that
a—2c ( a -+ 2no ) pAsaa) +142n -2k ( ¢+ no
2!

a— ¢+ no
a1 i} .
=0 ) ( o4+1+2n—Fk )

In the above formula, then for § = 0, 1, splitting the last sum into two parts and then performing

replacements b — n — k, k — 6 + 1 + n + k, respectively, for the first and the second sum,

a— ¢+ no
o
0+1+2n—Fk
Z O4+1+2k { e+ no a— ¢+ no ' e+ no
o a | —
d+14+2n n—k d+1+n+k n—k

@ — ¢+ no ‘
e ) !
d4+14+n+k
Applylng (4): (5) it is not difficult to binomial coefficient identity
(2¢ —a)(a|a)on(a — ala)s Z(_ X O+1+2n\0+142k [ (c—ala)prsn  (=ca)rtsn
(o 4+ c|a)n(a+a—c|la), = —k 6+1+42n (o + c|a)n (a4 a—c|a) ’

the last identity matches (8) p =46 + 1 and
(2¢ — a)(a|a)on (o — ala)s

a+2na \ §4+1+2n - Z d4+142n k

we can manipulate the sum as follow:

a— 2¢ a4 2no zn: L 6+i2n O+1+2n—2k [ ¢+ na
v | = -
‘ a+1+42n I

a—+ 2ney §+1+2n =0 kbrien

)
}.

Fn) = (o +cla)y(a+a—-cla), '
q(}l) _ (F - a'lo")kJrﬁJrl _ (—C|£l‘)k+§+1
' (v + cla)y (v+a—cla)g

The dual relation corresponding to (9) gives us the following identity
((" — a|(})n+6+l . (7( |Q)'n+é+l Z(— d+n+k (2(: — G)(ﬂ-‘”)?k(” — ‘1‘(1)6
(o + c|a)y, (a+a—cla), n—Fk (¢ + ela)p(o +a —c|a)y

Rewriting the binomial coefficient in terms of factions(see[7])

(5—0—n+iﬁ) (-1 )k(()—i—l)n (—n)k(r)—i—l—o—n)k‘

n—k n! (I) + l)Qk

Volume 14, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm 2439




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

So,we easily find the following terminating Ultra-hypergeometric series identity:

4F3( —nyn 16, (&a), (432 a) ;1)

1+da+ca,a+a—cla

— n! { (—cla)nti4s (e —ala)niies
(a = 2c)(a—ala)s(d + 1), | (a+a—cla), (a+cla), |-

Corollary 2 In Theorem 1, when o = 1, for 6 = 0,1, we have terminating balanced

hypergeometric series identity:

- ( —non4140,2 a5 -1) B n! { (=)ns14s (c»—a)m%}
4473 1 — T - .

5+ %.(’_14_(1__(3 0+ 1)u(a—20)1—a)s | (1+a—e), (1+0)y,

this is the corollary of Theorem 1 in the Reference [7].

Corollary 3 In Theorem 1,when o = 0 and 4 = 0 we can established generating functions

identity as follow5'
c c—a c—a

(—n)e(L+ 6+ n)u(5)%F 17 g c g -—a
U(l,t) = —— = . t) — . t).
)= nZOk:Zn (6+ l)k [c(a—ao))k  Kln!  2c—a EXP(C —a ) a—2c exp( c )

Theorem 4 For § = 0.1 terminating Ultra-hypergeometric series identity
Fy —n.n+90,($|a), (5% |a) .
o+ %, (a+cla),(a+a—cla)
a—2c+2na (—ca), a—2c¢—2na (¢ —ala), 5—0
2(a—2¢) (a+a—cla), 2(a—2¢) (a+cla),’ N

=1

[a —2c+ (1 +2n)a](—c|a)nir . [@ —2c—(142n)a](c —ala),i }
Proof Recall again applying lemma 2 it is not difficult to show that
a+2n—a 652:“' d+a—2c+2n—2k o+ no ‘ a— ¢+ na
al = !
5+ 2n a—2c d+2n—k k

(14 2n)(a —a) { (a—2c)(v + a — c|a)y, (a — 2¢) (v + c|a)y,
2 o;) .

In the above formula then for 6 = 1, 2, splitting the last sum into two parts and then performing

replacements k — n — k, k — 0 + n + k , respectively, for the first and the second sum, we

) ( a— ¢+ no
o
Q)
k=d+n
" (a—2c+ 2k +0)a ¢+ na | , a—c+na
- (8]
= a—2¢ o+n+k n—k

—2k+d)a [ c+na a—c+no
o+n+k

can manipulate the sum as follow:

a—+ 2no — o X 4+ 1
. ]+ (1—0

{ N CH—QH }a2€+(2112k+r})a ¢+ na
— 1—2¢ d+2n—Fk

)

o

)
(a(’+na
)
)}

n—=k

a—2¢e
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Applying (4), (5) it is not difficult to binomial coefficient identity
(ala)o, (a0 — ala)s L1 (O + 2?1)

(a+cla)n(a+a—cla), n

_ zﬂ:(—l)k (5 + 2-1'3) { a—2c+ (6 +2k)a  (—cla)ris

— n—k a—2c (v +a—cla)g a—2c

the last identity matches (10) p = 4 and

(alo)an(a — ala), — (1 5)(6 + Qn)

a—2c—(0+2k)a (¢ —ala)pys
(a+cla), J7

Fn) = (a+cla)n(a+a—cla), n
G(k) = a—2c+ (0 +2k)a  (—c|la)rts a—2c— (0 +2k)a (¢ — ala)pts
e a—2c (v +a—cla) a—2c (a+cla)e |

The dual relation corresponding to (11) gives us the following identity
a—2c+(0+2n)a  (—cla),ss a—2c—(0+2n)a (c—ala)yts
a—2¢ (a+a—cla)y, a—2¢ (v + cla)n

() ()}

The follow ing expression for § = 0, 1 results is zero[seeT]

- k0t ntk) d+2n B 2:( B
Z( 2 ( n—k 5+-}3+L(1 %) =0

k=0
Hence we have the Ultra-hypergeometric series identity in Theorem 4.

Corollary 5 In Theorem 4, when o« = 1, for 4 = 0,1 terminating 2-balanced hypergeo-

metric series identity:

c 1
Fs ,_“i n+9, 3, % .
0+§.1—|—(r.1+(¢—c

a—2c+2n (—c), a—2c—2n(c—a), 5—0
_ a—2c (14+a—c)y a—2c (L+e),’ N
- 1 a—2c+142n (—¢)ps1 a—2c—2n+1)(c—a)y+1 5—1

2n+1)(1—a) a—2c 1+a—c), a—2c (1+¢), |7

this is the corollary of Theorem 1 in the Reference [7].

Corollary 6 In Theorem 4 when o = 0 and § = 0 we can established generating functions

identity as follows:

(=m)r(m)r($)* 1" 1 ¢ 1 c—a
v, f)_zz k[ca—()]’" ﬁﬁ_ﬁﬁp(c—at)JrﬁE’Xp( ¢ t)'

n=0 k=0

Theorem 7 For ¢ = 0,1 terminating Ultra-hypergeometric series identity

Nz . 6 +n, (452%]), (a + §la) i1
S+ 3 (a+ca),(a+a—cla)

1 (—cla), 1 (c—ala), 50
- - s 0 =
_J)2(at+a—cla), 2(a+cla)y,
1 (—cla)n+ 1 (¢ — ala)ns1 5—1

a(l+2n) (a+a—cla), a(l+2n) (a+cla),
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Proof Recall again applying lemma 2 it is not difficult to show that

a4+ 2no 612n ¢+ na a—c+no
) al = Z ‘ o al.
o0+ 2n d+2n—Fk k

k=0
In the above formula then for 6 = 1, 2, splitting the last sum into two parts and then performing

replacements k& — n —k, k — § + n + k, respectively, for the first and the second sum, we
can manipulate the sum as follow:

a+ 2na i c+ no a—c+na
) a |+ (1-9) ! !
5+ 2n n n
n d+2n _
_{Z‘f’ Z }( n(_.—i—n-og. &_)(a c+ no Q-)
=0  kedin d+2n—F k
n' C —+ Ty ’ a — ¢+ Ty C —+ nco a— C+ 1o
= Z N o o | + v N
P d+n+k n—=k n—k d+n+k

Recall again applying (4), (5) it is not difficult to binomial coefficient identity

(a + a]a)an (a|o)s +(1=9) 0+ 2n
(a+cla)p(a+a—cla), n

(020 [ (meleras(1)° (e — ala)rys(—1)°
_kz_:[}( 1) (n.—k){ (a+a—cla) (a + cla)x }

the last identity matches (10) p = é and

) — (a + al)an(a|a)s o [5+2n
F(n) (a + ela)y(a+a—cla), +(1 é)( n )-‘

G(.]x) — (—C|(}:)k+5(—1)5 + (C - (.’I'IOC')-I‘o“l'.d(_]')Es .
(a+a—cla) (a+ cla)r
The dual relation corresponding to (11) given us the following identity

(_C|O¢)n+5(—1)§ (¢ — a|a)ﬂ_+,5(—1)‘5
(a+a—ca)n (o + cla)n

7§:(_1)kﬂ S+n+k (0t alodoulale)s (g (52K
N P d+n+k n—k (a+cla)p(a+a—cla)k ‘ L :

The following expression for 4 = 0,1 results is zero[see7]

n Y 5+n+k ﬂ . 2 B

Hence we have the Ultra-hypergeometric series identity in Theorem 7.

!

Corollary 8 In Theorem 7, when o = 1, for 6 = 0,1, we have terminating balanced

]_ (_())n (() - a)n ~

. u # = . ) =0
e —n.d4+n 3 14+ ¢ 1) - 2{(1+a—c)n T (1+¢)p (

o+ %_. l+ec,l+a—c ' 1 (—C)n+1 1 (e —a)ni1 5=1
a(l14+2n)(1+a——¢c), a(l+4+2n) (1+¢), =

hypergeometric series identity:
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3 Linear combinations and related Ultra-hypergeometric for-
mulae

This section mainly uses the linear combination between the three theorems in the previous

section to obtain new terminating Ultra-hypergeometric series identities.

Theorem 9 For § = 0,1 terminating Ultra-hypergeometric series identity

7 —n.n 44, (n+ dala), (&52]a), (|a) 1
oo 5—|—%.('n.—l—ﬂo;-).((r+(f|a).((.‘r—|—a.—c|(‘r) '

(l—a-)[a—Qc+Qna) ( c+no)o —cla)n (1— cz) a 2c—2na)  (c—atna)a | (c—ala)n -0
{ 2(a—2¢) (a—2¢)(cx— a)} ata— c\a)n { (a—2c) (a—2c)(ax—a) }(a+c|a)n -
_ (170-)[a72c+2n.a+a) (—etnota)a c|o‘)n+1 (1—a)(a—2c—2na—a)
- { (2n+1)(a—2¢)(cx—a) (a—2e)(n+1)(a—ala }(O(+G..7(‘|Ct)n { 211+1) a—2¢c)(a—a)
(e—a+na+ta)a } (e—alo)nii 5 =1
(a—2¢)(n+1)(a—ala)2 (a+cla)n 0=

Proof Because
Pl +6,(0 +n + ala), (25%|a). (5]|@) 1
E %.(5—1—71-\(1)(0—0—('|(.r).(a—0—(5—c\a) ’
= (1 —a)4f5 _11)': n+0, (45 ), (3la) 1) +auky ._l”':ln +1+ 0, (550, (5l 1.
6+ 5. (a+cla), (e +a—cla) 0+ 3, (atcla), (a+a—cla)

We then use Theorem 1 and Theorem 4 to immediately get the conclusion of Theorem 9.

Theorem 10 For § = 0,1 terminating Ultra-hypergeometric series identity

—n,n,2n+1+6,(%a), (32]a)
sfa| i1
5.2n+ 4, (a +cla), (o +a— c|n:)

2042 —ot —2¢—2na —a+ (c—ala)n ! —

Tazze) T Ta—so)(a=a) e aTa c|cx)n + 1 Tamae — Q(QC—QC::)(T;Q—Q)}(;—FE?)“’ 0=0
_ { a—2c+(2n+1)a + —ectnata } (—ela)nia +{ a—2c—(2n+1)a

2(1+2n)(a—2¢c)(x—a) 2(n+1)(a—2¢)(a—ala)s J (ata—c|a), 2(2n+1)(a—2¢c)(a—a)

c—atna+a (c—ala)n ¢ _
© 2(n+1)(a—2¢)(a—ala)2 } c(aija-)f- 0=1

Proof Because
g —™n + 0, (n + dala), (5%|a), (5]a) 1
7 d+ % (n|a)(a +cla). (a+a—cla) ’
—n,n+ 6, (252 |a), (4] —n,n+ 1+ 6, (%52 a), (L]a
_ %4173 6 (45%00), (31) ;1) N %Jg ( L0, (452 ), (5l0) ;1) ‘
0+ 3, (a+cla), (a+a—cla) O+ 3. (a+cla), (a+a—cla)
We then use Theorem 1 and Theorem 4 to immediately get the conclusion of Theorem 10.

Theorem 11 For § = 0,1 terminating Ultra-hypergeometric series identity
P [ Tt 5, (2|a), ($la). (2(n+d)a+[a +2(n + d)alla+2(n + d)a) 1
o S+ 1 (a+ca).(a+a—cla). (2(n+d)ala+2(n+d)a)

—ct —cla)n 1 + (c—ala)n y —

{2 (a— sc ?(Eci‘( a) + 1 } (a+a—c|la)n {E Q(QC 2?:‘) ?;0 a) } (a+cla)n =0
+ |a)n 1 —atnat (c—ala)n ;o

{2 (n+1)( 2 ?21;‘1 c? ala)g + 2a 2n+1)} a—b—caac\:z_)ln + {QG(QH—H) - 2(n+lc)(a,a—27|1:?(cccia|c:)g} c(ai:ja):;l ;o 0=1
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Proof Because
g +4,(552|a), (%la). (2(n +d)a + [a+2(n + d)a]la + 2(n + d)a) !
o &+ %.(Q+C|o¢-).(a+a —cla), ((n+ 8)ala +2(n + 6)x) ’
:14}73 i.n,ln.Jr1+5_(ﬂgﬂ‘@)_{%|c1) 1 +14F3 ‘—n.,lnjté_._ (“a), (o + §|a) 1),
2 0+ 3. (a+cla), (a+a—cla) 2 0+ 5. (a+cla), (a+a—cla)
We then use Theorem 1 and Theorem 7 to immediately get the conclusion of Theorem 11.

Theorem 12 For 4 = 0,1 terminating Ultra-hypergeometric series identity

P —n.n+96, (252%a), (5]a). (a + ala) 1
s §+ 1. (a+cla). (a+a—cla), (ao) ’

{ a— 20+2na

|o}n 2c¢—2 11 (e—ala)n c
" 4(a—2c) 4} a+acc:z\a {ﬂ o 3} s o=20

4(a—2c) (a+cla)y,

2c+(2n+) 1 (—cla)n —2c—(2n+1) [o)n S
2 Q:llJrl)c(a ;c)(:: a) + 2a(2n+1) (GJ;.::C‘;;“ + 2(2?1+1€)(a:;c)(aafa) + (2n+1)} Caija)zl' 0=1

Proof Because
—n,8 +n., (52]a), (%|a). (e + ala)
5y N i1
d+ 5, (a+cla),(a+a—cla), (a|a)
Lm0 1 (s () ok gl
2 0+ 3, (a+ca), (a+a—cla) 2 0+ 5. (a+cla), (o +a — c|a)

We then use Theorem 4 and Theorem 7 to immediately get the conclusion of Theorem 12.

Corollary 13 In Theorem12,when a = ¢ = o and 4 = 0 we have
oo
—n
=0.
()6
k=0

Theorem 14 Terminating Ultra-hypergeometric series identity

e ™ n+1.(%20). (§]0), 2a+ala+ o) 1
o 1+%,(a+c|a),(a+a—c\a).(a|a+c1) ’

. 1 1 (—e|la)nt1 1 1 (e —ala)n+r
N {2(& —2c)(a — a) N 2a(2n + 1) } (a+a—cla), - {Q(a. —2c)(v — a) N a(2n+1) } (v +cla),

Proof Because

" ( f-flz.1+n,(a§a|¢t).(g|@):(a+ %ﬁ) ;1)
5. (a+cla), (a+a—cla), (alF)

:l4F3( —n, 1+ n, (%), (&la) ;1) +é4F3( —n,1+n,(552]a), (a + |a) ;1) |

2 T (a+ca). (a+a—cla) 14+ 1. (a+cla). (a+a—clo)

In Theorem 1 when & = 0 and Theorem 7 when 4 = 1 to immediately get the conclusion of

Theorem 14.
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